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AVERAGE  LONGITUDINAL  EVOLUTION

  For a   

PURELY  ELECTROMAGNETIC SHOWER

Two  functions
of energy  and
depth



A

B



Approximation A



Approximation B



“Elementary Solutions”
Approximation A:



“Stability   Ratio”  for the Photon/Electron  Ratio 









Concept of  SPECTRAL  ENERGY  DISTRIBUTION:

Amount of energy
carried by photons
per decade of energy



Power Law  Solutions :     Spectral Energy Distribution





Increasing t:
Uniform  translation
in energy



Increasing t:
Uniform  translation
in energy

Steep  Spectrum
(s > 1)
Decrease of normalization



Flat  Spectrum
(s < 1)
Increase in normalization



“Elementary Solutions

Approximation B

= Approximation A

Approximation A



s=1

e

γ

Approximation B  “elementary solution”



Electron/photon  spectra  (elementary solution)
 for 3 diferent values of s





Solutions to the  shower equations
for the “real case”.

Initial Condition:

Photon of  energy 
E0

Electron of  energy E0



Monochromatic  Photon
(approximation A)



Solution  valid for
 any  initial  energy Function of E/E0



1.  Energy Conservation
  
Area  below
the  curves  constant
with t.

2. Electron and Photon
 Spectra  have  very similar
 shapes
 The shapes are not 
exactly identical
But the ratio gamma/e
is of order 1.3 , 1.4



Total  ENERGY in  a Shower

In Approximation A
the total  Energy contained in Shower 
is   CONSTANT !



Electron mass



Electron mass Critical Energy



Monochromatic  Photon.  Approximation A,B



Choose  one  energy  (any energy)
and  study how the particle number  varies
with  t  at that  energy.



(good
approximation)



Arbitrary shape

Power Law

Slope

“Local (energy dependent) Slope”



Consider the shape  of the spectra at a fxed t
It is a  function of E/E0 and t.

Local  slope 



Consider the shape  of the spectra at a fxed t
It is a  function of E/E0 and t.

QUESTION : 
At  what energy  in this graph
s(E) = 1 ?



Can  deduce the AGE  (and  spectral  shape)

Integral  Electron 
Spectrum Evolution 

   t-slope and  E-slope  are connected



So .... 

How  can  we  obtain 
these  results  from the 
shower equations ?



So .... 

How  can  we  obtain 
The  solution  from the 
shower equations ?

We know how  to  solve  for  an initial
condition that is a power law



Write initial  condition
as a superposition of power law
component
Inverse Mellin  transform

The parameter s  takes complex values



Write initial  condition
as a superposition of power law
component
Inverse Mellin  transform

Depth Evolution



For  a given  E0,  E, t
what is the  parameter   s
that   dominate ?

Solution of this equation

SADDLE point
Approximation



For  a given  E0,  E, t
what is the  parameter s
that   dominate ?

Solution of this equation



Age and Longitudinal  Development



Age and Longitudinal  Developmen t

S = 



Age and Longitudinal  Developmen t

S = 

Diferential Equation 



Diferential  Equation

Boundary Condition

Solution :   Greisen Profle





Diferent  Energy  :  Same  Age  (Shower  Maximum)



Diferent  Energy  :  Same  Age  (Shower  Maximum)

Elementar
y 
Solution
Power Law





Earlier  results



Concept of   :  Shower  AGE    

Shower at maximum:          s = 1

Shower  before  maximum  s < 1
Shower  after     maximum  s > 1

Shower  
Longitudinal Development

Often  used
but  (in my view)
unsatisfactory  defnition

S = 



Age as a  function of t/tmax







The shape of the electron energy spectrum
is  determined (in good approximation)
 by  the  “shower Age”

The Photon spectral shape is 
(in good Approximation)
also determined  by the shower Age

The Ratio  photon/Electron  is 
determined by the shower Age

“Model  Independent “  Defnition of AGE

Calculated
frst by
Rossi, Greisen
in 1941



For  real  showers the longitudinal
development  is   not   identical
to the “Greisen Profle”  and
fuctuates from shower  to shower

Violations  of the “Universality”



For  real  showers the longitudinal
development  is   not   identical
to the “Greisen Profle”  and
fuctuates from shower  to shower

Violations  of the “Universality”

General 
Model  Independent
Defnition of Age



Possible  Generalizations:

3-Dimensional  treatment.

Hadronic   Showers:  add other  components



Multiple Scattering  and LATERAL   DISTRIBUTION



The LANDAU  equation





Nishimura
Kamata

S = 1.0

S = 1.6



See CONEX  lectures  of Ralf Ulrich this afternoon.
For applications of these  analytic solutions.

[Description of subshowers]
(Alternative to “thinning”.)

Montecarlo tools  are extraordinary powerful.
Developing  “physical understanding”
Is  always very important.
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