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If the neutrino evolves at a frequency proportional to N, it is called “fast”. 
 
Conditions for such fast oscillations to take place? Angular spectral crossing. 
 

BD and Manibrata Sen (2018, PRD) 
 
Why? Pinching of roots of the dispersion relation. 
 

Bari Group and BD (2017, PRD) 
 
Can this happen in a realistic supernova environment? Yes! 
 

BD,  Alessandro Mirizzi, Manibrata Sen (2017, JCAP) 
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FIG. 1. Schematic geometry of the model and flavor-dependent zenith-angle distributions of neu-
trino fluxes. The 3 ellipses are schematic polar plots of the normalized angular distributions of the
⌫
e

(blue), ⌫̄
e

(red), and ⌫
x

(green) fluxes at the point where the arrows originate.

Interestingly, a major simplification suggests itself if one is interested in studying flavor
conversions only at small distances from the SN core. Most of the neutrinos are emitted
around a radius O(10) km from the center of the SN. For phenomena that take place very
close to this emission region, the curvature of the neutrinosphere is not relevant. We therefore
model the source region as a di↵use flat infinite plane, as shown in Fig. 1.

The neutrinos are conveniently labelled by !, v

z

, and', that define the Cartesian com-
ponents of the momenta

p =
⇣
E

p
1 � v

2
z

cos', E
p
1 � v

2
z

sin', Ev

z

⌘
, (5)

where v
z

= cos# is the component of the neutrino velocity along the z-axis, and # and ' the
zenith and azimuthal angles, respectively. Note that v

z

can take negative values, i.e., the
zenith angle # can take values between 0 and ⇡, not merely up to ⇡/2 as usually taken in
the “bulb” model, representing neutrinos with trajectories that range from radially outward
to radially inward into the star.

The state of the neutrino population can then be represented as
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Difference of the angular spectra must pass through zero. 
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FIG. 10: Two-beams model: Absolute instability in the k-plane, for the same two-mode parameters as in Fig. 8. Nearly vertical
and solid lines indicate the two roots K±(!) (distinguished by color) of the dispersion relation for fixed Re(!). Nearly horizontal
and dashed lines indicate isocontours of Im(!). Lowering Im(!) eventually leads to a pinching of the two roots, denoted by the
dot.

From Eq. (63) one obtains as dispersion relation
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If m

2
> 0, this quantity plays the role of a mass term, then Eq. (65) is the dispersion relation of a particle, having a

gap in !. From the dispersion relation, one realizes that if !

2
> m

2
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4, Eq. (63) would have oscillatory waves as the
solution, while if ! < m

2
c̄

4 it would represent damped oscillatory waves. This is consistent with what found for the
in the damped case in the previous Section for two counter-propagating modes with " > 0.

If we now move to the case of m

2
< 0, Eq. (63) would represent a Klein-Gordon equation with imaginary mass.

In this case the dispersion relation of Eq. (65), with a gap in k, would be the one expected for “tachyons” [58, 59].
From this dispersion relation if k
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we would have an exponential growing solution. It is intriguing to realize that the absolute instability found for two
counter-propagating modes with " < 0 is of a “tachyonic” type.

C. Numerical Results

In order to illustrate the predictions of the stability analysis for the four cases discussed in the previous Sections,
we work out representative numerical solutions of Eq. (44). We assume a length interval z 2 [0, L]. In the following
we will work in the units in which the neutrino potential in Eq. (9) is µ = 1. Therefore times and length are expressed
in units of µ

�1. Moreover, we will assume O(1) initial values for f1 and f2, since in the linear regime these are just
arbitrary normalization factors.

When v1v2 > 0 we assume that the two modes are emitted at z = 0. Conversely when v1v2 < 0 we assume that
the mode with v1 > 0 is emitted at z = 0, while the mode with v2 < 0 is emitted at z = L.

At first, we look for plane-wave solutions, given by Eq. (45). We assume the same numerical parameters as for the
four cases in Sec. V A. In Fig. 11 we plot the orbits of the solution (f1, f2) as a function of time t at some fixed z

Equivalent to pinching of roots of the dispersion 
relation.  Dominates the large-time behavior. 
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Flavor can convert over nanoseconds, for realistic 
supernova neutrino fluxes. Has implications for explosion. 
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For a simple model, can analytically solve the problem. 
Angular spectrum = Sign of the potential energy term. 
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Difference of the angular spectra must pass through zero. 
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If DM particles,  A, have a heavier partner B, it raises the possibility of “off-diagonal” 
interactions between A and B, that give qualitatively new effects. 
 
•  For annihilation AA è anything, it imposes an angular momentum selection rule 

on the Sommerfeld correction. This can make the DM annihilation efficient at 
later times, and non-monotonically dependent on the typical velocity (or mass 
of the halo). 

  
Anirban Das and BD (2017, PRL) 

 

•  We showed that in scattering processes, such as AA è AA, the B particles can 
be produced as intermediates and decay back to A. This produces a new kind of 
energy loss mechanism in DM halos. 

Anirban Das and BD (2018, PRD) 
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The p-wave cross-section for annihilation can be larger than 
than s-wave in the v~10^-3 range. 
 
Makes Milky Way a prime candidate for observing DM 
annihilation.  
 
A new class of models can be built to evade dwarf galaxy and 
CMB constraints, but predicts promising signals at galaxies 
and clusters. 
 
 

The excitation-followed-by-decay process leads to loss of 
energy from dark matter halos. 
 
This happens at/close to the virial radius due to competition 
between density and velocity. 
 
In principle, can be used to distinguish this model from 
others (even those with multiple states). 
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•  Neutrinos can oscillate fast (frequency ~ N) if 
the angular distributions obey certain 
conditions.  
  
 Can have impact on SN dynamics. 

•  Dark Matter with more than one state has very 
unusual annihilation and scattering if the off-
diagonal coupling dominates. 

 Can have impact on our existing DM searches. 
 


