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@ Protons are probably not forever
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All is not well with the Standard Model

Despite being successful and complete with the discovery of the ~ 125 GeV Higgs
boson, the Standard Model is plagued by many problems:
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» The strong CP problem: CP-violating QCD vacuum |f| < 1010
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All is not well with the Standard Model

Despite being successful and complete with the discovery of the ~ 125 GeV Higgs
boson, the Standard Model is plagued by many problems:

» The electroweak hierarchy problem: Myeak/Mpianck ~ 10710
» The strong CP problem: CP-violating QCD vacuum |f| < 1010

> Matter-antimatter asymmetry (more on next slide)
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All is not well with the Standard Model

Despite being successful and complete with the discovery of the ~ 125 GeV Higgs
boson, the Standard Model is plagued by many problems:

» The electroweak hierarchy problem: Myeak/Mpianck ~ 10710
» The strong CP problem: CP-violating QCD vacuum |f| < 1010

v

Matter-antimatter asymmetry (more on next slide)
Dark matter abundance
Neutrino masses

>
>
» The cosmological constant problem
>

Statistical significances Protons are probably not forever Prudhvi Bhattiprolu (UMICH) 3 /44


https://inspirehep.net/authors/1794660
https://lsa.umich.edu/lctp

Baryon number violation and proton decay

> Necessary requirements to generate matter-antimatter asymmetry [Sakharov
1967]:
» baryon number B has to be violated
CP violation

No thermal equilibrium in the early universe
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Baryon number violation and proton decay

> Necessary requirements to generate matter-antimatter asymmetry [Sakharov
1967]:
» baryon number B has to be violated
CP violation

No thermal equilibrium in the early universe

» B violation in the Standard Model due to sphaleron effects is not sufficient.
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Baryon number violation and proton decay

> Necessary requirements to generate matter-antimatter asymmetry [Sakharov
1967]:
» baryon number B has to be violated
CP violation

No thermal equilibrium in the early universe
» B violation in the Standard Model due to sphaleron effects is not sufficient.

» Grand unified theories predict B violation and can lead to proton decay
(AB =1).

Statistical significances Protons are probably not forever Prudhvi Bhattiprolu (UMICH) 4/ 44


https://arxiv.org/abs/2203.08771
https://inspirehep.net/authors/1794660
https://lsa.umich.edu/lctp

Baryon number violation and proton decay

> Necessary requirements to generate matter-antimatter asymmetry [Sakharov
1967]:
» baryon number B has to be violated
CP violation

No thermal equilibrium in the early universe
» B violation in the Standard Model due to sphaleron effects is not sufficient.
» Grand unified theories predict B violation and can lead to proton decay
(AB =1).
> Leading decay modes in non-SUSY and SUSY GUTs:

u KT
u ]

S
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e [2203.08771]
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Searches for proton decay

The current strongest limits on proton partial lifetime are from Super-Kamiokande:

7,/Br(p — 7K™') > 5.9 x 10* years (90% CL; 2014)
7,/Br(p — e"71°) > 2.4 x 10* years (90% CL; 2020)

Many proposed neutrino detectors can also search for proton decay:
> Deep Underground Neutrino Detector (DUNE) in the US
» Hyper-Kamiokande (Hyper-K) in Japan
> Jiangmen Underground Neutrino Observatory (JUNO) in China

Later we will study the statistical significance of proton decay at these
experiments.
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@ Statistics for discovery and exclusion
@ Basic definitions
@ Single-channel counting experiments
@ Multi-channel counting experiments

@ Background uncertainty and other nuisance parameters

Statistical significances Statistics for discovery and exclusion Prudhvi Bhattiprolu (UMICH)


https://inspirehep.net/authors/1794660
https://lsa.umich.edu/lctp

Hypothesis testing

To assess the sensitivity of an experiment, one defines a null hypothesis Hy, which
is compared to an alternative hypothesis H.

[Is the data consistent with the null hypothesis Ho?]

& %

[reject Ho (in the favor of Hl)]
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To assess the sensitivity of an experiment, one defines a null hypothesis Hy, which
is compared to an alternative hypothesis H.

[Is the data consistent with the null hypothesis Ho?]

\ae‘) X\

[reject Ho (in the favor of Hl)]

The criteria for discovery or exclusion quantified in terms of the p-value.

p: probability of obtaining a result of equal or greater incompatibility with Hg J
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Hypothesis testing

To assess the sensitivity of an experiment, one defines a null hypothesis Hy, which
is compared to an alternative hypothesis H.

[Is the data consistent with the null hypothesis Ho?]

\ae‘) X\

[reject Ho (in the favor of Hl)]

The criteria for discovery or exclusion quantified in terms of the p-value.

p: probability of obtaining a result of equal or greater incompatibility with Hg J

In particle physics searches, p-value reported as a significance Z:

Z = V2erfc (2p)
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Null hypothesis is signal+background Hy = Hs.p; Signal absent in data H; = H,,

Null hypothesis is background-only Hy = Hp; Signal present in data H; = Hsyp
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Null hypothesis is signal+background Hy = Hs.p; Signal absent in data H; = H,,

Null hypothesis is background-only Hy = Hp; Signal present in data H; = Hsyp

Consider a test-statistic Q (larger Q is more signal-like). For outcome Qopbs:

Pexcl = P(Q S Qobs|Hs+b)
Pdisc = P(Q 2 Qobs|Hb)
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Null hypothesis is signal+background Hy = Hs.p; Signal absent in data H; = H,,

Null hypothesis is background-only Hy = Hp; Signal present in data H; = Hsyp

Consider a test-statistic Q (larger Q is more signal-like). For outcome Qopbs:

Pexcl = P(Q S Qobs|Hs+b)
Pdisc = P(Q 2 Qobs|Hb)

Small p-values considered as an evidence against Hp:

90% or 95% exclusion: Pexcl < 0.1 or 0.05
Zowa > 1.282 or 1.645
30 evidence or 5o discovery: Zgisc >3 0r5

Pdisc < 0.001350 or 2.867 x 10~7
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Single Poisson channel

Consider a search for new physics signal, assuming Poisson statistics, with

perfectly known. Here, Q is

Statistical significances

= mean signal events

= mean background events

simply the number of observed events.
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Single Poisson channel

Consider a search for new physics signal, assuming Poisson statistics, with

S = mean signal events

b = mean background events

perfectly known. Here, @ is simply the number of observed events.
The mean u (= s or b), e.g. at a particle collider

= o X / Ldt
~—~ N——
cross-section  integrated luminosity
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Single Poisson channel

Consider a search for new physics signal, assuming Poisson statistics, with

S = mean signal events

b = mean background events

perfectly known. Here, @ is simply the number of observed events.
The mean u (= s or b), e.g. at a particle collider

= o X / Ldt
~—~ N——
cross-section  integrated luminosity

Poisson probability to observe k events:

P(kln) = e "u*/k!
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For an outcome of n observed events,

p-value for exclusion:

Mn+1,s+b)

Pexcl(n, b, s) = P(k|s + b) = Fn 1)

k=0
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For an outcome of n observed events,

p-value for exclusion:

pexcl(n7 b, 5) = P(k‘S + b) =

k=0

p-value for discovery:

pdlsc n, b) ZP k|b

Mn+1,s+b)

Mn+1)

( )
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For an outcome of n observed events,

p-value for exclusion:

Mn+1,s+b)

Pexcl(n, b, s) = P(k|s + b) = Fn 1)

k=0

p-value for discovery:

deSC n, b) Z’D k|b ( ))

Here, I'(x), T'(x,y), and (x,y) are the ordinary, upper incomplete, and lower

incomplete gamma functions.
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The CL, technique

A modified frequentist measure for exclusion is commonly used at LHC searches
(starting from h searches at LEP) [Zech 1989, Read 2002]:

P(Q S Qobs|H5+b)
P(Q S Qobs‘Hb)

CLs(Qobs) =
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The CL, technique

A modified frequentist measure for exclusion is commonly used at LHC searches
(starting from h searches at LEP) [Zech 1989, Read 2002]:

P(Q S Qobs|H5+b)

CLeQbs) = 5= Qune )

> Avoids reporting exclusion when experiment not sensitive (e.g. n < bin a
single Poisson channel)

» Used in place of pex although CL; is not a p-value or probability

» More conservative than pey
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For a simple experiment that counts n events:

pexcl(n,bas) . r(n+1,5+b)
pexc|(n7b70) N r(n+17b)

CLs(n, b, s)
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For a simple experiment that counts n events:

pexcl(ny b, 5) o r(n -+ 1, s+ b)

CLa(n, b, _
(n.b.s) = a(nb0) ~  T(n+1b)

[ Observedn } [ v e Observed n.
- CJH.. - - CJH. -
0.25 1 CH, ! 0.25 CH, '
Pexci(ny b, 5) Pexci(n, b, 5)
Pexci(n, b, 0) Pexei(m, by 0)
0.20 0.20F [s=22b=84n=5]]
— —
Zoasf 1 Zoasf E
= =
& &
— Pexe(n.b,s)
0.10H CL, = 7000 4 0.10fF
0.05H H B 0.05F
0.00 L L F:{Q L L L Hmmmﬁ_._ 0.00 EDQ L L
0 2 4 6 8 10 12 14 16 18 20 o 2 4 6 8
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For a simple experiment that counts n events:

pexcl(ny b,S) r(n+1,5+b)

CLs(n, b,s) = =
b b
pexcl(n7 b7 O) r(n+ 17b)
025F 0.25
,0)
0.20F 0.20F f=2z20=84n=5]
o1 1 Zoasf ]
= =
R 0.10} CL, = bty B 0.10f CL, = bt
0.00LL il Hﬂmr—\ﬁﬁg 0.00 L EDQ ﬂmmmﬁ+
0 2 4 6 8 1116 18 20 0"z 4 1116 18 20
k: k:

> Little (Large) overlap between H,p, and Hp in the left (right) plot
> Since s+ b is same in both cases, pexcs = 0.0475 (> 95% excl.) is the samel!
» However CL; = 0.0487 (left; > 95% excl.) and 0.3022 (right; no excl.)
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» At small b, pexe =~ CL;

P> With pey, one can claim absurdly large Z for large b (n < b)!
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Interestingly, CLs for a single Poisson channel can also be obtained using Bayes'
theorem with a flat prior for the signal [Helene 1982]:

o0 o ’
/ ds’' L(s'|n, b) / ds' e~ +b) (5" 4 p)"
— S _ S

CLech(”y b7 5) - ES) - ES) |
/ ds’' L(s'|n, b) / ds' e (D) (5" 4 p)"
0 0

which, after the integration, is precisely equal to CL¢(n, b,s). (Although the
interpretation is different.)
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Interestingly, CLs for a single Poisson channel can also be obtained using Bayes'

theorem with a flat prior for the signal [Helene 1982]:

00 00 ,
/ ds’' L(s'|n, b) / ds' e~ +b) (5" 4 p)"
— S _ S

/ ds’' L(s'|n, b) / ds' e=('+0) (s 4 p)"
0 0

CLech(ny b7 5)

which, after the integration, is precisely equal to CL¢(n, b,s). (Although the
interpretation is different.)

This numerical equivalence is only approximate in more complicated

generalizations (as we will see below)
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Interestingly, CLs for a single Poisson channel can also be obtained using Bayes'
theorem with a flat prior for the signal [Helene 1982]:

o0 o ’
/ ds’' L(s'|n, b) / ds' e~ +b) (5" 4 p)"
— S _ S

CLech(”y b7 5) - ES) - ES) |
/ ds’' L(s'|n, b) / ds' e (D) (5" 4 p)"
0 0

which, after the integration, is precisely equal to CL¢(n, b,s). (Although the
interpretation is different.)

This numerical equivalence is only approximate in more complicated

generalizations (as we will see below)

Later, | will argue for a generalization based on Cle, rather than CLg for
counting experiments with N independent search channels.
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Bayes factors for discovery

An approach to discovery significance was proposed using Bayes factors [Berger
2008]:
P(Qobs|Hb)

BOI - o)
/0 ds' 7(5") P(Qobs| Hs'+.5)

with a signal prior m(s’) that is proper (i.e. [~ ds'm(s') =1).
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Bayes factors for discovery

An approach to discovery significance was proposed using Bayes factors [Berger
2008]:
P(Qobs|Hb)

BOI - o)
/0 ds' 7(5") P(Qobs| Hs'+.5)

with a signal prior m(s’) that is proper (i.e. [~ ds'm(s') =1).
We choose 7(s’) = §(s" — s):

P(Qobs|Hb)

CLdisc(Qobs) m

and propose to use Clgisc in place of p to obtain a discovery significance.
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Bayes factors for discovery

An approach to discovery significance was proposed using Bayes factors [Berger
2008]:

_ P(Qobs|Hb)
/0 ds' 7(5") P(Qobs| Hs'+.5)

Bo:

with a signal prior m(s’) that is proper (i.e. [~ ds'm(s') =1).
We choose 7(s’) = §(s" — s):

P(Qobs|Hb)

CLdisc(Qobs) m

and propose to use Clgisc in place of p to obtain a discovery significance.
» Avoids claiming discovery when experiment not sensitive to signal model
» More conservative than pgisc

» Very similar to the usage of CLg for exclusion

Statistical significances Statistics for discovery and exclusion Prudhvi Bhattiprolu (UMICH) 15 / 44


https://cds.cern.ch/record/1021125/files/cern-2008-001.pdf
https://cds.cern.ch/record/1021125/files/cern-2008-001.pdf
https://inspirehep.net/authors/1794660
https://lsa.umich.edu/lctp

For a single-channel counting experiment with n observed counts:

Pk e
Claisc(n, b,s) = P(nls+b) ~ (1+s/b)"
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For a single-channel counting experiment with n observed counts:

Pk e
Claisc(n, b,s) = P(nls+b) ~ (1+s/b)"

[
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N
=
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For a single-channel counting experiment with n observed counts:

Pk e
Claisc(n, b,s) = P(nls+b) ~ (1+s/b)"

[
(=]

N
=

Q
£
1
N
X

N~
= O ® O

Z disc
O = N W R OO N  ©
I

n (needed for Z = 3)

0 5 10 15 20 25 30 35 40 45 50 1072 107 10° 10
s b

=
SO N K O ® O W

» paisc independent of s; Z(Clgisc) maximized at s = n — b (left plot)

» CLgisc is more conservative than pgisc
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How to project future sensitivities at counting experiments?

A very naive estimate: Zgisc ~ Zexal ~ ﬁ (valid only for very large b).
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How to project future sensitivities at counting experiments?

A very naive estimate: Zgisc ~ Zexal ~ ﬁ (valid only for very large b).

A common prescription:

» Step 1: simulate many pseudo-experiments with data generated under Hj.
Outcome: ny, mp, n3, ...

» Step 2: calculate the p-value for each pseudo-experiment with respect to Hp.
Corresponding p-values: p1, p2, p3, . - .

» Step 3: synthesize the results into a significance estimate Zyisc OF Zexcl-
Challenge: many possible significance measures:

> Median expected significance Z™: Median{Z(p1), Z(p2). Z(p3), ...}
(commonly used)
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The “sawtooth” problem for median expected significances

5 —— zmed 1 s=12 —— zmed

o
10-! 10° 10! 102 10~ 10° 10
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“sawtooth” problem for median expected significances

5 —— zmed 1 s=12 —— zmed

o 10° 10! T o 100 10!
b b

» Serious flaw: Z can decrease for decrease in b!

» Reason: median gets “stuck”

» Much worse for exclusion

» Result exactly reproducible
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“Asimov” approximation for median expected significance

Based on the likelihood ratio method used in gamma-ray astronomy [Li-Ma 1983],
Cowan Cranmer Gross Vitells 1007.1727 derived an approximation for median
expected discovery significance:

7558V =\ /2[(s + b) In(1 + s/b) — s]
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“Asimov” approximation for median expected significance

Based on the likelihood ratio method used in gamma-ray astronomy [Li-Ma 1983],
Cowan Cranmer Gross Vitells 1007.1727 derived an approximation for median

expected discovery significance:

Z5ESY = \/2[(s + b)In(1 + s/b) — 5]

disc

And, for exclusion, Kumar and Martin 1510.03456 found:

excl - \/2 [5 - bln(l + S/b)]
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“Asimov” approximation for median expected significance

Based on the likelihood ratio method used in gamma-ray astronomy [Li-Ma 1983],
Cowan Cranmer Gross Vitells 1007.1727 derived an approximation for median
expected discovery significance:

Z5ESY = \/2[(s + b)In(1 + s/b) — 5]

disc

And, for exclusion, Kumar and Martin 1510.03456 found:

excl - \/2 [5 - bln(l + S/b)]

Above formulas (almost always) give larger significances than the median
expected, and therefore are less conservative.
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“Asimov” approximation for median expected significance

Based on the likelihood ratio method used in gamma-ray astronomy [Li-Ma 1983],
Cowan Cranmer Gross Vitells 1007.1727 derived an approximation for median

expected discovery significance:

7558V =\ /2[(s + b) In(1 + s/b) — s]

And, for exclusion, Kumar and Martin 1510.03456 found:

excl - \/2 [5 - bln(l + S/b)]

Above formulas (almost always) give larger significances than the median
expected, and therefore are less conservative.

CCGV KM s
Z ~Z

At very large b disc excl \/B
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Our proposal: exact Asimov criterion

Replace the observed n in p-values by its expected mean (a non-integer in
general):

<ndisc> = s+b
<nexc|> = b
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Our proposal: exact Asimov criterion

Replace the observed n in p-values by its expected mean (a non-integer in
general):

<ndisc> = s+b
<nexc|> = b

Plug in to obtain the expected p-values:

pAsimov _ ’)/(S + b’ b)
disc r(5+ b)
Asimov r(b + 1& 5+ b)
pexcl r(b + 1)
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Our proposal: exact Asimov criterion

Replace the observed n in p-values by its expected mean (a non-integer in
general):

<ndisc> = s+b
<nexc|> = b

Plug in to obtain the expected p-values:

pAsimov _ ’)/(S + b’ b)
disc r(5+ b)
Asimov r(b + 1& 5+ b)
pexcl r(b + 1)

» More conservative results than CCGV and KM.

» Easy to compute, no pseudo-experiments required.
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Comparing various measures for expected significances

—— zmed
— zmean
—zA
—— zCCGV

» ZA decreases monotonically with b

CCGV ZKM

» Z” more conservative than Z, or ZXM

disc

> Zmean  7A are both reasonable, but Z* is easier to compute.
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The sawtooth problem also occurs for median expected CLs and Clgisc, and can
be avoided by using the exact Asimov criterion:

CLA =ClA, = T(b+1,s+b)/T(b+1,b)
Clise = € /(L+5s/b)™*

D ~

o

expected Zexa
w

expected Zgisc
S

N

> CLSA and CLé‘iSC are more conservative than pe and pgisc
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Multi-channel counting experiments

Consider a counting experiment with N independent channels. For each channel
i=1,...,N

1

S

b;

mean signal events

mean background events

governed by Poisson statistics.

tOther choices (e.g. PLR) that are more complicated but give very similar (and often identical) results.
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Multi-channel counting experiments

Consider a counting experiment with N independent channels. For each channel
i=1,...,N

1

S; mean signal events

b; = mean background events

governed by Poisson statistics.
(Modified) Frequentist measures:

» Define a test-statistic Q. A simple choicel:

N
Q = In(q) with g(A,b,5) = Hw

such that larger @ is more signal-like
> Given an observation {n;}, compute pex (or CLs) and pgisc by imposing

Q@ < Q(A) (background-like) and Q > Q(#) (signal-like)

tOther choices (e.g. PLR) that are more complicated but give very similar (and often identical) results.
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Bayesian-motivated measures:

Experimental outcome: {n;} observed counts in each of the channels
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Bayesian-motivated measures:
Experimental outcome: {n;} observed counts in each of the channels

For exclusion:

-

Jo%e) N
ds’ P(n; I‘,'S/ + b;
) J. ¢ L P(nlns'+ b)
CLech(na b7§) =

N
= — N with s = Zs,- and r; = s;/s
ds’ P(n; I‘,'S/ + b; =1
Jy ¢ L P(olns'+ b)

Note: Unlike the special case of single Poisson channel, CLgx # CLs in general
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Bayesian-motivated measures:
Experimental outcome: {n;} observed counts in each of the channels

For exclusion:

Jo%e) N
/ ds’ H P(n,-|r,-s’ + b,)

N
CLech(ﬁ; 575) - Soo iTVl with s = ZS,’ and ri = S,'/S
ds’ P(n; I‘,'S/ + b; i=1
Jy ¢ L P(olns'+ b)

Note: Unlike the special case of single Poisson channel, CLgx # CLs in general

For discovery:

Statistical significances Statistics for discovery and exclusion Prudhvi Bhattiprolu (UMICH) 24 / 44


https://inspirehep.net/authors/1794660
https://lsa.umich.edu/lctp

T
Good channel: n; =2,b;, =2,8, =17

Bad channel: ny = varying, b, = 10, s, = 0.01

_F
?4 L
S
1+ m
B —— CLexa (also channel 1 only)
—CL,
S, - Pexel (channel 1 only)
r Pexcl
0 1 1 1
0 5 10

15
n2

S2
> Left: adding a channel with s/b < 1 can counter-intuitively increase Z(pexci)
and Z(CL,)!

20

4.0

Exclusion for multi-channel experiments (Examples)

Channel 1z ny = 2, b; = 2.4, 8; = 8.5
Channel 2:

ny =4, by = 2.3, s, = varyj

3.5

E
< 3.0
N
2.5F
—CLexa
—CL,
T Pexcl
2.0 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8

» Right: pexc and CLs exhibit discontinuities as s, is varied

» Bayesian measure ClLg behaves as intuitively expected and is conservative
Statistical significances
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Discovery for multi-channel experiments (Examples)

T T T
5 |
4r Pdisc__ o
Q
4
N'U CLuise
3r .
2 [ [Good channel: n; = 10, by = 2, 51 = 9.5 -1 =B =L =4
Bad channel: n, = 10, b, = varying, s, = 0.01 12 =5, by — varying, s — 4 E
"""" channel 1 only e
— both channels isc
L 1 1 CLaisc
12,,,,,,,,1,,,,,,,,0,,,,,,,,1,,,,,,..2 ol
10™ 10” 10 10 10 0 1 9 3 4 5
b2 b2

» pdisc IS sensitive to a non-informative channel and has discontinuities

» Bayesian measure Clgisc behaves sensibly and is conservative
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Expected sensitivities for multiple channels (Examples)

One can define Asimov results by replacing n; by b; (excl.) or s; + b; (disc.)

3 1 1 1 I
5
e 2
% 8]
021 - o
N N4
o] e
Q Q
+ + 3
Q Q
Q Q
aql ]l a
% ® 2
Q by = varying, s; = 3.4 Q
by =1.2, 55 = 2.6 b, = varying, s; = 3.4
— o Asmov by = 1.2, 55 = 2.6
— CL, Asimov —— Pdisc Asimov
—— CL¢xa Asimov — CLgjsc Asimov
0 I 1 IO 1 0 2 I 1 IO 1
10™ 10 10 10™ 10™ 10 10
by by

» Exact Asimov Bayesian-motivated Cle., Clgisc are perfectly straightforward

to obtain, behave sensibly and do not suffer from “sawtooth” problems
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Background uncertainty and other nuisance parameters

E.g., can map the uncertain background case to the “on-off problem” from
gamma-ray astronomy:

» Signal-on region: measurement of n counts

» Signal-off region: measurement of m counts in a background-only region

Assume 7 = ratio of background means in “off” and “on” regions is known.
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Background uncertainty and other nuisance parameters

E.g., can map the uncertain background case to the “on-off problem” from
gamma-ray astronomy:

» Signal-on region: measurement of n counts

» Signal-off region: measurement of m counts in a background-only region

Assume 7 = ratio of background means in “off” and “on” regions is known.

We then have a background estimate in the signal-on region:

b=m/r, Ap=+/m/T.
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Background uncertainty and other nuisance parameters

E.g., can map the uncertain background case to the “on-off problem” from
gamma-ray astronomy:

» Signal-on region: measurement of n counts

» Signal-off region: measurement of m counts in a background-only region

Assume 7 = ratio of background means in “off” and “on” regions is known.

We then have a background estimate in the signal-on region:
b=m/r, Ap=+/m/T.

And, the probability density of b using Bayes' theorem:

f(b) = f(blbA,) = T e "P(rh)"/m! 1
——— ~N ———
posterior normalization Poisson likelihood prior

such that [ db f(b) = 1.
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~

Probability to observe n events, given s, b, A;: (averaging over all possible b)

AP(n, b, Ay, s) = / dbf(b|b, Ap) P(n|s+ b)
0 ——
Poisson probability
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Probability to observe n events, given s, b, Ajg: (averaging over all possible b)

AP(n, b, Ay, s) = / dbf(b|b, Ap) P(n|s+ b)
0 ——
Poisson probability

We can extend the definitions of pexc, CLs = Clexal, Pdisc, CLgisc for a single
Poisson channel by simply replacing P(n|s + b) with AP(n, b, Ap,s), e.g.

pexcl(n7 Bvavs) = ZAP(ka BaAbaS)
k=0

oo, ~ / ~
) H#APOB ) nbays)

/Oods’AP(n, b, Ay, s") Pexc(n, b, Ap, 0)
0

CLeXC|(n7 Ba Ab? S)

AP(n, b, Ay, 0)

CLdisc(n7B7Ab7s) = AP(I‘I B A S)
y Uy Bp,
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More generally, for any probability distributions f(E) and g(v) for the background

and other nuisance parameters, one can marginalize (integrate) over b; and v.
1 o N
CI—ech = B/dyg(l/) /dbf(b)/s ds’ HP(n’-|r’-5/_|_bl.)
/dl/g /dbf HP (ni|b;)

N

/dug(u) / db £(B) 1;[1 P(nilsi + by)

CI—disc =
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More generally, for any probability distributions f(E) and g(v) for the background

and other nuisance parameters, one can marginalize (integrate) over b; and v.
1 o N
CI—ech = B/dyg(l/) /dbf(b)/s ds’ HP(n’-|r’-5/_|_bl.)
/dl/g /dbf HP (ni|b;)

N

/dug(u) / db £(B) 1;[1 P(nilsi + by)

CI—disc =

For exact Asimov expectations, for n; we plug in the mean values:

(o) = [dvew) [~ dbr(s Zn, (mi)
(Nidisc) = /dug( / dbf(b Zn, (nilsi + by)
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e Application to proton decay
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Our choice of statistical measures

Consider the application of Cl and Clgisc for proton decay experiments to:

> obtain current lower limits on 7, in p — UK ™ and p — e 7 at various CL
based on SuperK's data (generalizing the 90% CL published limits)

» project exclusion and discovery reaches at DUNE, JUNO, and HyperK using
the exact Asimov criterion
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Our choice of statistical measures

Consider the application of Cl and Clgisc for proton decay experiments to:

> obtain current lower limits on 7, in p — UK ™ and p — e 7 at various CL
based on SuperK's data (generalizing the 90% CL published limits)

» project exclusion and discovery reaches at DUNE, JUNO, and HyperK using
the exact Asimov criterion

The usage of these Bayesian-motivated measures is ideal, as they:

> guard against false exclusion/discovery and are more conservative than

frequentist methods

» are well-behaved in multi-channel counting experiments and immune to

“bad” channels
» easily can include uncertainties in the backgrounds and signal efficiencies

» can easily yield the exact Asimov expectations that do not suffer from

discontinuities
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Proton decay experiments with single search channel

(e.g. for preliminary estimates at DUNE and JUNO)

Number of decays in a specific decay channel (p — 7K™ or e*7?):

AN = N, x I X A
~ ~~ ~~

protons/kton  partial width  exposure in kton-yrs
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Proton decay experiments with single search channel

(e.g. for preliminary estimates at DUNE and JUNO)

Number of decays in a specific decay channel (p — 7K™ or e*7?):
AN = N, x I X A
- ~ —~

protons/kton  partial width  exposure in kton-yrs
and, for signal efficiency ¢, the signal:

s = € (AN) = 'Nyer
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Proton decay experiments with single search channel

(e.g. for preliminary estimates at DUNE and JUNO)

Number of decays in a specific decay channel (p — 7K™ or e*7?):
AN = N, x I X A
— ~ ~

protons/kton  partial width  exposure in kton-yrs

and, for signal efficiency ¢, the signal:

s = € (AN) = 'Nyer

The observed limit or expected reach on 7,:

Tp = 1/T = Npe)/s

where s is the number of signal events that gives

> CLgfc)l = « for (expected) exclusion at confidence level 1 — o

> Cly. = Lerfc(Z/v/2) for expected discovery at significance Z
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Proton decay experiments with N search channels

(e.g. SuperK, HyperK with uncertain b;, ¢;)

For the observed exclusion limit at CL = 1 — «, we solve for [ from:

00 N 1 oo
1
a = B / dr’ H / de; glei) / db; f(b;) P(ni|5,{+ bi)
~—~ r i=1 70 0
normalization Gaussian on-off Poisson likelihood

and translate that to a lower limit on 7, = 1/T.

Statistical significances

Application to proton decay Prudhvi Bhattiprolu (UMICH) 34 / 44


https://inspirehep.net/authors/1794660
https://lsa.umich.edu/lctp

Proton decay experiments with N search channels

(e.g. SuperK, HyperK with uncertain b;, ¢;)

For the observed exclusion limit at CL = 1 — «, we solve for [ from:

00 N 1 oo
1
a = B / dr’ H / de; glei) / db; f(b;) P(ni|5,{+ bi)
~—~ r i=1 70 0
normalization Gaussian on-off Poisson likelihood

and translate that to a lower limit on 7, = 1/T.

For exact Asimov exclusion reach, replace n; by (b;):

(bi) = /Ooodb,-f(b,-)b,-
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And, for exact Asimov discovery reach, we use:

H/ db; £(b;) P((n;)|b:)

;erfc< ) /de,g /dbf ) P((n)]s; + by)

where s; = NoA\ie; and (n;) = (s;) + (b;), with
1
(si) = TNpA; / deig(ei) €
0
(b = / db; F(b:) b
0
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Generalizing SuperK limits [1408.1195 and 2010.16098]

Current limit from SuperK 2014 1.oGurrent limit from SuperK 2020
T T T T .

1.0 T
— Our estimate —Our estimate
0.9k 0.9F ]
= =
5 - S z
1 8 . )
© 0.8F o Q08F 2 71
= % _E S
= 2 E
Q | g S
5otk = Q07 3 ]
= g = E
i) 8 8] 3
0.6F = 0.6F = :
[ 2 - g
@) O
0.5F 0.5F :
0'4 || 0.4 1 1 1 1 1
0.0 05 1.0 1.5 20 25 3.0 0 2 4 6 8 10
7/Br(p — VK*) [x10% years] 7/Br(p — etn®) [x10%* years]
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Generalizing SuperK limits [1408.1195 and 2010.16098]

Current limit from SuperK 2014 1.oGurrent limit from SuperK 2020
T T T T .

1.0 T
— Our estimate — Our estimate
0.9fF 0.9F 3
5 | . g | s
E 0.8F § E 0.8F g .
9 3 9 8
5 0.7F = é 0.7F = 4
8 i 8
2 S BS 5
: 0.6F < D06 = 8
O =] O =
0.5F 0.5F y
0'4 || 0.4 1 1 1 1 1
0.0 05 1.0 15 20 25 30 0 2 4 6 8 10
7/Br(p — VK*) [x10% years] 7/Br(p — etn®) [x10%* years]
Decay mode  SuperK’s 90% CL limit  Our 90% CL limit  Our 68% CL limit
p— vK* 5.9 x 10* years 6.6 x 10* years 1.3 x 10** years
p—etn® 2.4 x 10% years 2.4 x 10% years 4.9 x 10* years
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Generalizing SuperK limits [1408.1195 and 2010.16098]

Current limit from SuperK 2014
T T T T

1 0Current llmlt from SuperK 2020

— Our estimate

1.0 T
— Our estimate

0.9F 0.9
=1 =]
) " =] 3
ot S o =]
® 0.8F = w 0.8F g
=1 z = 3
= 2 = e
o | g S
§ork 2 Sorp <
5 | 2 5 |
S o06F = “o06F 2
- g i} s
) O

0.5 0.5

0.4 L 0.4 1

0.0 0.5 1.0 1.5 2.0 2.5 3.0 0 2

7/Br(p — VK*) [x10% years]

Decay mode  SuperK’s 90% CL limit  Our 90% CL limit

4 6 8 10

Our 68% CL limit

7/Br(p — etn®) [x10%* years]

p— vK*
p—etn®

5.9 x 10% years
2.4 x 10%* years

6.6 x 10% years
2.4 x 10% years

1.3 x 103 years
4.9 x 10* years

Actually, our 90% CL limit for UK agrees perfectly with a later unpublished limit
by SuperK based on same data Takhistov 1605.03235
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Projections for p — 7K™ at DUNET

40 kton liquid Argon detector that is more sensitive to p — 7K™ mode

tBased on the signal efficiencies and background rates from DUNE 1512.06148, Alt Thesis 2020, Alt
ICHEP 2020, Alt Radics Rubbia 2010.06552, DUNE 2002.03005
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Projections for p — 7K™ at DUNET

40 kton liquid Argon detector that is more sensitive to p — 7K™ mode

10% Expected 90% CL exclusion at 40 kton DUNE Expected Z = 3 evidence at 40 kton DUNE
b/Mton-year T T T T b/Mton-year T T T T
A Taonp =1 T I
[ < —25 '__,_—f”byn.rﬁ
- — /"/
-& E 50% CL excl. »~
N 10% R -
10| / 68% CL excl.|
T 90% CL excl T /
95% CL excl] 90% CL excl{
& o & 95% CL excl]
o -
o} /M
~ ~
= -
1033 “’ 1 1 1 1 1 1 1
0 5 10 15 20 25 10 15

runtime [years]

20 25

runtime [years]

» The long dashed black line shows the idealized optimistic case of b =0

» We require s > 1 to claim a discovery with b =10

tBased on the signal efficiencies and background rates from DUNE 1512.06148, Alt Thesis 2020, Alt
ICHEP 2020, Alt Radics Rubbia 2010.06552, DUNE 2002.03005
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We can also find the required runtime at DUNE for an expected

exclusion /discovery from

STp

At = b
Nkaton6
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We can also find the required runtime at DUNE for an expected
exclusion /discovery from

_°Tp
Np Nitone

30 30 Expected Z = 3 evidence at 40 kton DUNE
25 b 25 b

I
S

)

S
T

-
o

runtime [years]
&
o
=]
T

7/Br(p - vK*)
—17.5 x 10°* years ]
1.5 X 10% years.
2.5 x 10% years
——4 % 10% years
;

7/Br(p — vK+)
—— 7.5 x 10 years |
1.5 x 10" years
2.5 x 10% years
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We can also find the required runtime at DUNE for an expected

exclusion /discovery from

ST,
At = ——P
Np Nitone
30 Expected 90% CL exclusion at 40 kton DUNE 30 Expected Z = 3 evidence at 40 kton DUNE

)
S
L

)

el

I
S

)

S

-
o

=

o

/Br(p - vK*)
—17.5 x 10°* years ]
1.5 X 10% years.
2.5 x 10% years
——4 % 10% years

L

runtime [years]
&

L
runtime [years]
-

&

7/Br(p - vK*)
——17.5 x 10°* years ]
1.5 x 10% years
2.5 x 10% years
——4 % 10 years
.

. " : ) 0 ! . " "
‘0“ ‘0‘ ‘02 ‘05 107'3 107‘2 1071 10\) 10‘ 10’2 10‘3
b/Mton-year b/Mton-year

0= —2 1

10 10 10

» If background rate increases, the required runtime increases more steeply for
discovery than for exclusion

» Right: horizontal dashed lines due to s > 1 to claim discovery at small b
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Projections for p — 7K™ at JUNOf

20 kton liquid scintillator detector that is sensitive to p — 7K™ mode

tBased on signal efficiencies and background rates from 1507.05613 and 2104.02565
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Projections for p — 7K™ at JUNOf

20 kton liquid scintillator detector that is sensitive to p — 7K™ mode

Expected exclusion at 20 kton JUNO

10% 10% Exp(:‘:cted disc'overv at 2'0 kton JI'JNO
—90% CL exclusion —— Z = 3 evidence

- ---95% CL exclusion - ~--Z = 5 discovery

- -

a a

0 0
> >
—~ 50% CL excl. —~ 50% CL excl.
7 T

M 1034 68% CL excl. - M 1034 68% CL excl.

N 10%F gt INST E
T = _- - 90% CL excl T 90% CL excl.

95% CL excl] 95% CL exg —————
& &
= =
Jaa) Jaa)
S ©
1033 1 1 1 1033 1
0 10 15 20 25 0 5 10 15 20 25
runtime [years] runtime [years]

tBased on signal efficiencies and background rates from 1507.05613 and 2104.02565
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Projections for p — UK at Hyper-Kamiokandef

186 kton water Cerenkov detector that is more sensitive to p — e™7% mode

tBased on signal efficiencies and background rates for multiple independent search channels from
1805.04163.
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Projections for p — UK at Hyper-Kamiokandef

186 kton water Cerenkov detector that is more sensitive to p — e™7% mode

Expected dlscovery at 186 kton HyperK

10% Expected exclusion at 186 kton HyperK 10%
—90% CL excl\mon —Z =3 evi 1dcnco
- ——95% CL exclusion - — Z = 5 discovery
- -
] ]
9] 9]
> >
—~ 50% CL excl —~ 50% CL excl.
e e
68% CL L] ; 68% CL 1
I 109} “ N 10%f o 4
T 90% CL excl T 90% CL excl4
& 95% CL excl] g. 95% CL excl]
= =t
[aa) [aa)
S~ S~
- -
1033 1 1 1 1 1033 L 1 1 1
0 5 10 15 20 25 0 5 10 15 20 25

runtime [years]

runtime [years]

tBased on signal efficiencies and background rates for multiple independent search channels from

1805.04163.
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Projections for p — e™7® at Hyper-Kamiokandef

Expected e_)'_cclusion at 186 kton HyperK Expected discovery at 186 kton HyperK
——90% CL exclusion T T ! T T '
— ——95% CL exclusion —
g &
] ]
O 105} 1 O 10%}F 4
=) )
50% CL excl. 50% CL excl. o
R R
3 S
+® 68 CL excl: +® GEY CL excl:
\;‘/‘ 90% CL excl| \;./‘ 90% CL excl|
m 95% CL excl| m 95% CL excl
~ ~
=/ = |/
103 L L L L 103 s s s s
0 5 10 15 20 25 0 5 10 15 20 25
runtime [years] runtime [years]

tBased on signal efficiencies and background rates for multiple independent search channels from
1805.04163.
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Expected reaches for 10410 years runtime

90% CL exclusion reach for 10+10 years runtime

i (/Mton-year = 15:¢ = 47%)

----- Current 90% CL limit
p—etn®
p—>UvK*t

(b/Mton-y:
T T T T T T T T T

T
0 1 2 3 4 5 6 7 8 9 10 11 12
7/Br [x10%* years]

Z = 3 evidence reach for 10+10 years runtime

HyperK |
1 = 41%)
DUNE ; (b/M = 0.251¢ = 50%)
W emenser—25c-son e Current 90% CL limit
: p—etn®
JUNO H p— VK"
T . T T T T T T
0 6 7 8 9 10 11 12

7/Br [x10% years]
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95% CL exclusion reach for 10+10 years runtime

----- Current 95% CL limit
p—etn®
p—>UK*t

7 08 9 10 11 12
7/Br [x103* years|

Z = 5 discovery reach for 10410 years runtime

HyperK |
H
i (8/Mton-year = 15:¢ = 47%)
i (b/Mton-year = 0.25;¢ = 50%)
DUNE H (b/Mton-year = 1; € = 50%)
| OMessew=25c=s00 e Current 90% CL limit
0
JUNG [Tt —s-s50 poein
{ (o/Mton-year = =26%) 4
T T T T T T T T T T T

T
0 1 2 3 4 5 6 7 8 9 10 11 12
7/Br [x10% years|
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95% CL exclusion reach for 10+10 years runtime

----- Current 95% CL limit
p—etn®
p—>UK*t

7 08 9 10 11 12
7/Br [x103* years]

Z = 5 discovery reach for 10410 years runtime

HyperK |
DUNE[| |
i eatonyenr—25e=s0 e Current 90% CL limit
p— etn®
JUNO p— K"
T T T T T T T
0 6 7 8 9 10 11 12

7/Br [x10% years|

» Can probe a significant fraction of the parameter space of various presently
viable GUTs
» Prospects for a definitive Z = 5 discovery are particularly modest
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Conclusion

» We pointed out various flaws associated with frequentist statistical measures
for multi-channel counting experiments

» We argued in favor of conservative Bayesian-motivated statistical measures
Clexa and Clgisc

» We advocate for the standard use of exact Asimov criterion to project
sensitivities

» We applied these methods to study statistical significances for proton decay
experiments
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Conclusion

>

>

We pointed out various flaws associated with frequentist statistical measures
for multi-channel counting experiments

We argued in favor of conservative Bayesian-motivated statistical measures
Clexa and Clgisc

We advocate for the standard use of exact Asimov criterion to project
sensitivities

We applied these methods to study statistical significances for proton decay
experiments

Easy-to-use Python (+ backend C++ code) package ZSTATS V2.0 available
on Github

includes code snippets that generate the data for all the plots
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Converting p to Z and back

One-sided p-value in terms of the significance Z:

Z = 2erfc'(2p)

Standard Gaussian

B S T
p=[; dZ'f(Z')

P P 1
0 1 2 3

Z (no. of standard deviations)
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Uncertain background case: Comparing various measures

Taking s and b to be proportional to [ Ldt (temporal progress of the
experiment). Assume AB/B =0.2.

8 5 ——med
— zmean
& /b =100 4 —Z
R
5_.
7 3
5 44 3
N N

—— zmed

1— _Zmean
A
0 T T
10° 10! 102 10° 10! 102
s (= o, [ Ldt) s (= o, [ Ldt)

» zmed again, suffers from the sawtooth behavior

> ZA Z™Mean reasonable and monotonic measures
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Extreme no background limit

8 5
7_
4_
6_
5 3
: %
T 44 %
N N
3 2
2
— gmed 14
14 _ZlAnean
7ZCCGV —— zmed _ zmean _ zA
—Z
0 T T T T o | TZKM .
0.0 0.5 1.0 1.5 2.0 2.5 0 3 A 3 na
® S
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Z% _and Z2  for various AB/B

disc excl

A
disc

Z

0 T
10° 10! 102
S(:o'sfﬂdt) S(:O'sfl:dt)
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Other alternatives: Mean expected significances

Mean expected significances: (involves simulation of pseudo-experiments)
Zmen: Mean{Z(p1), Z(p2), Z(p3). -- .}
zpmean. 7(Mean{p1, p2, p3, ---})

Note: Zmean o£ ZPmean (yplike the case with Zmed)

ZP ™M is much lower than all others, dominated by unlikely outcomes with large
p values. So, not reasonable.
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Median Cle and Clgisc for single channel

e

e Ty

Qo

median
CL}

=} 3

[543}

expected Zgjsc
w [N

N
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Expected upper limits

5.5 AL | T T 5.5 LSRR | T T T
= —CL} = —CL}
é 5.0F—pa, E g 5.0F—pa,
o= —— Feldman-Cousins sensitivity o= —— Feldman-Cousins sensitivity
': 4.5 F—— Feldman-Cousins, n = round(b) e ': 4.5 F—— Feldman-Cousins, n = round(b)
24.0F N 2,0k
a A =
= 3.5F 4 " 3.5F
O 3.0F 1 ©3.0
=] =]
% 2.5F 3 % 2.5F
_8 2.0F E g 2.0F
B 1.5F 1 51.5F
3 1.0F E 3 1.0F
5 5
—0.5F 1 —0.5F
0.0 L L L 0.0 L L L
10,3 10,2 10,1 10° 10,3 10,2 10,1 10°
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16 16
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— 13 — 13
@12 Q12
a1l a1l
: 10 : 10F
° % °
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g7 7
S 6 > 6
g5 T s
% 3 A % 3 A
N T Pexa T Pexel
82 —— Feldman-Cousins sensitivity S 2 —— Feldman-Cousins sensitivity
w 1 —— Feldman-Cousins, n = round(b) J w 1 —— Feldman-Cousins, n = round(b)
0 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 1 1 1
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Signal needed for expected discovery

30

- N
o O

s (needed for expected Z)
= N
(=} ot

s (needed for expected Z)

S«

N W ks OO N 0 ©

—A —3

0 5 10 15 20 25 30 35 40 45 50 10 10

b
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Zero background limit

Note that the discovery statistics pgisc and CLgisc are not well-defined in the strict
background-free limit b — 0. Specifically,

0ifn#0
pasc(m.0) = {1;f2i0

0ifn#0,s#0
CI— isc\ 1y Oa = . ’
dise(n, 0, 5) {1 otherwise.

Since (ngisc) = s for b =0, the above implies that the exact Asimov expected
discovery significances are both infinite, Z(p4..) = Z(CL4) = oo, for any
non-zero s (however small).
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In order to be conservative, we can impose an additional requirement that
P(n > 1) should be greater than some fixed value in order to claim an expected

discovery.

oo

P(n>1) ZPn| )=1-—¢€"°

1.0 b=0

0.9F 95% E

0.8F :
> P(n>1)>50%: s>In2and nfedian > 1 g :
> P(n>1)>63.2%: s >1and . g

<ndisc> =s>1

0005101520253035404550
S
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Frequentist measures for multi-channel experiments

For an observation {n;},

Pexci(, b,8) = Y H P(kilsi + b)) with Q(K) < Q(#)
{ki} i=1

CLy(7,5,5) = peca(7, b, 5)
pexcl(ﬁ b 0)

for exclusion, and

N
ST Pkilbi) with  Q(K) > Q(r)
(K} i=1

Pdisc(ﬁa 57 §')

for discovery.
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Discovery at DUNE

Expected Z = 5 discovery at 40 kton DUNE

b/Mton-year
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T 1034
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-

95% CL excl.
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0
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40 kton DUNE with b =0

REeS
W 10350 _500% -
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THEIA

A novel detector concept with water based liquid scintillator, 10% liquid

scintillator and 90% water, that can detect and distinguish between Cerenkov and

the scintillation light

10% ]:Dxpected 'exclusmn at THEL? 10% ]?xpected f:llscovery 'at THEL?
.5, € = 55% b/Mton-ye .5, € = 55%

— L exclusion — —— Z = 3 evidence

2 <l y Ktor 4 ---Z=5§ ;isu:vexy

« [ e a

S ES
— 50% CL excl. — 50% CL excl. PHEIA-100 (80 kton)
— e 1 ~
B g AP (1 s IS 68% CL excl.

k B ; TIoEE 687 CL oxcl | k . g

[N e T 1 =¥ T

/ - -
T S 90% CL excl T
g 95% CL exel] .

& & -

i i

/A /a
° °

1033 1 1 1 1 1 1 1
0 5 10 15 20 25 10 15 20

runtime [years]
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7/Br(p — e*n) [years]

1035

1034
0

Expected exclusion at THEIA

Expected discovery at THEIA

runtime [years]
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95% CL exclusion reach for 10+10 years runtime

100 kton THEIA
50 kton
25 kton
----- Current 95% CL limit
p—etn®
10 kton p— DK+

0 1 2 3 4 5 6 7 8 9 10 11 12
7/Br [x103 years]

Z =5 discovery reach for 10+10 years runtime

100 kton ' THEIA
50 kton
25 kton
----- Current 90% CL limit
p—etn®
10 kton p— UK+

0 1 2 3 4 5 6 7 8 9 10 11 12
7/Br [x 103 years|
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