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Large N gauge theories

• Connection with AdS/CFT  & string theory

• Non-perturbative effects                   Lattice           

N ! 1
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’t Hooft coupling
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Large N & Lattice - the standard approach

• Large N extrapolation + continuum limit

Meson spectrum, decay constans
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• Lattice simulations at various values of N  

Limited values of N



Volume reduction [Eguchi & Kawai  1982]

Revival  - several working prescriptions

• Efficient tool for lattice large N studies

• Allows very large N  (N=1369,  Gonzalez-Arroyo & Okawa)

• Theoretically appealing - new avenues @ lattice             

This talk - an alternative approach



Eguchi-Kawai reduction

• Exact result based on the equality of the loop equations 
provided

U(N) gauge theory at large N      

Tr (        ) = 0 Preserved center symmetry    ZN
d

is volume independent

ZN  breaking by quantum fluctuations 
[Bhanot, Heller & Neuberger]

4But with periodic 
boundary conditions & 
d=4



T4

Does the PT vacuum respect the symmetry?

Minima have Tr⌦ 2 ZN
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Polyakov loop 

S1 period  

Ve↵ = (2Nf � 1)
2

⇡2l4

1X

n=1

1

n4
|Tr⌦n|2
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Yang-Mills SU(N) finite temperature

ZN  breaking by quantum fluctuations

[Gonzalez-Arroyo, Jurkiewickz & Korthals-Altes]

One-loop effective potential

with PBC [Bhanot, Heller & Neuberger]



Use twisted boundary conditions 

Twisted EK [González-Arroyo, Okawa]

• Working prescription - large N lattice simulations

• Continuum- Precursor of Non-commutative gauge theories

[González-Arroyo & Korthals-Altes]

First formulation of NC Feynman rules                           

TEK



Other working prescriptions for EK

La > 1/Tc
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[Kiskis, Narayanan & Neuberger]

• Trace deformations                                                                         
[Unsal & Yaffe]

• QCD(Adj) - add massless adjoint fermions with PBC                 
[Kotvun, Unsal &Yaffe]



[González-Arroyo, Okawa]

Rd x T2nPure Yang-Mills on

Aµ(x+ l⌫̂) = �⌫Aµ(x)�
†
⌫
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Zµ⌫ = exp

⇢
i✏µ⌫

2⇡k
ˆN

�
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with twisted boundary conditions  

�µ�⌫ = Zµ⌫�⌫�µ
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Twisted EK

’t Hooft flux

T2 x Rd

T4N̂ =
p
N

<latexit sha1_base64="9zZqkIJVbC+qCPYMOdYMFWBtJIg=">AAAB+3icbZBLSwMxFIUz9VXra6xLN8EiuCozVdCNUHAjCKWCfUBnKJk0bUMzmTG5I5ZhwF/ixoUibv0j7vw3po+Fth4IfJxzQ25OEAuuwXG+rdzK6tr6Rn6zsLW9s7tn7xebOkoUZQ0aiUi1A6KZ4JI1gINg7VgxEgaCtYLR1SRvPTCleSTvYBwzPyQDyfucEjBW1y56QwK4hi+xp+8V4LSWde2SU3amwsvgzqGE5qp37S+vF9EkZBKoIFp3XCcGPyUKOBUsK3iJZjGhIzJgHYOShEz76XT3DB8bp4f7kTJHAp66v2+kJNR6HAZmMiQw1IvZxPwv6yTQv/BTLuMEmKSzh/qJwBDhSRG4xxWjIMYGCFXc7IrpkChCwdRVMCW4i19ehmal7J6WK7dnperN06yOPDpER+gEuegcVdE1qqMGougRPaNX9GZl1ov1bn3MRnPWvMID9EfW5w+ovJP8</latexit>

N̂ = N
<latexit sha1_base64="M57KlItzLC88M29j1WZMijY08K0=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIeBGEEME8YLOE2clsMmR2Z5npFUII+BNePCji1a/x5t84eRw0saChqOqmuytMpTDout/Oyura+sZmbiu/vbO7t184OGwYlWnG60xJpVshNVyKhNdRoOStVHMah5I3w8HNxG8+cm2ESh5wmPIgpr1ERIJRtJJP2n2KpEquSbVTKLoldwqyTLw5KcIctU7hq91VLIt5gkxSY3zPTTEYUY2CST7OtzPDU8oGtMd9SxMacxOMpiePyalVuiRS2laCZKr+nhjR2JhhHNrOmGLfLHoT8T/PzzC6CkYiSTPkCZstijJJUJHJ/6QrNGcoh5ZQpoW9lbA+1ZShTSlvQ/AWX14mjXLJOy+V7y+KlbunWRw5OIYTOAMPLqECt1CDOjBQ8Ayv8Oag8+K8Ox+z1hVnHuER/IHz+QNSrZBn</latexit>

twist



Does the PT vacuum respect the symmetry?

For the vacuum configuration all loops winding less than       in each 
direction are traceless for:

N̂
<latexit sha1_base64="7NR8ZSBSlKUtXcBeZsVrhBxiQAI=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2A9oQ9lsN+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqGW8wJZVuB9RwKWLeQIGStxPNaRRI3gpGN1O/9cS1ESp+wHHC/YgOYhEKRtFKze6QIrnrlcpuxZ2BLBMvJ2XIUe+Vvrp9xdKIx8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y2lMI278bHbthJxapU9CpW3FSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDKz8TcZIij9l8UZhKgopMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaVYr3nmlen9Rrl3ncRTgGE7gDDy4hBrcQh0awOARnuEV3hzlvDjvzse8dcXJZ47gD5zPHwKejsE=</latexit>

ZN preserved at zeroth PT order

k& N̂
<latexit sha1_base64="te3+SwqCS5Hhjbm4ABXnEn6A3Cw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwaK4kJJUQZdFN66kgn1AE8pkOmmHTiZhZqKU2k9x40IRt36JO//GaZqFth64l8M59zJ3TpBwprTjfFtLyyura+uFjeLm1vbOrl3aa6o4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF5P/dYDlYrF4l6PEupHuC9YyAjWRurapSHyTpF3nPUB1ui2a5edipMBLRI3J2XIUe/aX14vJmlEhSYcK9VxnUT7Yyw1I5xOil6qaILJEPdpx1CBI6r8cXb6BB0ZpYfCWJoSGmXq740xjpQaRYGZjLAeqHlvKv7ndVIdXvpjJpJUU0FmD4UpRzpG0xxQj0lKNB8Zgolk5lZEBlhiok1aRROCO//lRdKsVtyzSvXuvFy7yuMowAEcwgm4cAE1uIE6NIDAIzzDK7xZT9aL9W59zEaXrHxnH/7A+vwB87CR3Q==</latexit>

coprime

2n



Does the PT vacuum respect the symmetry?

For the vacuum configuration all loops winding less than       in each 
direction are traceless for:

N̂
<latexit sha1_base64="7NR8ZSBSlKUtXcBeZsVrhBxiQAI=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2A9oQ9lsN+3aTTbsToQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaVSqGW8wJZVuB9RwKWLeQIGStxPNaRRI3gpGN1O/9cS1ESp+wHHC/YgOYhEKRtFKze6QIrnrlcpuxZ2BLBMvJ2XIUe+Vvrp9xdKIx8gkNabjuQn6GdUomOSTYjc1PKFsRAe8Y2lMI278bHbthJxapU9CpW3FSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDKz8TcZIij9l8UZhKgopMXyd9oTlDObaEMi3srYQNqaYMbUBFG4K3+PIyaVYr3nmlen9Rrl3ncRTgGE7gDDy4hBrcQh0awOARnuEV3hzlvDjvzse8dcXJZ47gD5zPHwKejsE=</latexit>

ZN preserved at zeroth PT order
The choice of k is critical
k=1 does not work 
(Ishikawa&Okawa, Teper&Vairinhos, 
Azeyanagi et al.)

k scaled with N (see later)

k& N̂
<latexit sha1_base64="te3+SwqCS5Hhjbm4ABXnEn6A3Cw=">AAAB+nicbVDLSsNAFL3xWesr1aWbwaK4kJJUQZdFN66kgn1AE8pkOmmHTiZhZqKU2k9x40IRt36JO//GaZqFth64l8M59zJ3TpBwprTjfFtLyyura+uFjeLm1vbOrl3aa6o4lYQ2SMxj2Q6wopwJ2tBMc9pOJMVRwGkrGF5P/dYDlYrF4l6PEupHuC9YyAjWRurapSHyTpF3nPUB1ui2a5edipMBLRI3J2XIUe/aX14vJmlEhSYcK9VxnUT7Yyw1I5xOil6qaILJEPdpx1CBI6r8cXb6BB0ZpYfCWJoSGmXq740xjpQaRYGZjLAeqHlvKv7ndVIdXvpjJpJUU0FmD4UpRzpG0xxQj0lKNB8Zgolk5lZEBlhiok1aRROCO//lRdKsVtyzSvXuvFy7yuMowAEcwgm4cAE1uIE6NIDAIzzDK7xZT9aL9W59zEaXrHxnH/7A+vwB87CR3Q==</latexit>

coprime

2n



The result is an increased effective volume

Momentum 
quantization along 
compact cycles

p =
2⇡n

le↵
<latexit sha1_base64="616/dFgEhKuDBpIWusEAG+IjbG8=">AAACC3icbZDLSgMxGIUz9VbrbdSlm9AiuCozVdCNUHAjuKlgL9AZSibNtKFJJiQZoQwDLt34Km5cKOLWF3Dn25heFtp6IHA45w/J/0WSUW0879sprKyurW8UN0tb2zu7e+7+QUsnqcKkiROWqE6ENGFUkKahhpGOVATxiJF2NLqa9O17ojRNxJ0ZSxJyNBA0phgZG/XcsoSXMIgVwlkNBpJCAXOYQdbLAsUhieM877kVr+pNBZeNPzcVMFej534F/QSnnAiDGdK663vShBlShmJG8lKQaiIRHqEB6VorECc6zKa75PDYJn0YJ8oeYeA0/X0jQ1zrMY/sJEdmqBe7Sfhf101NfBFmVMjUEIFnD8UpgyaBEzCwTxXBho2tQVhR+1eIh8iCMRZfyULwF1deNq1a1T+t1m7PKvWbhxmOIjgCZXACfHAO6uAaNEATYPAInsEreHOenBfn3fmYjRacOcJD8EfO5w/i9pol</latexit>

le↵ = N̂ l
<latexit sha1_base64="CGVYzgzBQLVXiDJQE/5mGtxuqiE=">AAACAHicbZBLSwMxFIUz9VXra9SFCzfBIrgqM1XQjVBwIwhSwT6gM5RMmmlDk5khuSOUYUD8K25cKOLWn+HOf2P6WGjrgcDhOzck9wSJ4Boc59sqLC2vrK4V10sbm1vbO/buXlPHqaKsQWMRq3ZANBM8Yg3gIFg7UYzIQLBWMLwa560HpjSPo3sYJcyXpB/xkFMCBnXtAyy6mackZmGY40vsDQjgWwPtslNxJsKLxp2ZMpqp3rW/vF5MU8kioIJo3XGdBPyMKOBUsLzkpZolhA5Jn3WMjYhk2s8mC+T42JAeDmNlTgR4Qn/fyIjUeiQDMykJDPR8Nob/ZZ0Uwgs/41GSAovo9KEwFRhiPG4D97hiFMTIGEIVN3/FdEAUoWA6K5kS3PmVF02zWnFPK9W7s3Lt5nFaRxEdoiN0glx0jmroGtVRA1GUo2f0it6sJ+vFerc+pqMFa1bhPvoj6/MHs7SVnQ==</latexit>

T2 x Rd

T4N̂ =
p
N

<latexit sha1_base64="9zZqkIJVbC+qCPYMOdYMFWBtJIg=">AAAB+3icbZBLSwMxFIUz9VXra6xLN8EiuCozVdCNUHAjCKWCfUBnKJk0bUMzmTG5I5ZhwF/ixoUibv0j7vw3po+Fth4IfJxzQ25OEAuuwXG+rdzK6tr6Rn6zsLW9s7tn7xebOkoUZQ0aiUi1A6KZ4JI1gINg7VgxEgaCtYLR1SRvPTCleSTvYBwzPyQDyfucEjBW1y56QwK4hi+xp+8V4LSWde2SU3amwsvgzqGE5qp37S+vF9EkZBKoIFp3XCcGPyUKOBUsK3iJZjGhIzJgHYOShEz76XT3DB8bp4f7kTJHAp66v2+kJNR6HAZmMiQw1IvZxPwv6yTQv/BTLuMEmKSzh/qJwBDhSRG4xxWjIMYGCFXc7IrpkChCwdRVMCW4i19ehmal7J6WK7dnperN06yOPDpER+gEuegcVdE1qqMGougRPaNX9GZl1ov1bn3MRnPWvMID9EfW5w+ovJP8</latexit>

N̂ = N
<latexit sha1_base64="M57KlItzLC88M29j1WZMijY08K0=">AAAB8nicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIeBGEEME8YLOE2clsMmR2Z5npFUII+BNePCji1a/x5t84eRw0saChqOqmuytMpTDout/Oyura+sZmbiu/vbO7t184OGwYlWnG60xJpVshNVyKhNdRoOStVHMah5I3w8HNxG8+cm2ESh5wmPIgpr1ERIJRtJJP2n2KpEquSbVTKLoldwqyTLw5KcIctU7hq91VLIt5gkxSY3zPTTEYUY2CST7OtzPDU8oGtMd9SxMacxOMpiePyalVuiRS2laCZKr+nhjR2JhhHNrOmGLfLHoT8T/PzzC6CkYiSTPkCZstijJJUJHJ/6QrNGcoh5ZQpoW9lbA+1ZShTSlvQ/AWX14mjXLJOy+V7y+KlbunWRw5OIYTOAMPLqECt1CDOjBQ8Ayv8Oag8+K8Ox+z1hVnHuER/IHz+QNSrZBn</latexit>



The game

le↵ = 1/M
<latexit sha1_base64="K3eBkFxda57Ub2OY7bYIA/jgfJ4=">AAAB+nicbZBLSwMxFIUz9VXra6pLN8EiuKozVdCNUHAjiFDBPqAdhkx6pw3NZIYko5Sx4B9x40IRt/4Sd/4b08dCWw8EPs65ITcnSDhT2nG+rdzS8srqWn69sLG5tb1jF3cbKk4lhTqNeSxbAVHAmYC6ZppDK5FAooBDMxhcjvPmPUjFYnGnhwl4EekJFjJKtLF8u8j9rCMjDGE4whfYPb7x7ZJTdibCi+DOoIRmqvn2V6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZZPURPjROF4exNEdoPHF/38hIpNQwCsxkRHRfzWdj87+snerw3MuYSFINgk4fClOOdYzHPeAuk0A1HxogVDKzK6Z9IgnVpq2CKcGd//IiNCpl96RcuT0tVa+fpnXk0T46QEfIRWeoiq5QDdURRQ/oGb2iN+vRerHerY/paM6aVbiH/sj6/AGfgJNb</latexit>

x = MN̂l

<latexit sha1_base64="kNoyIuH52PgLSCrKxlRlgxrscHU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIeNGDEsE8IFnC7GQ2GTL7cKY3GJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxdLodG2v62l5ZXVtfXcRn5za3tnt7C3X9dRohivsUhGqulRzaUIeQ0FSt6MFaeBJ3nDG1xN/MaQKy2i8AFHMXcD2guFLxhFI7lPl+SWtPsUyR2RnULRLtlTkEXiZKQIGaqdwle7G7Ek4CEySbVuOXaMbkoVCib5ON9ONI8pG9Aebxka0oBrN50ePSbHRukSP1KmQiRT9fdESgOtR4FnOgOKfT3vTcT/vFaC/oWbijBOkIdstshPJMGITBIgXaE4QzkyhDIlzK2E9amiDE1OeROCM//yIqmXS85pqXx/VqzcZHHk4BCO4AQcOIcKXEMVasDgEZ7hFd6sofVivVsfs9YlK5s5gD+wPn8A1SyQ3A==</latexit>

le↵ = N̂ l
<latexit sha1_base64="CGVYzgzBQLVXiDJQE/5mGtxuqiE=">AAACAHicbZBLSwMxFIUz9VXra9SFCzfBIrgqM1XQjVBwIwhSwT6gM5RMmmlDk5khuSOUYUD8K25cKOLWn+HOf2P6WGjrgcDhOzck9wSJ4Boc59sqLC2vrK4V10sbm1vbO/buXlPHqaKsQWMRq3ZANBM8Yg3gIFg7UYzIQLBWMLwa560HpjSPo3sYJcyXpB/xkFMCBnXtAyy6mackZmGY40vsDQjgWwPtslNxJsKLxp2ZMpqp3rW/vF5MU8kioIJo3XGdBPyMKOBUsLzkpZolhA5Jn3WMjYhk2s8mC+T42JAeDmNlTgR4Qn/fyIjUeiQDMykJDPR8Nob/ZZ0Uwgs/41GSAovo9KEwFRhiPG4D97hiFMTIGEIVN3/FdEAUoWA6K5kS3PmVF02zWnFPK9W7s3Lt5nFaRxEdoiN0glx0jmroGtVRA1GUo2f0it6sJ+vFerc+pqMFa1bhPvoj6/MHs7SVnQ==</latexit>

Yang-Mills d=4     M = ⇤QCD
<latexit sha1_base64="gp8/aUlo8Aab23uIB9o5MpHvN7w=">AAAB/nicbVDLSsNAFJ34rPUVFVduBovgqiRafCyEYl24UGjBPqAJYTKZtEMnD2YmQgkFf8WNC0Xc+h3u/BsnaRC1Hhg4nHMP985xY0aFNIxPbW5+YXFpubRSXl1b39jUt7Y7Iko4Jm0csYj3XCQIoyFpSyoZ6cWcoMBlpOuOGpnfvSdc0Ci8k+OY2AEahNSnGEklOfruLbyA1o0KeMhJLR7AVuNq4ugVo2rkgLPELEgFFGg6+oflRTgJSCgxQ0L0TSOWdoq4pJiRSdlKBIkRHqEB6SsaooAIO83Pn8ADpXjQj7h6oYS5+jORokCIceCqyQDJofjrZeJ/Xj+R/pmd0jBOJAnxdJGfMCgjmHUBPcoJlmysCMKcqlshHiKOsFSNlfMSzjOcfH95lnSOquZxtdaqVeqXRR0lsAf2wSEwwSmog2vQBG2AQQoewTN40R60J+1Ve5uOzmlFZgf8gvb+BWyIlKY=</latexit>

x = 1
<latexit sha1_base64="o7JBe10xHc0jGCgqF9PaDU0kCAM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9CwIveIpoHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HrqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7pyusWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6m0WRx6O4BhOwYMLqMIN1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANtgjYk=</latexit>



Thermodynamic limit 
at fixed volume
N to infinity

Eguchi Kawai reduction

• TEK le↵ = aN̂
<latexit sha1_base64="XRIQ+OKFle/P+dEks4nIGokObw0=">AAAB/3icbZBLSwMxFIXv+Kz1NSq4cRMsgqsyUwXdCAU3giAV7AM6w5BJM21oMjMkGaGMBf0rblwo4ta/4c5/Y/pYaOuBwMc5N+TmhClnSjvOt7WwuLS8slpYK65vbG5t2zu7DZVkktA6SXgiWyFWlLOY1jXTnLZSSbEIOW2G/ctR3rynUrEkvtODlPoCd2MWMYK1sQJ7nwe5JwWiUTREFwgjr4c1ugnsklN2xkLz4E6hBFPVAvvL6yQkEzTWhGOl2q6Taj/HUjPC6bDoZYqmmPRxl7YNxlhQ5efj/YfoyDgdFCXSnFijsfv7Ro6FUgMRmkmBdU/NZiPzv6yd6ejcz1mcZprGZPJQlHGkEzQqA3WYpETzgQFMJDO7ItLDEhNtKiuaEtzZL89Do1J2T8qV29NS9fpxUkcBDuAQjsGFM6jCFdSgDgQe4Ble4c16sl6sd+tjMrpgTSvcgz+yPn8ASdSVaA==</latexit>

Large N limit

The game x = 1
<latexit sha1_base64="o7JBe10xHc0jGCgqF9PaDU0kCAM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9CwIveIpoHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HrqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7pyusWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6m0WRx6O4BhOwYMLqMIN1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANtgjYk=</latexit>

le↵ = 1/M
<latexit sha1_base64="K3eBkFxda57Ub2OY7bYIA/jgfJ4=">AAAB+nicbZBLSwMxFIUz9VXra6pLN8EiuKozVdCNUHAjiFDBPqAdhkx6pw3NZIYko5Sx4B9x40IRt/4Sd/4b08dCWw8EPs65ITcnSDhT2nG+rdzS8srqWn69sLG5tb1jF3cbKk4lhTqNeSxbAVHAmYC6ZppDK5FAooBDMxhcjvPmPUjFYnGnhwl4EekJFjJKtLF8u8j9rCMjDGE4whfYPb7x7ZJTdibCi+DOoIRmqvn2V6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZZPURPjROF4exNEdoPHF/38hIpNQwCsxkRHRfzWdj87+snerw3MuYSFINgk4fClOOdYzHPeAuk0A1HxogVDKzK6Z9IgnVpq2CKcGd//IiNCpl96RcuT0tVa+fpnXk0T46QEfIRWeoiq5QDdURRQ/oGb2iN+vRerHerY/paM6aVbiH/sj6/AGfgJNb</latexit>

x = MN̂l

<latexit sha1_base64="kNoyIuH52PgLSCrKxlRlgxrscHU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIeNGDEsE8IFnC7GQ2GTL7cKY3GJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxdLodG2v62l5ZXVtfXcRn5za3tnt7C3X9dRohivsUhGqulRzaUIeQ0FSt6MFaeBJ3nDG1xN/MaQKy2i8AFHMXcD2guFLxhFI7lPl+SWtPsUyR2RnULRLtlTkEXiZKQIGaqdwle7G7Ek4CEySbVuOXaMbkoVCib5ON9ONI8pG9Aebxka0oBrN50ePSbHRukSP1KmQiRT9fdESgOtR4FnOgOKfT3vTcT/vFaC/oWbijBOkIdstshPJMGITBIgXaE4QzkyhDIlzK2E9amiDE1OeROCM//yIqmXS85pqXx/VqzcZHHk4BCO4AQcOIcKXEMVasDgEZ7hFd6sofVivVsfs9YlK5s5gD+wPn8A1SyQ3A==</latexit>

thermodynamic limit

a
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Twisted Eguchi Kawai Reduction on T4

’t Hooft limit -thermodynamic limit

Finite N corrections amount to finite volume effects

Implements a lattice with           sites play the standard 
game

TEK

non-planar suppression

N̂4
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Twisted Eguchi Kawai Reduction on T4

Pure Yang-Mills  
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FIG. 2. N dependence of the continuum string tension

Our data are consistent with the limit appearing in the right-hand side of the previous equation

being approached linearly in a2E. The extrapolated values for the ratio ΛMS/
√
σ are displayed in

Fig. 2 as a function of 1/N2. Again a linear fit to the data with parameters 0.515(3) + 0.34(1)/N2

is quite satisfactory. The same procedure to obtain the string tension in the continuum limit was

followed for the TEK model and N=841. The result, also displayed in the figure, is 0.513(6). The

agreement with the large N extrapolated value of ΛMS/
√
σ is very remarkable, and serves as a

non-trivial test that reduction is operative for the TEK model in this range.

Another remarkable feature of our result is that the N dependence matches perfectly with that

obtained in Ref. [2], which used different observables, techniques and range of ‘t Hooft couplings.

The actual value of the large N ratio given in that reference was 0.503(2), which seems inconsistent

with our result on statistical grounds. However, the estimated systematic errors quoted in Ref. [2]

are as large as 0.04. We should also mention that a recent analysis, largely complementary to ours,

has obtained an estimate of the large N string tension which is consistent with our result [14].

In order to give a robust prediction for the large N string tension, we should also estimate

our systematic errors. The most important source of these errors arises from an overall scale. If

we repeat the procedure replacing the expression of aE by the formula given by Allton et al. [2]

our estimate of the large N ratio ΛMS/
√
σ becomes 0.525(2). This is a 2 percent change in the

predicted value, which is 5 times bigger than the statistical error.

To give a more precise prediction we should use a non-perturbative renormalization prescription

to fix a(λL). It is possible to give a prescription based on Wilson loops and which follows the same

String tension
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 [González-Arroyo & Okawa]   
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Twisted Eguchi Kawai Reduction on T4

Meson spectrum

N̂3 ⇥ l0N̂
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Fundamental fermions live on a                    lattice
N=289
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 [MGP, González-Arroyo & Okawa]   

mass /  σ Bali et al

ρ 1.66(7)(5) 1.538(7)

a0 2.20(5)(4) 2.40(4)

a1 2.99(8)(2) 2.86(2)

b1 3.20(12)(18) 2.90(2)

chiral limit

 



Twisted Eguchi Kawai Reduction on T4

N=289

With adjoint fermions Nf=2

�⇤ = 0.269± 0.002± 0.05
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 [MGP, Keegan, González-Arroyo & Okawa]   

Mass anomalous dimension

IR conformality
Meson spectrum 
with fermions in 
the fundamental
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Yang Mills running coupling

Scaling with the rank of the group le↵ = aN̂
<latexit sha1_base64="IU3gGMk0VcJa+nNMA4tbQC67QLE=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tF8FSSKuhFKHjRi1SwH9CEstlu2qWbTdjdCCX24F/x4kERr/4Nb/4bt20O2vpg4PHeDDPzgoQzpR3n2yosLa+srhXXSxubW9s79u5eU8WpJLRBYh7LdoAV5UzQhmaa03YiKY4CTlvB8Gritx6oVCwW93qUUD/CfcFCRrA2Utc+4N3MkxGiYThGlwgjb4A1uu3aZafiTIEWiZuTMuSod+0vrxeTNKJCE46V6rhOov0MS80Ip+OSlyqaYDLEfdoxVOCIKj+b3j9Gx0bpoTCWpoRGU/X3RIYjpUZRYDojrAdq3puI/3mdVIcXfsZEkmoqyGxRmHKkYzQJA/WYpETzkSGYSGZuRWSAJSbaRFYyIbjzLy+SZrXinlaqd2fl2k0eRxEO4QhOwIVzqME11KEBBB7hGV7hzXqyXqx362PWWrDymX34A+vzByM6lOY=</latexit>

�(le↵)
<latexit sha1_base64="nRMNcfVs6yc/tXeLVB7Sm7yr20E=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyxC3ZSZKuiy4EZ3FewDOsOQyWTa0CQzJBmhDsVfceNCEbf+hzv/xrSdhbYeCBzOOZd7c8KUUaUd59sqrayurW+UNytb2zu7e/b+QUclmcSkjROWyF6IFGFUkLammpFeKgniISPdcHQ99bsPRCqaiHs9TonP0UDQmGKkjRTYRx4z4QjVWJB7kkMSx5OzwK46dWcGuEzcglRBgVZgf3lRgjNOhMYMKdV3nVT7OZKaYkYmFS9TJEV4hAakb6hAnCg/n10/gadGiWCcSPOEhjP190SOuFJjHpokR3qoFr2p+J/Xz3R85edUpJkmAs8XxRmDOoHTKmBEJcGajQ1BWFJzK8RDJBHWprCKKcFd/PIy6TTq7nm9cXdRbd4WdZTBMTgBNeCCS9AEN6AF2gCDR/AMXsGb9WS9WO/WxzxasoqZQ/AH1ucP27KU2w==</latexit>

⌃/u
<latexit sha1_base64="AXyQEWhgolRZLF1BLoGl6wvV5Nk=">AAAB8XicbVBNSwMxEJ2tX7V+VT16CRbBU92tgh4LXvRW0X5gu5Rsmm1Dk+ySZIWy9F948aCIV/+NN/+N6XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+Hrmt5+o0iySD2YSU1/goWQhI9hY6bF3z4YCozOU9MsVt+pmQMvEy0kFcjT65a/eICKJoNIQjrXuem5s/BQrwwin01Iv0TTGZIyHtGupxIJqP80unqITqwxQGClb0qBM/T2RYqH1RAS2U2Az0oveTPzP6yYmvPJTJuPEUEnmi8KEIxOh2ftowBQlhk8swUQxeysiI6wwMTakkg3BW3x5mbRqVe+8Wru7qNRv8ziKcATHcAoeXEIdbqABTSAg4Rle4c3Rzovz7nzMWwtOPnMIf+B8/gBmTJAa</latexit>

1/N
<latexit sha1_base64="gzEBr6ozLcaHNopPxI62NSF5ZZU=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKe5GQY8BL3qRiOYByRJmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup76zSdUmkfy0Yxj9EM6kLzPGTVWevDO7rrFklt2ZyDLxMtICTLUusWvTi9iSYjSMEG1bntubPyUKsOZwEmhk2iMKRvRAbYtlTRE7aezUyfkxCo90o+ULWnITP09kdJQ63EY2M6QmqFe9Kbif147Mf0rP+UyTgxKNl/UTwQxEZn+TXpcITNibAllittbCRtSRZmx6RRsCN7iy8ukUSl75+XK/UWpepvFkYcjOIZT8OASqnADNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8fheSNUQ==</latexit>

u
<latexit sha1_base64="GXpgFbV67kSGewKikC77UrAqxMY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeCF721YGuhDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjto5TxbDFYhGrTkA1Ci6xZbgR2EkU0igQ+BCMb2b+wxMqzWN5byYJ+hEdSh5yRo2Vmmm/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+Sdq3qXVRrzctK/S6PowgncArn4MEV1OEWGtACBgjP8ApvzqPz4rw7H4vWgpPPHMMfOJ8/5RaNBA==</latexit>

�/u
<latexit sha1_base64="pJN2aqGQpNEkUAO1Y2Z8cYadaSI=">AAAB8XicbVBNSwMxEJ34WetX1aOXYBE81d0q6LHgRW8V7Ae2S8mm2TY0yS5JVihL/4UXD4p49d9489+YtnvQ1gcDj/dmmJkXJoIb63nfaGV1bX1js7BV3N7Z3dsvHRw2TZxqyho0FrFuh8QwwRVrWG4FayeaERkK1gpHN1O/9cS04bF6sOOEBZIMFI84JdZJj13DB5Lgc5z2SmWv4s2Al4mfkzLkqPdKX91+TFPJlKWCGNPxvcQGGdGWU8EmxW5qWELoiAxYx1FFJDNBNrt4gk+d0sdRrF0pi2fq74mMSGPGMnSdktihWfSm4n9eJ7XRdZBxlaSWKTpfFKUC2xhP38d9rhm1YuwIoZq7WzEdEk2odSEVXQj+4svLpFmt+BeV6v1luXaXx1GAYziBM/DhCmpwC3VoAAUFz/AKb8igF/SOPuatKyifOYI/QJ8/l8yQOg==</latexit>

 [MGP, Keegan, González-Arroyo & Okawa]   



Large N limits

The game x = 1
<latexit sha1_base64="o7JBe10xHc0jGCgqF9PaDU0kCAM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQS9CwIveIpoHJEuYnXSSIbOzy8ysGJZ8ghcPinj1i7z5N06SPWhiQUNR1U13VxALro3rfju5ldW19Y38ZmFre2d3r7h/0NBRohjWWSQi1QqoRsEl1g03AluxQhoGApvB6HrqNx9RaR7JBzOO0Q/pQPI+Z9RY6f7pyusWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/OTp2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6N+lxhcyIsSWUKW5vJWxIFWXGplOwIXiLLy+TRqXsnZUrd+el6m0WRx6O4BhOwYMLqMIN1KAODAbwDK/w5gjnxXl3PuatOSebOYQ/cD5/ANtgjYk=</latexit>

le↵ = 1/M
<latexit sha1_base64="K3eBkFxda57Ub2OY7bYIA/jgfJ4=">AAAB+nicbZBLSwMxFIUz9VXra6pLN8EiuKozVdCNUHAjiFDBPqAdhkx6pw3NZIYko5Sx4B9x40IRt/4Sd/4b08dCWw8EPs65ITcnSDhT2nG+rdzS8srqWn69sLG5tb1jF3cbKk4lhTqNeSxbAVHAmYC6ZppDK5FAooBDMxhcjvPmPUjFYnGnhwl4EekJFjJKtLF8u8j9rCMjDGE4whfYPb7x7ZJTdibCi+DOoIRmqvn2V6cb0zQCoSknSrVdJ9FeRqRmlMOo0EkVJIQOSA/aBgWJQHnZZPURPjROF4exNEdoPHF/38hIpNQwCsxkRHRfzWdj87+snerw3MuYSFINgk4fClOOdYzHPeAuk0A1HxogVDKzK6Z9IgnVpq2CKcGd//IiNCpl96RcuT0tVa+fpnXk0T46QEfIRWeoiq5QDdURRQ/oGb2iN+vRerHerY/paM6aVbiH/sj6/AGfgJNb</latexit>

Singular large N limit
N to infinity
Volume to zero
x fixed

Non-commutative gauge theory

Finite x non-planar diagrams survive  

[Alvarez-Gaumé & Barbón]

Singular large N limit  

[Griguolo, Seminara & Valtancoli]

[Guralnik]

x = MN̂l

<latexit sha1_base64="kNoyIuH52PgLSCrKxlRlgxrscHU=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6EUIeNGDEsE8IFnC7GQ2GTL7cKY3GJZ8hxcPinj1Y7z5N06SPWhiQUNR1U13lxdLodG2v62l5ZXVtfXcRn5za3tnt7C3X9dRohivsUhGqulRzaUIeQ0FSt6MFaeBJ3nDG1xN/MaQKy2i8AFHMXcD2guFLxhFI7lPl+SWtPsUyR2RnULRLtlTkEXiZKQIGaqdwle7G7Ek4CEySbVuOXaMbkoVCib5ON9ONI8pG9Aebxka0oBrN50ePSbHRukSP1KmQiRT9fdESgOtR4FnOgOKfT3vTcT/vFaC/oWbijBOkIdstshPJMGITBIgXaE4QzkyhDIlzK2E9amiDE1OeROCM//yIqmXS85pqXx/VqzcZHHk4BCO4AQcOIcKXEMVasDgEZ7hFd6sofVivVsfs9YlK5s5gD+wPn8A1SyQ3A==</latexit>



Going to large N -  Singular large N limits

T2 x R with twist  SU(N)

x = �Nl/(4⇡)
<latexit sha1_base64="uK9xYZAAjCEvJLT7e1npYMJyuwg=">AAACAHicbVC7SgNBFL0bXzG+Vi0sbAaDEJu4GwPaCAEbbSSCeUB2CbOzs8mQ2Qczs2JY0vgrNhaK2PoZdv6Nk0ehiQcGDuecy517vIQzqSzr28gtLa+sruXXCxubW9s75u5eU8apILRBYh6Ltocl5SyiDcUUp+1EUBx6nLa8wdXYbz1QIVkc3athQt0Q9yIWMIKVlrrmweMlcrjO+xjdIo5OS1XkJOykaxatsjUBWiT2jBRhhnrX/HL8mKQhjRThWMqObSXKzbBQjHA6KjippAkmA9yjHU0jHFLpZpMDRuhYKz4KYqFfpNBE/T2R4VDKYejpZIhVX857Y/E/r5Oq4MLNWJSkikZkuihIOVIxGreBfCYoUXyoCSaC6b8i0scCE6U7K+gS7PmTF0mzUrbPypW7arF2M6sjD4dwBCWw4RxqcA11aACBETzDK7wZT8aL8W58TKM5YzazD39gfP4AU5yUUQ==</latexit>

✓̃ = 2⇡k̄/N
<latexit sha1_base64="cVrs/OGEzbMboKQX/zq+04+S2MQ=">AAACCHicbVA9SwNBEN3zM8avU0sLF4NgFe+ioI0QsNFGIpgPyB1hbzNJlux9sDsnhJDSxr9iY6GIrT/Bzn/jJrlCEx8MPN6bYWZekEih0XG+rYXFpeWV1dxafn1jc2vb3tmt6ThVHKo8lrFqBEyDFBFUUaCERqKAhYGEetC/Gvv1B1BaxNE9DhLwQ9aNREdwhkZq2QceCtkG6mEPkNFLWqJeIqgXMEX79OS2ZRecojMBnSduRgokQ6Vlf3ntmKchRMgl07rpOgn6Q6ZQcAmjvJdqSBjvsy40DY1YCNofTh4Z0SOjtGknVqYipBP198SQhVoPwsB0hgx7etYbi/95zRQ7F/5QREmKEPHpok4qKcZ0nAptCwUc5cAQxpUwt1LeY4pxNNnlTQju7MvzpFYquqfF0t1ZoXyTxZEj++SQHBOXnJMyuSYVUiWcPJJn8krerCfrxXq3PqatC1Y2s0f+wPr8AZZQl8k=</latexit>

Non-commutative  U(1)

⇥ =
l2e↵

(2⇡)2
✓̃

<latexit sha1_base64="y+0q13QzZfG9Z87lwSpuT+DiAYU="></latexit>

le↵ = Nl
<latexit sha1_base64="Wm+5aq1NktRBjWthc3Thymig92I=">AAAB+3icbVBNS8NAEN34WetXrEcvi0XwVJIq6EUoeNGLVLAf0Iaw2U7apZtN2N2IJeSvePGgiFf/iDf/jds2B219MPB4b4aZeUHCmdKO822trK6tb2yWtsrbO7t7+/ZBpa3iVFJo0ZjHshsQBZwJaGmmOXQTCSQKOHSC8fXU7zyCVCwWD3qSgBeRoWAho0Qbybcr3M/6MsIQhjnGV/gOc9+uOjVnBrxM3IJUUYGmb3/1BzFNIxCacqJUz3US7WVEakY55OV+qiAhdEyG0DNUkAiUl81uz/GJUQY4jKUpofFM/T2RkUipSRSYzojokVr0puJ/Xi/V4aWXMZGkGgSdLwpTjnWMp0HgAZNANZ8YQqhk5lZMR0QSqk1cZROCu/jyMmnXa+5ZrX5/Xm3cFnGU0BE6RqfIRReogW5QE7UQRU/oGb2iNyu3Xqx362PeumIVM4foD6zPHxgGkzA=</latexit>

Morita duality

[Ambjorn, Makeenko, Nishimura & Szabo]

• Possible non-perturbative regulator of NC gauge theories                            

• First formulation of NC Feynman rules                           
[González-Arroyo & Korthals-Altes]

k¯k = 1(modN)

<latexit sha1_base64="fyBo+42VzLTn4U1Ts4VRsiE+lis=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBahbkpSBd0IRTeupIJ9QBPKZDJph85MwsxEKKHgxl9x40IRt/6EO//GaZuFth64cDjnXu69J0gYVdpxvq3C0vLK6lpxvbSxubW9Y+/utVScSkyaOGax7ARIEUYFaWqqGekkkiAeMNIOhtcTv/1ApKKxuNejhPgc9QWNKEbaSD37YAi9AEk4hJfQhZXMkxzyOBzD25OeXXaqzhRwkbg5KYMcjZ795YUxTjkRGjOkVNd1Eu1nSGqKGRmXvFSRBOEh6pOuoQJxovxs+sMYHhslhFEsTQkNp+rviQxxpUY8MJ0c6YGa9ybif1431dGFn1GRpJoIPFsUpQzqGE4CgSGVBGs2MgRhSc2tEA+QRFib2EomBHf+5UXSqlXd02rt7qxcv8rjKIJDcAQqwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2PWWvBymf2wR9Ynz9yNpV6</latexit>



Going to large N -  Singular large N limits

BUT                            

Tachyonic instabilities at one-loop                           

[Guralnik, Landsteiner, López]

lim
i�!1

k̄i
Ni

=
✓̃

2⇡
<latexit sha1_base64="o48YYc3F0U/rCPSr1g2rxUqLIRc="></latexit>

⇥ =
l2e↵

(2⇡)2
✓̃

<latexit sha1_base64="y+0q13QzZfG9Z87lwSpuT+DiAYU="></latexit>

le↵ = Nili
<latexit sha1_base64="YVYyveRaoJBCWU0BgyaxopvuvaU=">AAAB/nicbVBNSwMxEM3Wr1q/VsWTl2ARPJXdKuhFKHrxJBVsK7RlyaazbWiSXZKsUJaCf8WLB0W8+ju8+W9M2z1o64OBx3szzMwLE8608bxvp7C0vLK6VlwvbWxube+4u3tNHaeKQoPGPFYPIdHAmYSGYYbDQ6KAiJBDKxxeT/zWIyjNYnlvRgl0BelLFjFKjJUC94AHWUcJDFE0xpf4NmCYByxwy17FmwIvEj8nZZSjHrhfnV5MUwHSUE60bvteYroZUYZRDuNSJ9WQEDokfWhbKokA3c2m54/xsVV6OIqVLWnwVP09kRGh9UiEtlMQM9Dz3kT8z2unJrroZkwmqQFJZ4uilGMT40kWuMcUUMNHlhCqmL0V0wFRhBqbWMmG4M+/vEia1Yp/WqnenZVrV3kcRXSIjtAJ8tE5qqEbVEcNRFGGntErenOenBfn3fmYtRacfGYf/YHz+QPHjZS3</latexit>

• Obtain irrational         from a limiting sequence                          ✓̃

2⇡
<latexit sha1_base64="3pu+J+fh3xtArm1To94x/f2C8WU=">AAACBHicbVDLSgNBEJyNrxhfqx5zGQyCp7CJwcct6MVjBBMD2RBmJ73JkNkHM71CWHLw4q948aCIVz/Cm3/jJFlEjQUNRVU33V1eLIVGx/m0ckvLK6tr+fXCxubW9o69u9fSUaI4NHkkI9X2mAYpQmiiQAntWAELPAm33uhy6t/egdIiCm9wHEM3YINQ+IIzNFLPLrq+Yjx1Ucg+UBeHgIxO0qobi0nPLjllZwa6SCoZKZEMjZ794fYjngQQIpdM607FibGbMoWCS5gU3ERDzPiIDaBjaMgC0N109sSEHhqlT/1ImQqRztSfEykLtB4HnukMGA71X28q/ud1EvTPuqkI4wQh5PNFfiIpRnSaCO0LBRzl2BDGlTC3Uj5kJhU0uRVmIZxPcfL98iJpVcuV43LtulaqX2Rx5EmRHJAjUiGnpE6uSIM0CSf35JE8kxfrwXqyXq23eWvOymb2yS9Y71/eRZhg</latexit>



Mass Gap  in PT ~n 6= ~
0 (mod N)

2⇡|~n|
Nl

electric flux ei = �k̄✏ijnj

Glueball mass  in PT EG
�

=
1

x

E1
�

=
1

2x
Lowest state has flux k̄

one-gluon states

Spectrum for T2 x R 



Tachyonic instabilities at one-loop                           

E2
~n (x, ✓̃) =

|~n|2

4x2
�G

⇣
✓̃~n

2⇡

⌘ 1

x

<latexit sha1_base64="Y7ptQo2cTS+DgPirDPaCYUPL7to="></latexit>

Energy of electric flux    (in units of       )                      

[MGP, González-Arroyo & Okawa]

�
<latexit sha1_base64="qe80Mc+aeY4fabn8suHYzz7BWt8=">AAAB7nicbVDLSsNAFL3xWeur6tLNYBFclaQKuiy40V0F+4A2lJvJpB06mYSZiVBCP8KNC0Xc+j3u/BunbRbaemDgcM65zL0nSAXXxnW/nbX1jc2t7dJOeXdv/+CwcnTc1kmmKGvRRCSqG6BmgkvWMtwI1k0VwzgQrBOMb2d+54kpzRP5aCYp82McSh5xisZKnb6w0RAHlapbc+cgq8QrSBUKNAeVr36Y0Cxm0lCBWvc8NzV+jspwKti03M80S5GOcch6lkqMmfbz+bpTcm6VkESJsk8aMld/T+QYaz2JA5uM0Yz0sjcT//N6mYlu/JzLNDNM0sVHUSaIScjsdhJyxagRE0uQKm53JXSECqmxDZVtCd7yyaukXa95l7X6w1W1cV/UUYJTOIML8OAaGnAHTWgBhTE8wyu8Oanz4rw7H4vomlPMnMAfOJ8/QC6PiA==</latexit>

momentum electric flux/N

Gluon self-energy

G (z) / ||z||�1
<latexit sha1_base64="7uI67Z+XKma7+jJQnGF5GWJqu+k=">AAACJHicbVDLTgIxFO34RHyhLt00EhNdSGaU+IgbogtdYiJIwiDplA40dB5p75jgwMe48VfcuPARF278FsswGhVP0t6Tc+5Ne48TCq7ANN+Nicmp6ZnZzFx2fmFxaTm3slpVQSQpq9BABLLmEMUE91kFOAhWCyUjniPYldM9HfpXN0wqHviX0AtZwyNtn7ucEtBSM3d8ZgvmwtatLXm7A9vYDmUQQoATuT+6ceri/le9jnesQTOXNwtmAjxOrJTkUYpyM/ditwIaecwHKohSdcsMoRETCZwKNsjakWIhoV3SZnVNfeIx1YiTJQd4Uyst7AZSHx9wov6ciImnVM9zdKdHoKP+ekPxP68egXvYiLkfRsB8OnrIjQTWIQwTwy0uGQXR04RQyfVfMe0QSSjoXLNJCEdD7H+vPE6quwVrr1C8KOZLJ2kcGbSONtAWstABKqFzVEYVRNEdekBP6Nm4Nx6NV+Nt1DphpDNr6BeMj0+OwqWE</latexit>

✓̃ = 2⇡k̄/N
<latexit sha1_base64="cVrs/OGEzbMboKQX/zq+04+S2MQ=">AAACCHicbVA9SwNBEN3zM8avU0sLF4NgFe+ioI0QsNFGIpgPyB1hbzNJlux9sDsnhJDSxr9iY6GIrT/Bzn/jJrlCEx8MPN6bYWZekEih0XG+rYXFpeWV1dxafn1jc2vb3tmt6ThVHKo8lrFqBEyDFBFUUaCERqKAhYGEetC/Gvv1B1BaxNE9DhLwQ9aNREdwhkZq2QceCtkG6mEPkNFLWqJeIqgXMEX79OS2ZRecojMBnSduRgokQ6Vlf3ntmKchRMgl07rpOgn6Q6ZQcAmjvJdqSBjvsy40DY1YCNofTh4Z0SOjtGknVqYipBP198SQhVoPwsB0hgx7etYbi/95zRQ7F/5QREmKEPHpok4qKcZ0nAptCwUc5cAQxpUwt1LeY4pxNNnlTQju7MvzpFYquqfF0t1ZoXyTxZEj++SQHBOXnJMyuSYVUiWcPJJn8krerCfrxXq3PqatC1Y2s0f+wPr8AZZQl8k=</latexit>



Beyond PT

Confinement 
String picture

Linear growth with x

Ee
�

=
�e

�

l =
�

�

2
�

⇣
e

N

⌘
x

<latexit sha1_base64="8yLFJ0waS7Ii5uqwgUYVYHAHLdo="></latexit>



Going to large N -  Singular large N limits

Combined analytic and numerical analysis for the electric flux spectrum 
at various N
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[MGP, Koren, González-Arroyo & Okawa]

x

<latexit sha1_base64="f3pmP6yQ7YDX0G3Ck/lyBJ2Ftzo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BL3pLwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVe+yOPJwAqdwDh5cQRVuoQYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+mijQc=</latexit>

N=17, k=3

E2 = E2

1�loop

+ E2

NG
<latexit sha1_base64="glvoj2aZRm5gV4qONH1CYxb8+NU=">AAACIHicbVDLSgMxFM3UV62vqks3wSIIYpmpxepCKIroSirYB3TGkkkzbWgmGZKMUIb5FDf+ihsXiuhOv8bpA7XWAxdOzrmX3HvcgFGlTfPDSM3Mzs0vpBczS8srq2vZ9Y2aEqHEpIoFE7LhIkUY5aSqqWakEUiCfJeRuts7G/j1OyIVFfxG9wPi+KjDqUcx0onUypYiGyMGz+PbAjyBP49WZEsfWvtMiCCGe3DCurqIW9mcmTeHgNPEGpMcGKPSyr7bbYFDn3CNGVKqaZmBdiIkNcWMxBk7VCRAuIc6pJlQjnyinGh4YAx3EqUNPSGT4hoO1d8TEfKV6vtu0ukj3VV/vYH4n9cMtXfkRJQHoSYcjz7yQga1gIO0YJtKgjXrJwRhSZNdIe4iibBOMs0MQzge4PD75GlSK+Stg3zxupgrn47jSIMtsA12gQVKoAwuQQVUAQb34BE8gxfjwXgyXo23UWvKGM9sggkYn18J8qEy</latexit>

Nambu-Goto action

E
�

<latexit sha1_base64="NNMzUA2jcc4RvO6mOId0jxP89lc=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5Jo8bEriuCygn1AE8pkMmmHTiZhZiKUmIW/4saFIm79DXf+jZM0iFoPDBzOuYd753gxo1JZ1qcxN7+wuLRcWamurq1vbJpb2x0ZJQKTNo5YJHoekoRRTtqKKkZ6sSAo9BjpeuPL3O/eESFpxG/VJCZuiIacBhQjpaWBuesEAuHUwYjBqyx1mI76KBuYNatuFYCzxC5JDZRoDcwPx49wEhKuMENS9m0rVm6KhKKYkazqJJLECI/RkPQ15Sgk0k2L+zN4oBUfBpHQjytYqD8TKQqlnISengyRGsm/Xi7+5/UTFZy5KeVxogjH00VBwqCKYF4G9KkgWLGJJggLqm+FeIR0IUpXVi1KOM9x8v3lWdI5qtvH9cZNo9a8KOuogD2wDw6BDU5BE1yDFmgDDO7BI3gGL8aD8WS8Gm/T0TmjzOyAXzDevwAnzZZV</latexit>



N= 149, k=1

x

<latexit sha1_base64="f3pmP6yQ7YDX0G3Ck/lyBJ2Ftzo=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY8BL3pLwDwgWcLspDcZMzu7zMyKIeQLvHhQxKuf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGNzO/9YhK81jem3GCfkQHkoecUWOl+lOvWHLL7hxklXgZKUGGWq/41e3HLI1QGiao1h3PTYw/ocpwJnBa6KYaE8pGdIAdSyWNUPuT+aFTcmaVPgljZUsaMld/T0xopPU4CmxnRM1QL3sz8T+vk5rw2p9wmaQGJVssClNBTExmX5M+V8iMGFtCmeL2VsKGVFFmbDYFG4K3/PIqaVbK3kW5Ur8sVe+yOPJwAqdwDh5cQRVuoQYNYIDwDK/w5jw4L86787FozTnZzDH8gfP5A+mijQc=</latexit>

E2 = E2

1�loop

+ E2

Nambu�Goto

<latexit sha1_base64="2S1Rk5IOEt1Lb09qdXzx3ut13NU=">AAACL3icbVDLSsNAFJ34rPUVdelmsAiCtCRV0I1QEF8bqWAf0MQwmU7boZNMmJkIJeSP3Pgr3Ygo4ta/cNoG1NYDA+eecy937vEjRqWyrFdjbn5hcWk5t5JfXVvf2DS3tuuSxwKTGuaMi6aPJGE0JDVFFSPNSBAU+Iw0/P75yG88EiEpD+/VICJugLoh7VCMlJY88xImDkYMXqQPZXgGNX5qL3FEAO0i4zxK4eGMc6vXxMUrrnjqmQWrZI0BZ4mdkQLIUPXModPmOA5IqDBDUrZsK1JugoSimJE078SSRAj3UZe0NA1RQKSbjO9N4b5W2rDDhX6hgmP190SCAikHga87A6R6ctobif95rVh1Tt2EhlGsSIgnizoxg4rDUXiwTQXBig00QVhQ/VeIe0ggrHTEeR2CPX3yLKmXS/ZRqXx3XKjcZHHkwC7YAwfABiegAq5BFdQABk9gCN7Au/FsvBgfxuekdc7IZnbAHxhf35NNpno=</latexit>
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Going to large N -  Singular large N limits

The absence of tachyonic behaviour in the electric flux spectrum 
requires

Zmin(N, k) ⌘ min
e?N

e
���
���
ke

N

���
��� & 0.1
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Is it possible for any N to choose an appropriate k? 

[González-Arroyo & Chamizo]

Unproven Zaremba’s conjecture

 It holds for almost all values of N [Huang]

E2 > 0
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The Golden Ratio and Non-Commutative gauge theory

A different question - singular large N limits

lim
i�!1

k̄i
Ni

=
✓̃

2⇡
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Can we reach any value of the NC parameter at large N avoiding 
tachyonic instabilities?

NO, only for an uncountable set of measure zero

k̄i
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=
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�! 3�

p
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2
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Fibonacci numbers

Optimal cases

[Huang]

Zmin =
k̄i
Ni

! 0.381966
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N = 1597, k = 610

large volume glueball 
[Teper et al.]

The Golden Ratio and Non-Commutative gauge theory

Glueball mass
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Zmin also relevant in 4d
Controls the size of non-planar diagrams in PT
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[E. Bribián & MGP]
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• Large N reduction - useful method to determine large N observables

• At work for 

• Define NC at some irrational values of         as a singular large N limit

  Example: choose k & N in the Fibonacci sequence

Summary

Zmin(N, k) ⌘ min
e?N
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k = Fi-2       N = Fi 

✓̃
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for irrational values of ✓̃ by taking sequences of rational numbers converging to it:

lim
i�!1

k̄
i

N
i

=
✓̃

2⇡
. (3.10)

Using the new information that we have gathered in this work and in Ref. [33], we posed

ourselves the question if it is possible to take the limit avoiding the presence of tachyonic

instability for all intermediate values {N
i

, k̄
i

}. There is at least one case in which this is

possible ✓̃/(2⇡) = 3�
p
5

2

. This is the limit of the ratio k̄
i

/N
i

= F
i�2

/F
i

, where F
i

is the

i-th Fibonacci number. However, it turns out that the set of irrational ✓̃ for which this is

possible forms an uncountable set of measure zero and non-integer Haussdor↵ dimension:

a Cantor set. Let us explain how this comes about.

Given the pair of coprime integers N, k̄, one can form the rational k̄/N . As any other

rational number it admits a finite continued fraction representation

k̄

N
= [a

0

; a
1

, a
2

, . . . , a
M

] := a
0

+ 1/
⇣

a
1

+ 1/
�

a
2

+ 1/(a
3

+ . . . )
�

⌘

, (3.11)

where the so-called partial quotients a
i

are positive integers. Let us now call A
max

(N, k̄) =

max
i

a
i

. In Ref. [33] it is proven that

1

A
max

+ 2
< Z

min

<
1

A
max

. (3.12)

Our condition on the absence of tachyonic instabilities (Eq. (3.9)) then imposes A
max

< 10.

The possible limiting irrationals ✓̃ should have an infinite continued fraction built from an

alphabet of only 9 digits. In this case it can be seen (see Ref. [39]) that the set is uncountable,

has zero measure and a Haussdor↵ dimension between 0 an 1.

The conclusion is then quite striking. Only for a zero-measure set of values of ✓̃ can

one define a limiting theory without tachyonic instabilities. This is so since as N increases

new light states appear in the spectrum that might cause a phase transition.

4 The glueball spectrum (zero electric flux)

4.1 General considerations

Yang-Mills theory is expected to have a mass gap in the large-volume limit and a whole

spectrum of states, which are generically called glueballs. The masses of these states will

be finite in � units. In that limit the torelon states become infinitely massive and decouple

from the theory. The value of the glueball masses are expected to remain finite when taking

the large-N limit, defining the spectrum of the large N infinite volume theory.

If we now consider space to be a very large torus with twisted boundary conditions,

these glueball states will still be there and with masses that are almost insensitive to the

torus size l and the magnetic flux k. However, there will also be other states in the zero

electric flux sector which are made of torelon pairs with masses proportional to the size of

the torus l.

– 17 –

A
max

(N, ¯k) = maxiai
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[González-Arroyo & Chamizo]

[Huang]
The set of limiting irrationals is uncountable and has measure zero


