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* Properties of 7, / mesons

* Simulation details

* Extracting 1, n’ masses and decay constants

* Results: continuum limit at physical quark masses, LECs

* Singlet axial Ward identity, gluonic decay constants



Pseudoscalar meson nonet
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Pseudoscalar meson nonet

If 3 SU(3) flavour symmetry (u,d,s) then for g we have 3@ 3 =8 1.
octet: 7%, 7%, K*, KO,RO,n, singlet: 7.

1 - 1 -
=ng ~ —(uli + dd — 255), "=ny ~ —=(ul + dd + s5).
n="ns \/6( ), ' =m \@( )

Classical global symmetries of Zpcp for my, = mg = ms broken for mqy — 0:

SUA(3) X SU\/(3) X UA(].) X U\/(l) — SUV(3) X U\/(l)

SUA(3) chiral symmetry spontaneously broken at T < T,
8 Nambu-Goldstone bosons: 70, 7%, K*, K%, K*, 7js.

Ua(1) symmetry broken due to quantum corrections (axial anomaly).
7o is heavier than octet mesons.

Physical (ms > m, ~ my > 0) n and 7’ are mixtures of ng and 7.



Axial-Ward ldentities

6/“/42“ = (@”YS{W]”/)) + v 2Nf6270/q\t7 a= 07 SERE) 87
where
A — E’y#%taw, M = diag (m,, mg, ms)

with the topological charge density

a0 = 155t [Fu(Fu)] . Q= [dxax).

Witten and Veneziano relation (large N limit):

)

F712' 2 2 2 < t2>
27/\/{ (Mn + Mn/ — 2MK) = Xtop; Xtop = % )

where x1op is the quenched chiral susceptibility.



Axial decay constants
Local axial-vector currents:
(OIA|M) = i Fp",  M=n,1

(normalized so that physical Fr = F3, ~ 92 MeV)

Four independent decay constants:

F§ Fé) [ FBcosflg —F°sinfy \ [ cosflg —sinby F8
FS FS )~ \ F®sing  FPcosfly )\ sinflg cosbp 0

= =(bg, o) diag(F®, F).

In the SU(3) limit (m, = myg = mg): 63 = 6y = 0.

One may also use the “flavour basis”: ¢/ = Gu = dd and Ss:

Ft Fs ) _ o 1 ( F8+V2F?
7 ) =Z(60,6s)diag(F', FF) = — | /L 7
( Fg/ F;, ( L s) g( ) \/g ﬁ,:f])/ _1_,:72]3,

VAR 4 D
F,,?/ - \/ﬁFSI
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Distribution amplitudes of 7, 1’
Nonperturbative input for the theoretical description of hard exclusive processes.
Collinear factorization at large Q°. E.g., pion: vy* — 7 form factor.

[Belle,1205.3249]
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vy* — n/n’ form factors
[Agaev,1409.4311]
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Expt: [BABAR,1101.1142], [CLEO, hep-ex/9707031], not shown [BABAR,1808.08038].

Gegenbauer expansion: ¢° = 6x(1 — x) {1 +> o c,?:i,t G (2x — 1)} ,

$ =301 —x2Y ,, & Cl(2x - 1)

. 2 2N,
Qim Q@ Fes (@) = [ 2V 2R (o) (1 = 25 (ko)) |

Relevant to model part of the hadronic light-by-light contribution to a,, see e.g.:
[Escribano,1307.2061], [Jegerlehner,1511.04473], [Colangelo,1910.11881].



Previous lattice work: masses
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[ETMC,1710.07986]: continuum, chiral extrapolation (V).

IW,,7 = 577(11)stat(03)ChPT MeV MTI’ = 911(64)stat(03)ChPT MeV



Previous lattice work: decay constants

[ETMC,1710.07986]: use the flavour basis and ChPT with Feldmann-Kroll-Stech
scheme [hep-ph/9802409].

FO and hence F and F* are assumed to be scale independent.
Indirect determination via pseudoscalar amplitudes [Feldmann,hep-ph/9907491].
hi = 2m,(0|P?| M), ae{ls}.

In leading order ChPT

4 s
(42 12 ) ==(o.0nioe (w2 (M~ M2)E)
n n

Expected |0, — 65|/|0¢ + 05| < 1 = 64,05 — 0.

Find after continuum and chiral extrapolation:

Y = V2F" = 125(5)tat(6)chpr MeV, 5 = V2F° = 178(4)stat(1)chpt MeV.



Nf =2+ 1 CLS ensembles

Coordinated Lattice Simulations (CLS): Berlin, CERN, Mainz, UA Madrid,
Milano Bicocca, Miinster, Odense, Regensburg, Rome | and I, Wuppertal,
DESY-Zeuthen.

* Non-perturbatively improved clover fermion action and tree-level
Lischer-Weisz gauge action.

* Six (five) lattice spacings: a = 0.1 — 0.04 fm.
* LM, 2 4 and multiple spatial volumes.
* Mostly open boundary conditions in time.

Wilson flow action density, th(t ~ ty), Mr =~ 340 MeV, averaged over ~ 1 fm slice.
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CLS ensembles: M, vs a?

* Three trajectories, physical point ensembles.
* Typically 6000-10000 MDUs.
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CLS ensembles: my;-mg plane
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CLS ensembles: spatial volume

2my + mg = const.

450
400
350
=300
o)
=
g
2250
200

150

LM, <4 4 <LM, <5 LM, >5



Scale setting, the continuum limit

=, X, A, N. Data shifted to physical quark mass using SU(3) BChPT fit.
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a® varied by a factor of 4.6.
Compatible with /8 = 0.413(6) fm from Fy + 2Fx [ALPHA,1608.08900].



n and 1’ on the lattice

Choose a basis of operators: e.g.

1 _ - _ 1 _ - _
bg = %(u%u + dvsd —257vs5), by = %(UVSU + dvsd + 5755)
Construct a matrix of correlators:
Ne—1
Ci(t) = I > (bi(t + t)bf (1))
t;=0
Evaluate quark line diagrams: e.g.
qu q=u,d,s qu, q q

q

1
Cgs = 3 (Cee + Css — 2Dy — 2Dss + 2Dys + 2Dsg)



Extract masses by simultaneously fitting to

—Ent —E it

e
+ (0|b;|n")(n'|bT |0
(O] |77><77|J|>2E?,V3

e
2E, V5

Cy(t) — (0lbiln) {nb]|0) -

Signal for Cj; dies away quickly in time (Dgq typically noisy).

Cag = Coq(t) ~ e 5F, Doq(t) ~ e~ Fnimt — = Ent

Forced to extract masses at early times.

However, operators create all states with the same QNs (with varying overlap).
nwmw 7(1405)

% n(1295) n(1475)

n
MeV | 1 1 @ | 1 QL 1
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Need to take nearby excited states into account.

Use spatially extended (“smeared”) operators to improve the overlap with the
ground state.

Strong decay ' — nm is possible in our set-up but the experimental width is
small: ' ~ 130 keV. We neglect this.



Correlator signal
my # myg: basis of three operators (b, bs, bs, with different smearings).

my = myg: basis of four operators (bg, by, two smearings) with C; being block
diagonal.

Fit both || = 0 and |B| = 2x/L correlators including a term for the first excited
state.

Ensemble D200: M ~ 200 MeV, a = 0.064 fm. Cro = & S0 (be(t + t:)b] (1))

etc..
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Mass spectrum

» 22 ensembles.
» M, =420 — 135 MeV
» a=0.086, 0.076, 0.064 fm (and 0.050 fm).
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Mass spectrum: comparison with other results
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Decay constants
Extracted from fits to
C/7(t) = (A*(t)b(0)),  a€{0,8},
where
—Ent —E,,/t

A : '

e
2E, Vs

" (t) — (0| A%} (' bi[0) + . ..

Energies and overlaps (M|b;|0) fixed from Cj(t) fits.

Renormalization and improvement: [Bhattacharya,hep-lat/0511014]

A% = Z3* (1+ baam® + 3baam®) A% A% = Z5 ([1+ 3daam]A% + ada Tr[MA"]
A?r‘:lp = A% acy’ o, =8 A?I‘I‘lp = A + ac0, P,
mgzg(mg+2ms), mO:%(2mg+ms), amq;<:qﬁclrit>.

Z}® [Brida,1808.09236], c3* [ALPHA,1502.04999] and b4 [Korcyl,1607.07090]
known non-perturbatively.

Use perturbative result for Z3 — Z5° [Constantinou,1610.06744] (O(a?2)). Also
impose ¢ = c4° — residual O(a) effects.



Renormalization of the singlet axial current

The singlet axial currents depend on the QCD scale p [Constantinou,1610.06744]:
3
Za(g* n) = Zg*(g") = —a5(a7") | 5 log(a®p?) — 2.834(11) | + ...,

where a; = o /7. Evolution with p depends on 3(as) and ya(as).
Since v4(as) = —y5132 — Yapas — ..., i.e. Y3 = 0, Zi(n = 00) = Z is finite.

Use Z3 in the MS scheme at 2 = a~! and evolve to 1 = oo, defining a
scale-independent renormalization [Z&ller,1304.2232]:

226 = oo { - | Bau)+ (22 - ) 20| | z5te ).

S
Va1

Final results can be converted to low scales, using the ratio of the above
conversion factors Z3(1)/Z5 .



Decay constants in the MS' scheme
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For ensembles with my = my: F) = F}, =

Also employ || = 0 and |B| = 27/L correlators to extract FS:E,.



Quark mass and continuum limit extrapolation
Perform simultaneous a — 0 and mg — mg’hys extrapolation.
(OM? = 2(M2 — M2), M" = (2M2 + M2)/3):

M (M, My, ) = mu (M., Mg, 0) [1 + cpa? + @M + Seaa?6M? |

My = /BtoMpy.

It is convenient in ChPT to use singlet/octet basis:
F8 F? F8cosflg —FOsinfy — . 8 0
( Fg, F§, ) o ( F8sinfg  FCcosby ) = =(0s, 00) diag(F", 7).

F®(M,, Mk, a) = F8(M,, My, 0) [1 + Al + dga + den DL + 6d8a2611\/[1

F°(M,, Mk, a) = F°(M,, Mg, 0) [1 1 doa + doaM- + 6doa611\/12}

F*° = /8t F*° = \/Sto (FE’OZ + Fj;oz).
Similarly 65 = arctan(Fy, /F}}) (O(a%)), 6o = arctan(—Fy/F,,) (O(a) and O(a?)).



Large-N. ChPT
U(3) EFT, 7' becomes a pseudo-Goldstone boson in the t'Hooft limit.
Expansion: p? = O(d), m = 0O(4), 1/N. = O(9).
Known up to NNLO, e.g. [Guo,1503.02248] [Bickert,1612.05473], use NLO.
Mass matrix in the effective Lagrangian:

1
ﬂf?:’iﬂMinA, na = < ' > Mﬁ_< Mg Mo >

Mo 180 Lo
with
2 oT M,QI 0 [ cosf —sinf
Ma=R ( 0 M,QII R, k= sinf  cos0
M2, + M2 = pg + pio, M2 — M2 = \/(us — p0)? + 4p1802,
1
0= 5 arcsin <2u30/\/(u3 — mo)?+ 4,u802)
g = (4MZ% — M2)/3 + NLO, 1o = (2M2 + M2)/3 + Mg? + NLO,
2
180 = 22 (Mg — M2) + NLO, Mo? = 2NrXtop/ F2

3



Large-N. ChPT

Decay constants:

1
F_F, (1 N 6§2’> i) _8(AME — ME)Ls

3F2
5w 8(2ME + M2)L
o _ (1) _ K w)=5
F_Fo(l—i—; %' ==——3m  tN
5O s 16(Mz — M2)L
0s =0 + arctan (;0 6o =6 — arctan % o = _W

Low energy constants:

» LO: M3, Fy (Fo: pion decay constant in the Ny = 3 chiral limit).
» NLO: L5, Lg, /\1, /\2,
» NNLO (11 additional LECs): L4, Ly, ....

Appear in expressions for both masses and decay constants
— perform a joint fit.



Quark mass and continuum extrapolation: LO ChPT
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* To this order F8° are constant (but data are not) — only fit the masses.
* x%/d.o.f. = 2.6, M, at a =0, MPhys significantly below experiment.
(also when performing cuts in M = (2M2 + M2)/3)

* Discretization effects are removed using the fit. Included: dc,, ¢/, T,



Mass and continuum extrapolation: Gasser and Leutwyler

- Mg — M3
2 2 2 2 2 2 0
MTI/+M7I:MO+MTI8 M,_M”]:T%nsy
2 1 2 2 MK M2
Mﬂa —5(4MK—M,T), tal126——*\/7/,\/’27Iw%8
3
25 -

[Gasser,Nucl. Phys. B250 (1985)] _ * [ 1 3 f% T% |
LO Large-N. ChPT: v =1/2

e
x2/dof =13 tr W

a effects: Only ¢, .

1 1 1 1
0 01 02 03 04 05 06 07 08 09 1
¢ = StOM
7, trM = const —+— 7/, tr]\l = const —=—
1, mg = const 7', ms = const



Quark mass and continuum extrapolation: NLO ChPT

Simultaneous fit to the masses and decay constants.

v ‘;LL;‘\&JL

1 1
0O 01 02 03 04 05 06 07 08 09 1

¢z =8ty \I 2
7, trM = const +—— 7/,  trM = const —e—i
7, ms = const 7', ms = const

VSth:]w
=

1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

¢ = StoM?

7] 8, trM = const +——
, m, = const

7, 0 trM = const +—e—
7,0, mg = const

’ 8 trM = const

, Mg = const
"', f] trM = const
7',0, ms = const

—o—f

i

x2/d.o.f. = 1.01, NLO ChPT (+a effects) provides a reasonable description of
the data.

a effects: all but two.



Results

M, =561.6 (3%)sae (18), (%50 chpr (8:2) 1, MeV J_r:;‘;//z
M, =964.3(3),00c (£3), (Dcnpr (14.0)s, MeV i
FE =112.2 (1) (64), @ oy (1.6), MeV s
Ff;/ =—43.4(3:0) 0 (18), (%) chpr (6) 1 MeV

F (,[L OO) =12.0 (% g)stat ( ) (2 2)Ch (2)t0 (l.O)ren MeV
(&3

%
)stat (295%1 a (glgS)ChPT (1'43)t0 (3.018)ren MeV t})“}A

Lattice spacing set using /8ty = 0.413(6) fm [ALPHA,1608.08900].

Renormalization error for Fgﬂ, from employing = a=!/2 and 2a~!. Central

value from p = a~ %



Results
Flavour basis (u = o0):

F*=92.92 (3:38) e G:83), C3%) crpr (1:35)z0 (296),en MeV
F®=125.3 (2 6)stat (4(.)0).3 (809)ChPT (1.8)s, (1(.)1)ren MeV
0y =0.639 (45)5tat %é) (52)ChPT (l%)ren ’
0s =0.742 (39)510¢ () (46)chpt (B)ren

[ETMC,1710.07986] indirect determination, y unknown.
F* = 88(4)stat(4)chpT MeV
F®* = 126(3)stat(1)chpr MeV
0 = 38.8(2.2)stat (2.4)2hpr = 0.677(38)sta (42)chpt
yv* — n/n’ form factors at large Q*:
Q*Fr (@) = 155(15)stat(23)chpr MeV
Q2F’w*—>n’(02) = 277(09)stat (01)chpr MeV
Our analysis (glue does not contribute at leading twist):
Q*F. v+ —m(Qz) = 168(11)stat (), Dcnpr (2),, MeV
Q? Fyys (@) =272(33 stat ()2 (36)crpr (4)t0 MeV



Phenomenological determinations

[Bickert,1612.05473] Note that the scale dependence is typically ignored!
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Scale dependence of F* and 0,
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NLO Large-N. ChPT low energy constants

Determined fixing M, and M,  to expt..

Ls =0.00158 (g)stat (1%)3 (307)ChPT ) Lg =9.11 (1?54)“3( (1127)3 (1€3)ChPT X 1074>
Mo =801 (%51; stat (703)a (g)ChPT (12)y (éll)ren MeV, Fo=99.9 (é:g)stat (%é)a (490)ChPT (1.5)¢ MeV
M == 0.30 (§),a¢ (7)), @cnpr ren» N> == 0.070 (). (%8°), ("6} cher (21)ren -

[Guo,1803.07284]: fit M, ,, F, s from [ETMC,1710.07986] (corrected by ETMC
fit for ms and a), Mk, F., Fx from [RBC/UKQCD,1208.4412] and Fyx/F,
from [BMW,1001.4692] and others for M, .

» LO: My ~ 820 MeV (fit to masses)
> NLO: Fy ~ 91 MeV, Ls ~ 0.002, Lg ~ 9 x 10~%, A; ~ —0.2, Ay ~ 0.02
> NNLO: Fp = 81 — 92 MeV, . ..

[Hernandez,1907.11511]: FNr=3:Ne=3 — 68(7) MeV from NNLO U(3) fits to Fy
with N¢ = 4 at a = 0.075 fm. (Scale set from tg in the chiral limit!)

Need not be the same LECs as in SU(3) ChPT beyond NLO (except for By).
FLAG: Fy = 66 — 84 MeV, mostly from mg =const. simulations.
103L, = —0.08 — 0.14, 103L5 = 0.8 — 1.45.



Singlet axial ward identity

8, A% = <st {™m, mw) + V/2N¢gt, M = diag (my, mg, ms).

Renormalization to the I\/TS, scheme:
A0 = ZEAR g = ZEmg/ZE G = Zeqr + Zead A%

mg determined from non-singlet Ward-identities.
In general 9, A% and g mix under renormalization [Larin,hep-ph/9302240].
q: suffers from large a effects — g!(x) = Bgqi(x) such that Zg(1+ O(a)) ~ 1.

For the case of mg = my:
Z;
Z30,A% =227, 7'""P0 + V6 (g + Zga0, A™) |
P

PO = %(u%ﬂ + dysd + 5755).



Singlet axial Ward identity

Using >, 9, A%*(x) = 0 for periodic b.c. or o.b. in the bulk.

(@Y, P

B — _ ns
T @

Assume Zg = Zp° (non-perturbative determination ongoing).

Zga then determined from Ward identity for an external state:

(Z3 — Zoa) 0 (01A% 1) = 2Z° = F- g (01 P°|ry') + V6{0lg{|n').

ZHS

g, Q; evaluated using gauge fields, smoothed via the Wilson
flow [Liischer,1006.4518] to a fixed flow time in physical units.



Determining Bg

B = Bg(a, mg). There are large my-dependent lattice spacing effects.

N300, 8 = 57 i
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Determining Zga

Zca from my = mg ensembles.

(Determining this separately for each ensemble would have enforced the

0.7

0.5

singlet AWI.)
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Gluonic axial matrix element

Two possible definitions (M = n,7'):

» direct (gluonic):
(0] @ M) = (0] gilM) + Z6ad,, (0 | A**| M)

» fermionic (via AWI):

VANAO | G M) = 8,(0 | A%\ M) — (0 | Toys {M, £0}5p| M)

Zca from my = ms ensembles.



Gluonic axial matrix element

(018e|n’) [GeV3] vs. ¢4 x 2M2% + M?

0.1 . . . 0.1 .

phenomenology ——
8 =34, tr

il

0 0k
0.1 01 |
—02 —02 |
03

ML

0.6 1 1 1 1 1 —0.6 1 1 1 1 1

gluonic fermionic

Phenomenological estimate (n — ' — G mixing) [Cheng,0811.2577].



Summary:

* Masses and decay constants of 77 and 7’ determined for a wide range of
pion masses (with two trajectories to the physical point) and several lattice
spacings.

A controlled continuum and quark mass extrapolation is performed.
Octet baryon spectrum in agreement with experiment.

* Decay constants directly extracted from axial matrix elements.
Similar values to those obtained using pseudoscalar matrix elements
and various assumptions (probably accidental).
* Chiral extrapolation performed using large N. ChPT to NLO.
LECs determined.
* Singlet axial Ward identity works but 3 large cut-off effects in the gluonic
definition of the topological charge density, even after Wilson flow.
Gluonic axial matrix elements determined.

The future:

* Extend the analysis to more ensembles (a, mg), in particular, along the
my = ms line.
* Look for consistency of LECs of large N. ChPT. Fits also for Fx and F.



