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Flow, nonflow, and flow fluctuations

Flow (as any other analysis) 
Start with formulating the goals,  
including needed “precision” 
Make clear, unambiguous definitions 
Determine limitations  
and uncertainties  
Do not “invent” new terminology, 
unless really needed. 
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Flow, nonflow, and flow fluctuations

Flow: 
- Definitions, and first measurements 
- Centrality/energy dependence, and ideal fluid 
- Constituent Quark Scaling, and deconfinement 
- Nonflow and flow fluctuations, and “ridge”, initial geometry 
- Participants/flow planes.  
- Flow correlations and decorrelations 
- Linear and nonlinear flow modes

Flow (as any other analysis) 
Start with formulating the goals,  
including needed “precision” 
Make clear, unambiguous definitions 
Determine limitations  
and uncertainties  
Do not “invent” new terminology, 
unless really needed. 



India+ seminar series, January 12, 2023page S.A. Voloshin

Anisotropic flow
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Term “flow” does not mean necessarily 
“hydro” flow – used only to emphasize 
the collective behavior  
!" multiparticle azimuthal correlation.

Anisotropic flow ≡ correlations 
with respect to the reaction plane,  
system response to azimuthally  
asymmetric initial conditions
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XZ – the reaction plane
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The reaction plane angle can not be directly measured in high energy nuclear
collisions, but can be estimated from the particle azimuthal distribution event-by-
event. Then the different harmonic flow coefficients are reconstructed from two or
many particle azimuthal correlations. This introduces uncertainty in the analysis,
discussed in more detail in the methods section, as the azimuthal correlations are not
determined solely by anisotropic flow but have other contributions, usually referred
to as nonflow and in case of two-particle correlations quantified by parameters dn:

⌦
cos[n(fi �f j)]

↵
=

⌦
v2

n
↵
+dn. (2)

Anisotropic flow can fluctuate event to event, both in magnitude and direction
even at fixed impact parameter. We describe flow fluctuations by

s2
vn =

⌦
v2

n
↵
�hvni2 . (3)

One of the important sources of flow fluctuations are fluctuations in the initial geom-
etry of the overlapping region due to the random nature of the interaction between
constituents of the two nuclei. The participants are those constituents which partake
in the primary interaction. The principal axis of the participant zone can deviate
from the reaction plane. Fig. 2 shows the axes in the participant coordinate system,
compared to the reaction plane system. It is important to distinguish between flow
values measured in these two systems; the values in the reaction plane system be-
ing always smaller than in the participant plane system: v2,PP > v2,RP. We discuss
flow fluctuations due to fluctuations in the initial participant zone geometry in more
detail in section 3.3.4.

2 Experimental methods

2.1 Event plane method

In the standard event plane method [3, 15] one estimates the azimuthal angle of the
reaction plane from the observed event plane angle determined from the anisotropic
flow itself. This is done for each harmonic, n, of the Fourier expansion. The event
flow vector Qn is a 2d vector in the transverse plane:

Qn,x = Â
i

wi cos(nfi) = Qn cos(nYn),

Qn,y = Â
i

wi sin(nfi) = Qn sin(nYn), (4)

where the sum goes over all particles i used in the event plane calculation. The
quantities fi and wi are the lab azimuthal angle and weight for particle i, where
for odd harmonics wi(�y) = �wi(y). The optimal choice for wi is to approximate
vn(pT ,y). Since often vn(pT ,y) almost linearly increases with pT , the transverse
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momentum is a common choice as a weight. The event plane angle is the azimuthal
angle of Qn calculated as

Yn = arctan2(Qn,y,Qn,x)/n, (5)

where arctan2 is a C language mathematical function.
The observed vn is the nth harmonic of the azimuthal distribution of particles with

respect to this event plane:

vobs
n (pT ,y) = hcos[n(fi�Yn)]i, (6)

where angle brackets denote an average over all particles in all events with their az-
imuthal angle fi in a given rapidity and pT momentum space bin at a fixed centrality.
To remove auto-correlations one has to subtract the Q-vector of the particle of in-
terest from the total event Q-vector, obtaining a Yn to correlate with the particle. To
avoid binning problems one should store the cosine directly in a profile histogram,
rather than making a histogram of f �Yn and then obtaining the mean cos.

Since finite multiplicity limits the estimation of the angle of the reaction plane,
the vn have to be corrected for the event plane resolution for each harmonic given
by

Rn = hcos[n(Yn�YRP)]i, (7)

where angle brackets denote an average over a large event sample. The final flow
coefficients are

vn =
vobs

n
Rn

. (8)

This equation should be applied in a narrow centrality bin. For a wide centrality bin,
one should average the results from the narrow bins weighted with the multiplicity
of the bin, since vn is a particle-wise average.

The reaction plane resolution depends on the multiplicity of particles used to
define the flow vector and the average flow of these particles via the resolution
parameter [13, 14, 15]:

c = vn
p

M (9)

Rk(c) =
p

p/2 c exp(�c2/2) (I(k�1)/2(c2/2)+ I(k+1)/2(c2/2)), (10)

where I is the modified Bessel function. (Note that the definition of parameter c in
Ref. [15] was larger by

p
2.) The dependence of Eq. (10) on c is shown for the case

of k = 1 in Fig. 3. To estimate the event plane resolution one divides the full event up
into two independent sub-events [16, 17] of equal multiplicity. Since the sub-events
are positively correlated because each is correlated with the reaction plane, the event
plane resolution for the sub-events is just the square-root of this correlation:

Rn,sub =
q
hcos[n(Y A

n �Y B
n )]i, (11)
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where A and B denote the two subgroups of particles. Given Rn,sub, the solution for
c in Eq. (10) is done by iteration. The full event plane resolution is obtained using
Eq. (10) from the resolution of the sub-events by

Rfull = R(
p

2 csub) (12)

because c µ
p

M and the full event has twice as many particles as the sub-events.
In the low resolution (< 0.5) linear region of the graph for k = 1, Rfull ⇡

p
2Rsub.
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Fig. 3 The event plane resolution as a function of vm
p

M. The harmonic number of the correlation
n is an integer k times the harmonic number m of the event plane.

There may be reasons not to use the Q-vector of the full event, but to correlate
particles from one sub-event with the Q-vector of the other sub-event. In this case
the resolution of the sub-event plane should be used, and the particle of interest is
automatically not included in the Q-vector. Criteria which have been used for divid-
ing the event into sub-events are: random, pseudorapidity, charge, and combinations
of these. Using sub-events separated in pseudorapidity is a good way of reducing
contributions from short-range correlations, as flow is a large scale effect.

To remove acceptance correlations from an imperfect detector, one must first
make the Q-vector in Eqs. (4) isotropic in the laboratory, both for the sub-events
and the full event (if needed). Three methods have been used [15] for this flattening
of the event plane azimuthal distribution:

1. Phi Weighting - one weights each particle with the inverse of the azimuthal dis-
tribution of the particles averaged over many events.

2. Recentering - one subtracts from the Q-vector of each event, the Q-vector aver-
aged over many events.

3. Shifting - one fits the non-flat distribution of Yn averaged over many events with
a Fourier expansion and calculates the shifts for each event Yn necessary to force
a flat distribution on average.
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vn(pT, y) = ⟨cos[n(ϕi − ΨRP)]⟩
Event plane method

⟨cos[n(ϕi − ϕj)]⟩ = v2
n

Notations: , e.g. , , vn{method} vn{2} vn{4} vn{EP}

2-particle correlations

Ideal world: 
no other correlations besides flow, 
vn = const

n-th harmonic Flow vector

E
d3n
d3p

=
1

2π pT

d2n
dpt dy (1 + ∑

n

2vn cos[n(ϕ − ΨRP)])
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“Differential flow”. First observation of v2 > 0
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Distribution of hits in the silicon pad detector wrt the first order 
Event Plane determined by calorimeters.

E877, PRC 55 (1997) 1420
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Abstract

The centrality dependence of elliptic flow and how it is related to the physics of expansion of the system created in high
energy nuclear collisions is discussed. Since in the hydro limit the centrality dependence of elliptic flow is mostly defined by
the elliptic anisotropy of the overlapping region of the colliding nuclei, and in the low density limit by the product of the
elliptic anisotropy and the multiplicity, we argue that the centrality dependence of elliptic flow should be a good indicator of
the degree of equilibration reached in the reaction. Then we analyze experimental data obtained at AGS and SPS energies.
The observed difference in the centrality dependence of elliptic flow could imply a transition from a hadronic to a partonic
nature of the system evolution. Finally we exploit the multiplicity dependence of elliptic flow to make qualitative predictions
for RHIC and LHC. q 2000 Published by Elsevier Science B.V. All rights reserved.

PACS: 25.75.Ld

1. Introduction

The goal of the ultrarelativistic nuclear collision
program is the creation of the QGP – quark-gluon
plasma – the state of deconfined quarks and gluons.

Ž .It is understood that such a state requires local
thermalization of the system brought about by many
rescatterings per particle during the system evolu-
tion. It is not clear when and if such a dynamical
thermalization can really occur. An understanding of
these phenomena can be achieved by considering

w x w xelliptic flow 1 recently studied at AGS 2 and SPS
w x3 energies. It will be shown how the centrality
dependence of the strength of elliptic flow, Õ , de-2
fined as the second coefficient in the Fourier decom-

w xposition of the particle azimuthal distribution 4 , is
Žan indicator of the degree of equilibration thermali-

.zation achieved in the system.

Our qualitative conclusions are based on the ob-
Žservation, that in the hydro limit which we equate in

.our discussion to complete thermalization and in the
Žopposite limiting case, the low density limit where

.dynamical thermalization is not expected , the cen-
trality dependence of elliptic flow is different. In the
hydro limit, the mean free path is much less than the
geometrical size of the system. The centrality depen-
dence of flow is totally governed in this case by the

Ž .initial geometry eccentricity , the latter being
roughly proportional to the impact parameter. In the
low density limit, the mean free path is comparable
to or larger than the system size. The final anisotropy
in this case should be proportional to the ratio of the

Žsystem size to the mean free path the number of
.collision . The anisotropy vanishes in the limit of

infinite mean free path. The latter in its turn depends
on the particle density, which is largest for central

0370-2693r00r$ - see front matter q 2000 Published by Elsevier Science B.V. All rights reserved.
Ž .PII: S0370-2693 00 00017-4
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compared to the initial momentum. The cross section
Ž .which enters the equations is the transport not total

Ž w x.cross section see 5 . The centrality dependence
expected for the hydro limit is shown on the same
plot by a dashed line also normalized to the same

Ž HYDRO .area under the curve Õ f0.059´ . Note the2
large difference between the two curves, which was

w xnot noted in 5 . Fig. 1 bottom shows that the ratio of
Õ to the expected functional form is flat for the low2
density limit but not for the hydro limit. A centrality
dependence similar to the low density limit was also

w xobserved in 11 where a computer simulation of a
pion gas expansion was studied.

5. Data

Now let us turn to the experimental data. At AGS
energies the elliptic flow of charged particles and of
transverse energy was measured by the E877 Collab-

w xoration. Unfortunately, the publication 2 containing
the detailed pseudorapidity dependence for each cen-
trality lacks a figure showing just the centrality

w xdependence. Our estimates based on their data 2 of
charged particle flow at midrapidity are presented in
Fig. 2.
The data indicate that at AGS the flow peaks at

mid-centrality 2, consistent with the low density limit
prediction and no change in physics with centrality.
At this energy some decrease of elliptic flow in
peripheral collisions can be also attributed to shad-

w xowing by spectator matter. At SPS 13 , preliminary
data indicate that the elliptic flow peak moves to-
wards peripheral collisions. This fact itself would
hint at the hydro-dynamical picture of the system
evolution. A more detailed look at the data shows
that this is unlikely. First, the maximal value of

Ž .elliptic flow Õ F0.04 is significantly less than2
w x Žpredicted by hydro calculations 1,9 about 0.09–

. 30.1 . Second, in the hydro limit elliptic flow should

2 A similar centrality dependence of transverse energy flow
Ž w x. w xfrom the same data 2 can be found in the thesis of Chang 12 .

3 w xIn 9 agreement was claimed between hydro and the NA49
w xmid-central data 3 leading to their conclusion of complete equili-

bration. However, this comparison was done for p -0.3 GeVrct
and it could be that the p dependence of Õ in the hydro modelt 2
does not agree with experiment.

Fig. 3. Elliptic flow divided by the initial space elliptic anisotropy
Ž . Ž .at the AGS open circles and the SPS filled squares . The shaded

area shows the uncertainty in the SPS experimental data due to the
uncertainty in the centrality determination. See text and footnote
for the description of the curves and hydro limits.

depend only on the initial space elliptic anisotropy,
´ . The preliminary NA49 data indicate that the ratio
Õ r´ , at least for semi-central collisions, is likely2

w x Žincreasing with centrality 13 see the data presented
. Žin Fig. 3 below . This centrality dependence natural

.for the low density limit implies that we still could
be far from the hydro regime 4.
Assuming that at SPS the hydro regime is not

reached yet, the observed centrality dependence of
elliptic flow would indicate that the physics of the
system evolution is different in central and periph-
eral collisions. Elliptic flow peaks at more peripheral
collisions because the central collisions exhibit too
little flow compared to that expected from the AGS
data scaled with multiplicity. A natural explanation
for this would be that peripheral collisions are de-

Ž . Žscribed by hadronic re scatterings the same as at
.the AGS in both peripheral and central collisions

4 One can argue that, taking into account systematic uncertain-
ties, the preliminary SPS data for Õ r´ are consistent with being2
constant as a function of centrality. In this case it would indeed
mean that the system has equilibrated and the hydro regime has
been reached. The low absolute strength of the elliptic flow in this
case would indicate that the equilibration happens at a rather late
time when the spatial anisotropy ´ has decreased due to initial
‘‘free streaming’’. We do not exclude this possibility but must
wait for the final SPS data and the coming RHIC data to answer
the question.

v2 ∝ ε2
1
S

dN
dy

ε2 =
⟨y2 − x2⟩
⟨y2 + x2⟩

S = π ⟨y2⟩⟨x2⟩

Low density limit

Hydro limit

v2 ∝ ε2
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2-particle azimuthal correlations

Results from data taken during the first  
three hours of RHIC operation

Multiplicity |eta|<1.0
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compared to the initial momentum. The cross section
Ž .which enters the equations is the transport not total

Ž w x.cross section see 5 . The centrality dependence
expected for the hydro limit is shown on the same
plot by a dashed line also normalized to the same

Ž HYDRO .area under the curve Õ f0.059´ . Note the2
large difference between the two curves, which was

w xnot noted in 5 . Fig. 1 bottom shows that the ratio of
Õ to the expected functional form is flat for the low2
density limit but not for the hydro limit. A centrality
dependence similar to the low density limit was also

w xobserved in 11 where a computer simulation of a
pion gas expansion was studied.

5. Data

Now let us turn to the experimental data. At AGS
energies the elliptic flow of charged particles and of
transverse energy was measured by the E877 Collab-

w xoration. Unfortunately, the publication 2 containing
the detailed pseudorapidity dependence for each cen-
trality lacks a figure showing just the centrality

w xdependence. Our estimates based on their data 2 of
charged particle flow at midrapidity are presented in
Fig. 2.
The data indicate that at AGS the flow peaks at

mid-centrality 2, consistent with the low density limit
prediction and no change in physics with centrality.
At this energy some decrease of elliptic flow in
peripheral collisions can be also attributed to shad-

w xowing by spectator matter. At SPS 13 , preliminary
data indicate that the elliptic flow peak moves to-
wards peripheral collisions. This fact itself would
hint at the hydro-dynamical picture of the system
evolution. A more detailed look at the data shows
that this is unlikely. First, the maximal value of

Ž .elliptic flow Õ F0.04 is significantly less than2
w x Žpredicted by hydro calculations 1,9 about 0.09–

. 30.1 . Second, in the hydro limit elliptic flow should

2 A similar centrality dependence of transverse energy flow
Ž w x. w xfrom the same data 2 can be found in the thesis of Chang 12 .

3 w xIn 9 agreement was claimed between hydro and the NA49
w xmid-central data 3 leading to their conclusion of complete equili-

bration. However, this comparison was done for p -0.3 GeVrct
and it could be that the p dependence of Õ in the hydro modelt 2
does not agree with experiment.

Fig. 3. Elliptic flow divided by the initial space elliptic anisotropy
Ž . Ž .at the AGS open circles and the SPS filled squares . The shaded

area shows the uncertainty in the SPS experimental data due to the
uncertainty in the centrality determination. See text and footnote
for the description of the curves and hydro limits.

depend only on the initial space elliptic anisotropy,
´ . The preliminary NA49 data indicate that the ratio
Õ r´ , at least for semi-central collisions, is likely2

w x Žincreasing with centrality 13 see the data presented
. Žin Fig. 3 below . This centrality dependence natural

.for the low density limit implies that we still could
be far from the hydro regime 4.
Assuming that at SPS the hydro regime is not

reached yet, the observed centrality dependence of
elliptic flow would indicate that the physics of the
system evolution is different in central and periph-
eral collisions. Elliptic flow peaks at more peripheral
collisions because the central collisions exhibit too
little flow compared to that expected from the AGS
data scaled with multiplicity. A natural explanation
for this would be that peripheral collisions are de-

Ž . Žscribed by hadronic re scatterings the same as at
.the AGS in both peripheral and central collisions

4 One can argue that, taking into account systematic uncertain-
ties, the preliminary SPS data for Õ r´ are consistent with being2
constant as a function of centrality. In this case it would indeed
mean that the system has equilibrated and the hydro regime has
been reached. The low absolute strength of the elliptic flow in this
case would indicate that the equilibration happens at a rather late
time when the spatial anisotropy ´ has decreased due to initial
‘‘free streaming’’. We do not exclude this possibility but must
wait for the final SPS data and the coming RHIC data to answer
the question.

the main motivation of the cumulant method. The two meth-
ods are very different in their practical implementation. The
cumulant method no longer requires one to construct subev-
ents or to correct for the event-plane resolution. All flow
estimates are derived from a single generating function of
azimuthal correlations. Constructing this generating function,
however, requires more computer time than the standard flow
analysis. Another significant difference between the two
methods is that the cumulant method takes naturally into
account azimuthal asymmetries in the detector acceptance.
Hence the flattening procedures and the cuts in phase space,
which are required in the event-plane method in order to
minimize the effects of these asymmetries, are no longer
required. The price to pay for all these enhancements is in-
creased statistical errors.
We have obtained the first direct, quantitative evidence for

collective motion at these energies: elliptic flow at
158A GeV has been reconstructed independently from genu-
ine four-, six-, and eight-particle correlations, and all three
results agree within statistical errors !Fig. 21, top left". This
is confirmed at both energies by differential analyses of el-
liptic flow !as a function of rapidity or transverse momen-
tum" from genuine four-particle correlations. In the case of
directed flow, nonflow correlations due to momentum con-
servation, which are large, have been subtracted. Further-
more, a new method of analysis from three-particle correla-
tions, which is unbiased by nonflow correlations, has been
implemented for the first time at both energies.
The directed flow of protons reveals a structure which is

characteristic of ultrarelativistic energies, and is not present
at AGS energies. A clear separation appears for the first time
between the central rapidity region, where the proton v1 is
essentially zero, and the target-projectile fragmentation re-
gion, where it is large. Indeed, at 40A GeV, significant di-

rected flow is observed only at the most forward rapidities
covered by the detector acceptance !Fig. 17, right". At
158A GeV, where the acceptance covers smaller values of
the scaled rapidity, v1 values are consistent with zero !Fig.
14, right", within statistical errors and possible contributions
by nonflow effects. In the fragmentation region, on the other
hand, large v1 values have been observed by WA98 #78$. At
both energies, the first observation of the ‘‘wiggle’’ !i.e., a
negative slope of the proton v1 near midrapidity" is reported,
but there are indications that it may be due to nonflow ef-
fects.
Surprisingly, the directed flow of pions does not follow

the same behavior as that of protons. While the proton v1 at
central rapidity is much smaller than at AGS energies, the
pion v1 remains essentially of the same magnitude. It be-
comes even larger, in absolute value, than the proton v1.
This amazing phenomenon, which has never been observed
at lower energies, clearly indicates that the proton v1 and the
pion v1 have different physical origins. The directed flow of
pions behaves similarly at the two beam energies, both in
magnitude and in shape. It has a peculiar, essentially flat,
transverse momentum dependence !Figs. 13 and 16, left". Its
centrality dependence is also quite remarkable: it increases in
magnitude steadily without saturating up to the most periph-
eral collisions !Fig. 20, top, and Fig. 21, bottom".
Elliptic flow becomes the dominant azimuthal anisotropy

at ultrarelativistic energies. While it is smaller than directed
flow up to the top AGS energy, here it becomes larger al-
ready at 40A GeV. This is again an indication that SPS is
probing the truly ultrarelativistic regime. As a consequence
of the larger value, our estimates of v2 are more accurate
than our estimates of v1. As a function of transverse momen-
tum, v2 increases almost linearly for pions, and more qua-
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FIG. 25. !Color online" v2 /% as a function of particle density. The v2 values are for near midrapidity (0!y!0.6 for 40A GeV and 0
!y!0.8 for 158A GeV). The results of NA49 pion v2 are compared to charged particle v2 measured by E877 and STAR. The meaning of
the horizontal lines !hydro limits" and of the arrow will be discussed in Sec. VI.

DIRECTED AND ELLIPTIC FLOW OF CHARGED PIONS . . . PHYSICAL REVIEW C 68, 034903 !2003"
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Major RHIC discoveries

“The physical picture emerging from the four (RHIC) experiments is consistent and surprising. The 
quarks and gluons indeed break out of  confinement and behave collectively, if only fleetingly. But this 
hot mélange acts like a liquid, not the ideal gas theorists had anticipated.”
M. Riordan, W. Zajc, Sci. Am., May 2006, 34-41.

+30

“The physical picture emerging from the four 
(RHIC) experiments is consistent and 
surprising. The quarks and gluons indeed 
break out of  confinement and behave 
collectively, if only fleetingly. But this hot 
mélange acts like a liquid, not the ideal gas 
theorists had anticipated.” 
M. Riordan, W. Zajc, Sci. Am., May 2006, 
34-41.

LHC: Increase in elliptic flow ~30%, 
in agreement with hydrodynamics 

CERN Press release, November 26, 2010: 
‘confirms that the much hotter plasma  
produced at the LHC behaves as a  
very low viscosity liquid (a perfect fluid)..’

QGP - Gas or Liquid?
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Elliptic flow of charged particles in Pb+Pb collisions at
p
sNN = 2.76 TeV1

2

de M. Michel Nostradamus3

We report the first measurement of charged particle elliptic flow in Pb+Pb collisions at
p
sNN=

2.76 TeV with the ALICE detector at the CERN Large Hadron Collider. The measurement
is performed in the central pseudorapidity region (|⌘| < 0.8) and transverse momentum range
0.25 < pt < 5 GeV/c. The elliptic flow signal, v2, averaged over transverse momentum and pseu-
dorapidity, reaches values of 0.085 for relatively peripheral collisions (40–50% most central). The
di↵erential elliptic flow v2(pt) reaches a maximum of 0.25 around pt = 3 GeV/c. Compared to
RHIC Au+Au collisions at

p
sNN= 200 GeV, the elliptic flow increases by about 15% in agreement

with hydrodynamical model predictions.

PACS numbers: 25.75.Ld, 25.75.Gz, 05.70.Fh4

The goal of ultra-relativistic heavy-ion collisions is the5

creation and study of a new state of matter, the quark-6

gluon plasma. Measurements of elliptic flow in these col-7

lisions provide important constraints on the properties8

of the created hot and dense matter. Elliptic flow is a9

response to the anisotropies in the initial geometry of10

the produced system and signals the presence of multi-11

ple interactions between the constituents. Elliptic flow12

is therefore a hadronic observable sensitive to the early13

hot and dense phase and an unavoidable consequence of14

thermalization. Hydrodynamical models, based on the15

assumption of complete local thermalization, predict the16

strongest signal. However, the term flow used to describe17

collective behavior, does not necessarily imply a hydro-18

dynamical interpretation. At the Relativistic Heavy Ion19

Collider, RHIC, the observed large elliptic flow [1] is one20

of the key experimental discoveries [2–5] and the main21

evidence suggesting nearly perfect fluid properties of the22

created matter [6, 7]. Hydrodynamical models, which23

rather successfully describe the flow at RHIC, predict,24

for the higher collision energies at the Large Hadron Col-25

lider, LHC, an increase of the elliptic flow ranging from26

10 to 30% [8, 9]. In these models, the charged particle27

elliptic flow as a function of transverse momentum does28

not change significantly with increasing beam energy; the29

integrated elliptic flow, on the other hand, does increase30

due to the larger transverse radial flow. The larger trans-31

verse flow also leads to a decrease of the elliptic flow at32

low transverse momenta, which is most pronounced for33

heavier particles. Models based on a parton cascade [10],34

including models that take into account quark recombi-35

nation for particle production [11], predict a strong de-36

crease of the elliptic flow as function of transverse mo-37

mentum. Reference [11] predicts even a decrease of the38

integrated elliptic flow from RHIC to LHC energies. Phe-39

nomenological extrapolations [12] and models based on40

final state interactions [13] that have been tuned to de-41

scribe the RHIC data, predict an increase of the elliptic42

flow of ⇠ 50%, much larger than the other models.43

The azimuthal dependence of the particle yield can be44

written in the form of a Fourier series [14, 15]:45

E
d3N

d3p
=

1

2⇡

d2N

ptdptdy

 
1+

1X

n=1

2vn cos (n(�� R))

!
.

(1)
Here E is the energy of particle, pt is the transverse mo-46

mentum, � is its azimuthal angle, y is the rapidity, and47

 R is the reaction plane angle. In general the coe�cients48

vn = hcos[n(�� R)]i are pt and y dependent – therefore49

we refer to them as di↵erential flow. The integrated flow50

is defined as an average evaluated with d2N/dptdy used51

as a weight. The first coe�cient, v1, is usually called52

directed flow, and second coe�cient, v2, is called elliptic53

flow. The directed flow is zero at midrapidity due to the54

symmetry of the collision.55

We report here the first measurement of elliptic flow56

of charged particles in Pb+Pb collisions at
p
sNN=57

2.76 TeV with the ALICE detector [16–18] at the CERN58

LHC [19]. The data were recorded in November 2010 in59

the first LHC heavy ion beam period. The beam inten-60

sity was typically 7 ⇥ 107 Pb ions per bunch and each61

beam had 62 bunches. The luminosity was of the order62

1025 cm�2 s�1 producing inelastic Pb+Pb collisions at63

a rate of 50 Hz. For this first analysis of Pb+Pb colli-64

sions the ALICE Inner Tracking System (ITS) and the65

Time Projection Chamber (TPC) were used to recon-66

struct the charged particle tracks. In addition, for the67

trigger and event centrality determination, the VZERO68

was used. The VZERO counters are made of scintilla-69

tors and measure both amplitude and timing information70

and cover the pseudorapidity range 2.8 < ⌘ < 5.1 and71

�3.7 < ⌘ < �1.7. The detector readout was triggered by72

requiring the LHC bunch-crossing signals in coincidence73

with a signal in the two upstream beam pick-up counters74

and a minimum-bias interaction trigger. The minimum-75

bias interaction trigger required at least one hit in the76

silicon pixel detectors (|⌘| < 2) or one hit in the VZERO77

counters.78

To remove background events an o✏ine event selec-79

tion based on [describe criteria here] has been performed.80

The remaining fraction of background events is estimated81

4

Compared to the elliptic flow measurements in Au+Au222

collisions at
p
sNN = 200 GeV (shaded bands in Fig. 3)223

we observe about a 10% increase in the magnitude of v2.224

Our calculations of the initial state eccentricity based225

on a Monte Carlo Glauber model indicate that the (nu-226

cleon) participant eccentricity, "part, is about 5% smaller227

in Pb+Pb collisions compared to Au+Au at 200 GeV.228

These smaller values are mostly due to the increase in229

inelastic cross section at the LHC energies ( 64 mb com-230

pared to 42 mb at the highest RHIC energy). Taking into231

account the change in the eccentricity value, we conclude232

that the response of the system, v2/"part, increased up to233

15%. Note that the larger increase in v2 compared to the234

slope of v2(pt) is due to the increase in mean transverse235

momentum.236
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FIG. 4. Integrated elliptic flow in Pb+Pb 20–30% centrality
collisions at 2.76 TeV compared with results from lower en-
ergies taken at similar centralities. The compilation is taken
from [26].

The integrated elliptic flow measured in the 20–30%237

centrality bin is compared to results from lower energies238

in Fig. 4. This figure clearly shows that the increase of239

the magnitude of the elliptic flow in this centrality region240

as function of
p
sNN continues also for LHC energies. The241

increase does seem to saturate in agreement with some242

theory expectations [8, 9].243

CONCLUSION244

We have presented the first elliptic flow measurement245

at the LHC with the ALICE detector. We found that246

the elliptic flow continues to increase from the highest247

RHIC energies up to
p
sNN= 2.76 GeV. The increase is248

well described by hydrodynamical models and is not as249

strong as was expected from simple phenomenological ex-250

trapolations. The change in the elliptic flow as a func-251

tion of transverse momentum from RHIC to the current252

LHC energy is relatively small and is consistent with the253

change in eccentricity, which was also predicted by hy-254

drodynamic models [8, 9]. We conclude that the increase255

in the integrated flow is due to an increase in the mean256

transverse momentum. A future elliptic flow measure-257

ment of identified particles will be able to clarify the role258

of the stronger radial expansion at the LHC in the for-259

mation of elliptic flow.260
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Elliptic flow of charged particles in Pb+Pb collisions at
p
sNN = 2.76 TeV1

2

de M. Michel Nostradamus3

We report the first measurement of charged particle elliptic flow in Pb+Pb collisions at
p
sNN=

2.76 TeV with the ALICE detector at the CERN Large Hadron Collider. The measurement
is performed in the central pseudorapidity region (|⌘| < 0.8) and transverse momentum range
0.25 < pt < 5 GeV/c. The elliptic flow signal, v2, averaged over transverse momentum and pseu-
dorapidity, reaches values of 0.085 for relatively peripheral collisions (40–50% most central). The
di↵erential elliptic flow v2(pt) reaches a maximum of 0.25 around pt = 3 GeV/c. Compared to
RHIC Au+Au collisions at

p
sNN= 200 GeV, the elliptic flow increases by about 15% in agreement

with hydrodynamical model predictions.

PACS numbers: 25.75.Ld, 25.75.Gz, 05.70.Fh4

The goal of ultra-relativistic heavy-ion collisions is the5

creation and study of a new state of matter, the quark-6

gluon plasma. Measurements of elliptic flow in these col-7

lisions provide important constraints on the properties8

of the created hot and dense matter. Elliptic flow is a9

response to the anisotropies in the initial geometry of10

the produced system and signals the presence of multi-11

ple interactions between the constituents. Elliptic flow12

is therefore a hadronic observable sensitive to the early13

hot and dense phase and an unavoidable consequence of14

thermalization. Hydrodynamical models, based on the15

assumption of complete local thermalization, predict the16

strongest signal. However, the term flow used to describe17

collective behavior, does not necessarily imply a hydro-18

dynamical interpretation. At the Relativistic Heavy Ion19

Collider, RHIC, the observed large elliptic flow [1] is one20

of the key experimental discoveries [2–5] and the main21

evidence suggesting nearly perfect fluid properties of the22

created matter [6, 7]. Hydrodynamical models, which23

rather successfully describe the flow at RHIC, predict,24

for the higher collision energies at the Large Hadron Col-25

lider, LHC, an increase of the elliptic flow ranging from26

10 to 30% [8, 9]. In these models, the charged particle27

elliptic flow as a function of transverse momentum does28

not change significantly with increasing beam energy; the29

integrated elliptic flow, on the other hand, does increase30

due to the larger transverse radial flow. The larger trans-31

verse flow also leads to a decrease of the elliptic flow at32

low transverse momenta, which is most pronounced for33

heavier particles. Models based on a parton cascade [10],34

including models that take into account quark recombi-35

nation for particle production [11], predict a strong de-36

crease of the elliptic flow as function of transverse mo-37

mentum. Reference [11] predicts even a decrease of the38

integrated elliptic flow from RHIC to LHC energies. Phe-39

nomenological extrapolations [12] and models based on40

final state interactions [13] that have been tuned to de-41

scribe the RHIC data, predict an increase of the elliptic42

flow of ⇠ 50%, much larger than the other models.43

The azimuthal dependence of the particle yield can be44

written in the form of a Fourier series [14, 15]:45

E
d3N

d3p
=

1

2⇡

d2N

ptdptdy

 
1+

1X

n=1

2vn cos (n(�� R))

!
.

(1)
Here E is the energy of particle, pt is the transverse mo-46

mentum, � is its azimuthal angle, y is the rapidity, and47

 R is the reaction plane angle. In general the coe�cients48

vn = hcos[n(�� R)]i are pt and y dependent – therefore49

we refer to them as di↵erential flow. The integrated flow50

is defined as an average evaluated with d2N/dptdy used51

as a weight. The first coe�cient, v1, is usually called52

directed flow, and second coe�cient, v2, is called elliptic53

flow. The directed flow is zero at midrapidity due to the54

symmetry of the collision.55

We report here the first measurement of elliptic flow56

of charged particles in Pb+Pb collisions at
p
sNN=57

2.76 TeV with the ALICE detector [16–18] at the CERN58

LHC [19]. The data were recorded in November 2010 in59

the first LHC heavy ion beam period. The beam inten-60

sity was typically 7 ⇥ 107 Pb ions per bunch and each61

beam had 62 bunches. The luminosity was of the order62

1025 cm�2 s�1 producing inelastic Pb+Pb collisions at63

a rate of 50 Hz. For this first analysis of Pb+Pb colli-64

sions the ALICE Inner Tracking System (ITS) and the65

Time Projection Chamber (TPC) were used to recon-66

struct the charged particle tracks. In addition, for the67

trigger and event centrality determination, the VZERO68

was used. The VZERO counters are made of scintilla-69

tors and measure both amplitude and timing information70

and cover the pseudorapidity range 2.8 < ⌘ < 5.1 and71

�3.7 < ⌘ < �1.7. The detector readout was triggered by72

requiring the LHC bunch-crossing signals in coincidence73

with a signal in the two upstream beam pick-up counters74

and a minimum-bias interaction trigger. The minimum-75

bias interaction trigger required at least one hit in the76

silicon pixel detectors (|⌘| < 2) or one hit in the VZERO77

counters.78

To remove background events an o✏ine event selec-79

tion based on [describe criteria here] has been performed.80

The remaining fraction of background events is estimated81

4

Compared to the elliptic flow measurements in Au+Au222

collisions at
p
sNN = 200 GeV (shaded bands in Fig. 3)223

we observe about a 10% increase in the magnitude of v2.224

Our calculations of the initial state eccentricity based225

on a Monte Carlo Glauber model indicate that the (nu-226

cleon) participant eccentricity, "part, is about 5% smaller227

in Pb+Pb collisions compared to Au+Au at 200 GeV.228

These smaller values are mostly due to the increase in229

inelastic cross section at the LHC energies ( 64 mb com-230

pared to 42 mb at the highest RHIC energy). Taking into231

account the change in the eccentricity value, we conclude232

that the response of the system, v2/"part, increased up to233

15%. Note that the larger increase in v2 compared to the234

slope of v2(pt) is due to the increase in mean transverse235

momentum.236
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FIG. 4. Integrated elliptic flow in Pb+Pb 20–30% centrality
collisions at 2.76 TeV compared with results from lower en-
ergies taken at similar centralities. The compilation is taken
from [26].

The integrated elliptic flow measured in the 20–30%237

centrality bin is compared to results from lower energies238

in Fig. 4. This figure clearly shows that the increase of239

the magnitude of the elliptic flow in this centrality region240

as function of
p
sNN continues also for LHC energies. The241

increase does seem to saturate in agreement with some242

theory expectations [8, 9].243

CONCLUSION244

We have presented the first elliptic flow measurement245

at the LHC with the ALICE detector. We found that246

the elliptic flow continues to increase from the highest247

RHIC energies up to
p
sNN= 2.76 GeV. The increase is248

well described by hydrodynamical models and is not as249

strong as was expected from simple phenomenological ex-250

trapolations. The change in the elliptic flow as a func-251

tion of transverse momentum from RHIC to the current252

LHC energy is relatively small and is consistent with the253

change in eccentricity, which was also predicted by hy-254

drodynamic models [8, 9]. We conclude that the increase255

in the integrated flow is due to an increase in the mean256

transverse momentum. A future elliptic flow measure-257

ment of identified particles will be able to clarify the role258

of the stronger radial expansion at the LHC in the for-259

mation of elliptic flow.260
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Elliptic Flow of Charged Particles in Pb-Pb Collisions at
ffiffiffiffiffiffiffiffiffi
sNN

p ¼ 2:76 TeV
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We report the first measurement of charged particle elliptic flow in Pb-Pb collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼
2:76 TeV with the ALICE detector at the CERN Large Hadron Collider. The measurement is performed in

the central pseudorapidity region (j!j< 0:8) and transverse momentum range 0:2< pt < 5:0 GeV=c.
The elliptic flow signal v2, measured using the 4-particle correlation method, averaged over transverse

momentum and pseudorapidity is 0:087" 0:002ðstatÞ " 0:003ðsystÞ in the 40%–50% centrality class. The

differential elliptic flow v2ðptÞ reaches a maximum of 0.2 near pt ¼ 3 GeV=c. Compared to RHIC Au-Au

collisions at
ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, the elliptic flow increases by about 30%. Some hydrodynamic model

predictions which include viscous corrections are in agreement with the observed increase.

DOI: 10.1103/PhysRevLett.105.252302 PACS numbers: 25.75.Ld, 25.75.Gz, 25.75.Nq

The goal of ultrarelativistic nuclear collisions is the
creation and study of the quark-gluon plasma (QGP), a
state of matter whose existence at high energy density is
predicted by quantum chromodynamics. One of the experi-
mental observables that is sensitive to the properties of this
matter is the azimuthal distribution of particles in the plane
perpendicular to the beam direction. When nuclei collide at
finite impact parameter (noncentral collisions), the geo-
metrical overlap region and therefore the initial matter
distribution is anisotropic (almond shaped). If the matter
is interacting, this spatial asymmetry is converted via
multiple collisions into an anisotropic momentum distri-
bution [1]. The second moment of the final state hadron
azimuthal distribution is called elliptic flow; it is a response
of the dense system to the initial conditions and therefore
sensitive to the early and hot, strongly interacting phase of
the evolution.

At RHIC large elliptic flow has been observed and is one
of the key experimental discoveries [2–6]. Theoretical
models, based on ideal relativistic hydrodynamics with a
QGP equation of state and zero shear viscosity, fail to
describe elliptic flow measurements at lower energies but
describe RHIC data reasonably well [7]. Theoretical argu-
ments, based on the AdS/CFT conjecture [8], suggest a
universal lower bound of 1=4" [9] for the ratio of shear
viscosity to entropy density. Recent model studies incor-
porating viscous corrections indicate that the shear viscos-
ity at RHIC is within a factor of%5 of this bound [10–13].

The pure hydrodynamic models [7,14,15] and models
which combine hydrodynamics with a hadron cascade
afterburner (hybrid models) [16,17] that successfully de-

scribe flow at RHIC predict an increase of the elliptic flow
at the LHC ranging from 10% to 30%, with the largest
increase predicted by models which account for viscous
corrections [15–18] at RHIC energies. In models with
viscous corrections, v2 at RHIC is below the ideal hydro-
dynamic limit [12,17] and therefore can show a stronger
increase with energy. In hydrodynamic models the charged
particle elliptic flow as a function of transverse momentum
does not change significantly [7,14], while the
pt-integrated elliptic flow increases due to the rise in
average pt expected from larger radial (azimuthally sym-
metric) flow. The larger radial flow also leads to a decrease
of the elliptic flow at low transverse momentum, which is
most pronounced for heavy particles. Models based on a
parton cascade [19], including models that take into ac-
count quark recombination for particle production [20],
predict a stronger decrease of the elliptic flow as a function
of transverse momentum compared to RHIC energies.
Phenomenological extrapolations [21] and models based
on final state interactions [22] that have been tuned to
describe the RHIC data predict an increase of the elliptic
flow of%50%, larger than other models. A measurement of
elliptic flow at the LHC is therefore crucial to test the
validity of a hydrodynamic description of the medium
and to measure its thermodynamic properties, in particular,
shear viscosity and the equation of state [23].
The azimuthal dependence of the particle yield can be

written in the form of a Fourier series [24,25]:

E
d3N

d3p
¼ 1

2"

d2N

ptdptdy

"
1þ

X1

n¼1

2vncos½nð#(!R Þ)
#
; (1)

where E is the energy of the particle, p the momentum, pt

the transverse momentum, # the azimuthal angle, y the
rapidity, and !R the reaction plane angle. The reaction
plane is the plane defined by the beam axis z and the impact
parameter direction. In general the coefficients vn ¼
hcos½nð#(!R Þ)iare pt and y dependent—therefore we

*Full author list given at the end of the article.
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ities [7] but is in agreement with some models that include
viscous corrections which at the LHC become less impor-
tant [12,15–18].

In summary we have presented the first elliptic flow
measurement at the LHC. The observed similarity at
RHIC and the LHC of pt-differential elliptic flow at low
pt is consistent with predictions of hydrodynamic models
[7,14]. We find that the integrated elliptic flow increases
about 30% from

ffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV at RHIC to
ffiffiffiffiffiffiffiffi
sNN

p ¼

2:76 TeV. The larger integrated elliptic flow at the LHC is
caused by the increase in the mean pt. Future elliptic flow
measurements of identified particles will clarify the role of
radial expansion in the formation of elliptic flow.
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FIG. 4 (color online). Integrated elliptic flow at 2.76 TeV in
Pb-Pb 20%–30% centrality class compared with results from
lower energies taken at similar centralities [40,43].
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FIG. 3 (color online). Elliptic flow integrated over the pt range
0:2< pt < 5:0 GeV=c, as a function of event centrality, for the
2- and 4-particle cumulant methods, a fit of the distribution of
the flow vector, and the Lee-Yang zeros method. For the cumu-
lants the measurements are shown for all charged particles (full
markers) and same charge particles (open markers). Data points
are shifted for visibility. RHIC measurements for Au-Au atffiffiffiffiffiffiffiffi
sNN

p ¼ 200 GeV, integrated over the pt range 0:15< pt <
2:0 GeV=c, for the event plane v2fEPg and Lee-Yang zeros are
shown by the solid curves.
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Figure 21: (Top) Energy dependence of v2 for midcentral heavy-ion collisions integrated over pT [246]. (Bottom)
Decomposition of the two-particle correlation function in terms of even and odd anisotropic flow harmonics (vn)
from very central Pb–Pb collisions at

p
sNN = 2.76 TeV [248].

(bottom panel of Fig. 21), in conjunction with other LHC experiments [248–250], demonstrated that a
more natural explanation stems from the non-vanishing values of these higher flow coefficients. One
of the first extractions of the two-particle correlation function at the LHC is shown in the bottom panel
of Fig. 21. The amplitude of the Fourier components provides a measure of v2

n for the corresponding
momentum ranges. The higher harmonic contributions originate from event-by-event fluctuations in the
number and distribution of nucleons in the overlap region of the colliding nuclei, and hydrodynamic mod-
els predicted that their magnitude and transverse momentum dependence are sensitive to h/s [251, 252].
In addition, event-by-event fluctuations violate symmetries linked to an idealistic ellipsoidal geometry,
and as a consequence each symmetry plane Yn is distinct.
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Constituent quark scaling
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S.A. Voloshin   Nantes, July 25, 2002 21 

Constituent quark model + coalescence 

Side-notes: 
a) more particles produced via coalescence vs parton 

fragmentation è larger mean pt… 
b)   è   higher baryon/meson ratio 

Coalescence in the intermediate region (rare products): 

( )
2

3

3

3

3

2
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
≈∝ /Mq

q

q

M

M pp
pd
nd

pd
ndv2 

pt 

baryons 

mesons 

quarks 

v2(��,��) 
v2(pbar) 

v2(�+,�+) 
v2(proton) 

Preliminary 

- What is the centrality  
dependence of the effect? 

coalescence                                          fragmentation 
Low pt quarks High pt quarks 

May 3 - 5,  2002STAR Analysis meeting - 15 S.A. Voloshin

Quark coalescence?

v2

pt

baryons

mesons

quarks
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STAR, Phys Rev C (72), 014904 (2005)  

STAR PRL 92(2004)052302
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Nonflow – two- and many-particle azimuthal 
correlations of any origin other than the common 
correlation to the reaction plane. 
It includes contributions from resonance decay, 
inter- and intra-jet correlations, etc. 

An example: 
vn ∝ εn

Flow     “non-flow”

Effect of flow fluctuations

…includes fluctuations in particle density (number  
of particles, area), etc.

In general, two effects do not factorize; then the equation in a box would  
serve as a definition of “nonflow”, with ’s defined via single particle spectra.vn

⟨v2
n⟩ = ⟨vn⟩2 + σ2

v

⟨vn,a vn,b⟩ = ⟨vn,a⟩⟨vn,b⟩ + ⟨⟨vn,a vn,b⟩⟩

⟨cos[n(ϕi − ϕj)]⟩ = ⟨v2
n⟩ + δn
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Multiplicity

M
 <

 u
 u

*>

?

⟨v2
2⟩ = ⟨v2⟩2 + σ2

v2
+ g2/N

S.A. Voloshin                                    NIKHEF seminar, 27-March-2007 page 32 

v2
2

 {2} from different subevents 

Blue - OppCharges 
Red – Same Charges 
Green - SameChargeOppEta 

peripheral central 

     v2
2 

Nonflow scales with multiplicity as 1/N, reflecting the probability that 
the second particle is from the same cluster as the first one.
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Number of “independent NN collisions”, a la Npart/2.

Non-flow looks exactly the same in pp  
and AA  " Results - directly “correctible”.

Consider correlations of a “red” particle (some momentum “bin”) 
with all other, “black”, particles in the event

Check if non-flow estimates/measurements reported 
or Au+Au are consistent with measurements in pp. 
(Expect the difference of the order of factor of <~2.   
Extra particles in jets " non-flow contribution increases  
B-to-B jet suppression – non-flow goes down) 

Use pp data to estimate non-flow effects in Au+Au  
when other methods do not work

⟨urQ*⟩ = (vrvb + δAA
rb )MAA

δAA
rb ≈

δpp
rb

Ncoll
≈

δpp
rb Mpp

MAA

⟨urQ*⟩AA ≈ vrvb + ⟨ubQ*⟩pp

Q = ∑
j∈{b}

uJ; uj = ei 2ϕj
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pp (non-flow)

AuAu (flow + non-flow)

In VERY 
peripheral 
collisions, 
azimuthal 
correlation in 
AuAu are 
dominated by 
non-flow.

At high pt in central 
collisions, azimuthal 
correlation in AuAu 
could be dominated 
by nonflow. 
It does not mean that 
v2 is zero! 

It is remarkable how 
well they agree 
at high pt !

STAR: PRL 93(2004)252301
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( )

* 2 2
1 2 2

* 1/ 2
2 1 2

* * 4 2 2
1 2 3 4 2 2

1/ 4* 2 * *
2 1 2 1 2 3 4
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{2}

2 2 2
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v u u
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φ

δ δ

δ〈 〉 = + ≡

≡ 〈 〉

〈 〉 = + ⋅ +

≡ 〈 〉 − 〈 〉

Several reasons for  to fluctuate: 
Variation in impact parameter in a centrality bin 
(easily correctable) 
“Real” flow fluctuations due to fluctuations 
in the initial conditions or in the system 
evolution

vn

v2{2} = ⟨v2
2⟩ + δ

v2{4} = 4 2⟨v2
2⟩2 − ⟨v4

2⟩

Assumes , etc.⟨δ2⟩ = ⟨δ⟩2

 and , flow fluctuations or nonflow?v2{2} v2{4}
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Radial expansion  nonflow→

19

pY
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Art’s symposium on collective flow, December 8-9, 2022page S.A. Voloshin3

d+Au, 40-100%

Au+Au, 0-5%

STAR preliminary

3 < pT(trig) < 6 GeV 
2 < pT(assoc) < pT(trig)

D. Magestro (STAR) – 
Hard Probes 2004

arXiv:nucl-ex/0301014v1  24 Jan 2003
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FIG. 1: The balance function versus ∆η for charged parti-
cle pairs from a) central and peripheral Au+Au collisions at√
sNN = 130 GeV and mixed events from central and periph-

eral Au+Au collisions, and b) HIJING events filtered with
GEANT [16] and shuffled pseudorapidity events from central
and peripheral Au+Au collisions. To guide the eye, Gaus-
sian fits excluding the lowest bin in ∆η are shown. The error
bars shown are statistical. The balance function for HIJING
events is independent of centrality.

Physical effects over and above this constraint can be
discerned by comparison to a reference data set that pre-
serves global charge conservation, while removing effects
of dynamical particle correlations. A relevant reference is
provided in Figure 1b for central and peripheral collision
samples independently by calculating the balance func-
tion after the pseudorapidities of all charged particles
within each measured event have been randomly shuf-
fled. Dynamical correlations in Au+Au are reflected in
the deviation of the results in Figure 1a from the shuffled
pseudorapidity results in Figure 1b. In addition Figure
1a also shows the balance functions generated from con-
ventional mixed-event samples constructed [17] by choos-
ing random particles from different measured events with
similar event vertex positions and centralities. The bal-
ance function for mixed events integrates to zero because
global charge conservation has been removed. The fact
that the balance function is zero for all ∆η for all cen-
tralities demonstrates that STAR’s acceptance in ∆η is
smooth. For both the mixed events and shuffled pseudo-

HIJING-GEANT

0.55

0.6

0.65

0.7

0.75

0.8
Data
Shuffled η

0 0.2 0.4 0.6 0.8 1

< Δ
η>

b/bmax

FIG. 2: The width of the balance function for charged par-
ticles, ⟨∆η⟩, as a function of normalized impact parameter
(b/bmax). Error bars shown are statistical. The width of
the balance function from HIJING events is shown as a band
whose height reflects the statistical uncertainty. Also shown
are the widths from the shuffled pseudorapidity events.

rapidity samples, the measured inclusive pseudorapidity
distributions are preserved.

Within this area constraint, the variation of the bal-
ance function with centrality can be effectively charac-
terized by the single parameter ⟨∆η⟩, the mean pseudo-
rapidity difference weighted by the balance function (ex-
cluding the lowest bin in ∆η to reduce the background
correlation from electron contamination). We refer to
⟨∆η⟩ below as the “width” of the balance function. The
measured widths for four centrality classes are shown in
Figure 2 as a function of the impact parameter fraction
b/bmax, which is determined using a simple geometrical
picture [19] to relate impact parameter to fractions of the
total cross section. In Figure 2, the width of the balance
function measured for central collisions is significantly
smaller than that for peripheral collisions. The results
for the mid-peripheral and mid-central centrality classes
decrease smoothly and monotonically from the periph-
eral collision value. Figure 2 indicates that while the
width observed in peripheral collisions is consistent with
the HIJING prediction, the balance function for central
collisions is significantly narrower, suggesting a variation
in the underlying particle production dynamics between
these two classes of events. In Figure 2 the widths from
the shuffled pseudorapidity events are also shown. These
widths show little centrality dependence and are wider
than those of the data or HIJING. The widths from shuf-
fled pseudorapidity events represent the maximum possi-
ble width of a balance function measured with the STAR
detector.

The results for identified charged pion pairs are similar
to those for non-identified charged particles as indicated
in Figure 3. The overall shape of the balance function is

Nonflow specific only for AA?
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Values of transverse flow  
(a) would contradict nonflow estimates 
(b) oversaturate the difference 

⟨ρ2
t ⟩ > 0.25

v2{2} − v2{4}
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Flow fluctuations

21

The difference between two-particle and many-
particle correlation results are due to flow 
fluctuations and nonflow.

The difference between  and  is almost 
fully saturated by eccentricity fluctuations according 
to nucleon participant Glauber MC.

v2{2} v2{4}
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Abstract

We discuss a specific model of elliptic flow fluctuations due to Gaussian fluctuations in the initial spatial x and y eccentricity components
{⟨(σ 2

y − σ 2
x )/(σ 2

x + σ 2
y )⟩, ⟨2σxy/(σ 2

x + σ 2
y )⟩}. We find that in this model v2{4}, elliptic flow determined from 4-particle cumulants, exactly equals

the average flow value in the reaction plane coordinate system, ⟨vRP⟩, the relation which, in an approximate form, was found earlier by Bhalerao
and Ollitrault in a more general analysis, but under the same assumption that v2 is proportional to the initial system eccentricity. We further show
that in the Gaussian model all higher order cumulants are equal to v2{4}. Analysis of the distribution in the magnitude of the flow vector, the
Q-distribution, reveals that it is totally defined by two parameters, v2{2}, the flow from 2-particle cumulants, and v2{4}, thus providing equivalent
information compared to the method of cumulants. The flow obtained from the Q-distribution is again v2{4} = ⟨vRP⟩.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Elliptic flow is an important observable in heavy ion colli-
sion experiments, which provides valuable information about
the physics of the system evolution starting from very early
times. Large elliptic flow values observed recently in exper-
iments at RHIC [1] are often used as an evidence for early
system thermalization and as an argument for the creation of
a new form of matter, sQGP, the strongly interacting quark–
gluon plasma. With high statistics data obtained in the last few
years at RHIC the analysis of elliptic flow becomes dominated
by systematic uncertainties, mostly by inability to separate the
so-called non-flow correlations (azimuthal correlations not re-
lated to the orientation of the reaction plane) and the effects of
flow fluctuations [2]. Flow fluctuations can be due to different
reasons: one that has attracted much attention recently is the
fluctuations in initial eccentricity of the participant zone. Be-

* Corresponding author.
E-mail address: voloshin@wayne.edu (S.A. Voloshin).

low we discuss only the flow fluctuations related to eccentricity
fluctuations [3–5]. In this Letter we review the definitions of the
different coordinate systems relevant to flow analysis. Then we
discuss a particular model of eccentricity fluctuations. Within
this model we show that by studying azimuthal correlations of
produced particles at midrapidity it is in principle impossible to
separate non-flow correlations from flow fluctuations effects as
all observables contain the same combination of the two effects.

2. Flow coordinate systems

We call the coordinate system defined by the impact pa-
rameter and the beam direction the reaction plane coordinate
system, and use subscript RP to denote quantities in this sys-
tem (see Fig. 1). Then the orientation (azimuth) of the impact
parameter vector in the laboratory frame is given by ΨRP. The
principal axes of the participant zone will define the participant
plane coordinate system with the corresponding angle ΨPP, and
with the xPP axis pointing in the direction of the semi-minor
axis of the participant zone. We use PP subscript for quantities
defined in this system.
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Fig. 1. The definitions of the RP and PP coordinate systems.

Fig. 2. The definition of the EP coordinate system.

The orientation of the flow vector Q = {Qx,Qy} =
{∑i cos 2φi ,

∑
i sin 2φi}, where the sum runs over all parti-

cles in some momentum window, defines the second harmonic
event plane (see Fig. 2) with corresponding azimuth ΨEP,
Qx = Q cos 2ΨEP, Qy = Q sin 2ΨEP. Although we use Q in
this Letter, in practice one would use q = Q/

√
N in order to

minimize the effect of the multiplicity spread within a central-
ity bin [2]. For a given orientation of the participant plane, ΨPP,
anisotropic flow develops along this participant plane.

The orientation of the participant plane can be also charac-
terized by the eccentricity vector with coordinates

(1)ε = {εx, εy} =
{〈

σ 2
y − σ 2

x

σ 2
x + σ 2

y

〉

part
,

〈
2σxy

σ 2
x + σ 2

y

〉

part

}
,

where σ 2
x = ⟨x2⟩ − ⟨x⟩2, σ 2

y = ⟨y2⟩ − ⟨y⟩2, and σ 2
xy = ⟨xy⟩ −

⟨y⟩⟨x⟩, and the average is taken over the coordinates of the
participants in a given event [3–5]. The eccentricity vector di-
rection is given by ΨPP = atan 2(εy, εx), and its magnitude,

εpart =
√

ε2
x + ε2

y ≡ εPP, is called the participant eccentricity
(see Figs. 3, 4) in contrast with the reaction plane (or standard)
eccentricity εx ≡ εRP with its mean value defined to be

(2)⟨εx⟩ = ⟨εRP⟩ ≡ ε̄.

This mean value is approximately εopt, the optical eccentricity
determined by the optical Glauber model [6].

Fig. 3. Definition of εpart.

Fig. 4. Flow vector distribution in events with fixed ε.

3. Gaussian model for eccentricity fluctuations

In events with fixed ε, both in magnitude and orientation, the
flow vector on average points along ε, but with the magnitude
and orientation of the flow vector fluctuating due to finite mul-
tiplicity of particles used in its definition. As can be seen from
simulations using the MC Glauber model [3–5] in Fig. 5, the
distributions in εx and εy are well approximated by a Gaussian
form with widths approximately equal in the two directions.
There exists some deviation from a Gaussian form in periph-
eral collisions, but even there the deviations are small, so we
proceed with the Gaussian ansatz. We denote the equal widths
in εx and εy by σε . The distribution in the magnitude of the ec-
centricity, εpart, can be obtained by integration over angle of the
vector ε as a two-dimensional Gaussian (see, for example, the
derivation in [7]), and is given by

dn

dεpart
= εpart

σ 2
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)
,

where we have introduced a short hand notation BG(x; x̄,σ )

for the “Bessel–Gaussian” distribution with one variable argu-
ment and two constant parameters (see Fig. 6). Note that in
BG(εpart; ⟨εRP⟩,σε), εpart is an eccentricity as given in PP but
⟨εRP⟩ and σε describe the 2D Gaussian distribution in the RP-
system. The distribution is normalized to unity. For later use we
provide a few moments of the distribution BG(x; x̄,σ ), where
x is a generic variable (not the x-axis):
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(i) The reaction plane (RP) is the plane spanned by the
beam direction and the impact parameter vector. This
plane is unique for every collision.

(ii) The participant plane (PP) is defined by the initial
density distribution. Subtle differences may exist, de-
pending on, e.g., whether entropy or energy density
is used as a weight, but these potentially small differ-
ences are not discussed in this paper. We assume that
the properly constructed PPs define the development
of anisotropic flow.

(iii) The flow symmetry plane or the flow plane (FP) deter-
mines the orientation of the corresponding harmonic
anisotropic flow. It is assumed that the FP coincides
with the PP of the same harmonic (linear flow mode)
or a proper combination of the lower harmonic PPs
(nonlinear flow mode). With the nonlinear flow modes
being neglected, FP and PP are often used inter-
changeably.

(iv) The event plane (EP) estimates the FP by analyzing
the particle azimuthal distribution in a particu-
lar kinematic region. Owing to the finite number
of particles involved in such an estimate, the EP
is subject to statistical fluctuations. The measure-
ments obtained with the EP have to be corrected
for the event-plane resolution [2], characterized by
⟨cos[n (!EP

n − !FP
n )]⟩. !EP is the azimuthal angle

of the reconstructed n th-harmonic flow vector Qn =
[
∑N

i wi cos(n ϕi),
∑N

i wi sin(n ϕi )], where wi is the
weight for each particle. For simplicity, we use unity
weights in the event-plane calculation.

(v) The spectator plane (SP) is determined by a side-
ward deflection of spectator nucleons and is regarded
as a better proxy for RPs than FPs (determined by
participants).

The objective of this paper is the flow-plane decorrela-
tion in the (pseudo)rapidity (η) direction. Decorrelation here
means the deviation of a local flow plane from the value at
the center-of-mass rapidity (yCM), $!(η) = !(η) − !(yCM).
For simplicity, yCM is set to zero for the symmetric collisions
under study. In practice, we measure the relative tilt angles
between the flow planes at backward, mid, and forward ra-
pidities. For concreteness we focus on the 2nd-harmonic flow.
From event to event, two possible patterns arise from flow
fluctuations: (a) when the flow-plane angles at forward and
backward pseudorapidities (!f and !b) fall on the opposite
sides of the flow plane at midrapidities (!m)—the “torque”
scenario, or S-shaped decorrelations, and (b) when !f and !b
fall on the same side relative to !m—the “bow” scenario, or
C-shaped decorrelations. These two cases are exemplified in
Figs. 2(a) and 2(b), respectively.

The magnitude and pattern of the flow-plane decorrelation
is extremely important, not only for the flow measurements
(to be discussed in Sec. II) but also for understanding of
the initial condition in the longitudinal direction. Flow-plane
decorrelations can be caused by the torque effect [4] and, more
generally, eccentricity decorrelations [5]. The mechanisms
leading to the decorrelations also include hydrodynamic fluc-
tuations in the QGP fluid [6] and glasma dynamics [7].

labx
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FIG. 1. Schematic view of a two-nucleus collision in the trans-
verse plane. The left nucleus is emerging from the page and the right
one is going into the page. Particles are produced in the overlap
region (green colored are the participant nucleons). The azimuthal
angles of the spectator plane (!SP), the participant plane (!PP), and
one of the produced particles (ϕ) are depicted here.

There also exists a phenomenological dynamical model of the
initial states [8] that predicts the torque. We cannot exclude
the possibility that the mechanisms causing the S-shaped
decorrelations coexist with those originating the C-shaped
ones in heavy-ion collisions. Therefore, experimental observ-
ables are only expected to measure the average effect and
reveal the dominant decorrelation pattern.

FIG. 2. Schematic view of (a) the “torque” or S-shaped decor-
relation patterns and (b) the bow or C-shaped decorrelation patterns
in the longitudinal distribution of the flow plane angle. The ellipses
indicate the transverse momentum distributions of the final-state
particles. Panel (c) delimits the kinematic regions for the particles
at mid, forward, and backward pseudorapidities.
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The azimuthal correlations between local flow planes at different (pseudo)rapidities (η) may reveal important
details of the initial nuclear matter density distributions in heavy-ion collisions. Extensive experimental mea-
surements of a factorization ratio (r2) and its derivative (F2) have shown evidence of the longitudinal flow-plane
decorrelation. However, nonflow effects also affect this observable and prevent a quantitative understanding of
the phenomenon. In this paper, to distinguish decorrelation and nonflow effects, we propose a new cumulant
observable, T2, which largely suppresses nonflow. The technique sensitivity to different initial-state scenarios
and nonflow effects are tested with a simple Monte Carlo model, and in the end, the method is applied to
events simulated by a multiphase transport model (AMPT) for Au + Au collisions at

√
sNN = 200 GeV. We also

emphasize that a distinct decorrelation signal requires not only the right sign of an observable but also its proper
dependence on the η window of the reference flow plane to be consistent with the pertinent decorrelation picture.

DOI: 10.1103/PhysRevC.105.024902

I. INTRODUCTION

Experiments on high-energy heavy-ion collisions, such as
those at the BNL Relativistic Heavy Ion Collider (RHIC)
and the CERN Large Hadron Collider (LHC), aim to create
a quark-gluon plasma (QGP) and to study the properties of
this deconfined nuclear medium. Most heavy-ion collisions
are not head-on, and traditionally, the nucleons experiencing
at least one collision are considered as participants, and the
remaining are labeled as spectators (see Fig. 1). While specta-
tors fly away, the system created by the participant interaction
presumably undergoes a hydrodynamic expansion. The ini-
tial geometry of the system is determined by the participant
distribution, with event-by-event fluctuations. The pressure
gradients of the medium convert the spatial anisotropies of
the initial matter distribution into the momentum anisotropies
of the final-state particles. Consequently, the azimuthal dis-
tributions of emitted particles can be analyzed with a Fourier
expansion [1,2],

dN
dϕ

∝ 1 +
∞∑

n=1

2vn cos[n(ϕ −#RP)], (1)

where ϕ denotes the azimuthal angle of a particle and #RP is
the reaction plane azimuth (defined by the impact parameter
vector). The Fourier coefficients,

vn = ⟨cos[n(ϕ −#RP)]⟩, (2)

*zhiwanxu@physics.ucla.edu
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are referred to as anisotropic flow of the nth harmonic. By
convention, v1, v2, and v3 are called “directed flow,” “ellip-
tic flow,” and “triangular flow,” respectively. They reflect the
hydrodynamic response of the system to the initial geometry
(and its fluctuations) of the participant zone [3].

In reality, the reaction plane is unknown, and more im-
portantly, the initial-state fluctuations drive the anisotropic
flow along the planes that differ from the reaction plane, the
so-called flow symmetry planes or participant planes (#PP

n ).
Then the particle azimuthal distributions can be rewritten as

dN
dϕ

∝ 1 +
∞∑

n=1

2vn cos
[
n
(
ϕ −#PP

n

)]
. (3)

The meaning of the flow coefficients vn changes from those
in Eq. (2), but for simplicity of notations, the same sym-
bols will be used, since in later discussions we will not
determine the flow coefficients with the reaction plane.
Anisotropic flow measurements relative to the participant
plane are straightforward, as the flow itself can be used to
estimate the corresponding flow plane. However, using the
participant/flow plane also has its drawback—these planes
become dependent on the kinematic region (rapidity and
transverse momentum) of particles involved. This dependence
is relatively weak, which still justifies the flow formalism of
Eq. (3), but it needs to be taken into account to interpret
high-precision flow measurements in modern experiments, es-
pecially the flow-plane decorrelation analyses to be discussed.

For clarity, we collect the definitions of different planes
used in this paper below.
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Abstract

We discuss a specific model of elliptic flow fluctuations due to Gaussian fluctuations in the initial spatial x and y eccentricity components
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y )⟩}. We find that in this model v2{4}, elliptic flow determined from 4-particle cumulants, exactly equals

the average flow value in the reaction plane coordinate system, ⟨vRP⟩, the relation which, in an approximate form, was found earlier by Bhalerao
and Ollitrault in a more general analysis, but under the same assumption that v2 is proportional to the initial system eccentricity. We further show
that in the Gaussian model all higher order cumulants are equal to v2{4}. Analysis of the distribution in the magnitude of the flow vector, the
Q-distribution, reveals that it is totally defined by two parameters, v2{2}, the flow from 2-particle cumulants, and v2{4}, thus providing equivalent
information compared to the method of cumulants. The flow obtained from the Q-distribution is again v2{4} = ⟨vRP⟩.
© 2007 Elsevier B.V. All rights reserved.

PACS: 25.75.Ld; 25.75.-q,

1. Introduction

Elliptic flow is an important observable in heavy ion colli-
sion experiments, which provides valuable information about
the physics of the system evolution starting from very early
times. Large elliptic flow values observed recently in exper-
iments at RHIC [1] are often used as an evidence for early
system thermalization and as an argument for the creation of
a new form of matter, sQGP, the strongly interacting quark–
gluon plasma. With high statistics data obtained in the last few
years at RHIC the analysis of elliptic flow becomes dominated
by systematic uncertainties, mostly by inability to separate the
so-called non-flow correlations (azimuthal correlations not re-
lated to the orientation of the reaction plane) and the effects of
flow fluctuations [2]. Flow fluctuations can be due to different
reasons: one that has attracted much attention recently is the
fluctuations in initial eccentricity of the participant zone. Be-
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low we discuss only the flow fluctuations related to eccentricity
fluctuations [3–5]. In this Letter we review the definitions of the
different coordinate systems relevant to flow analysis. Then we
discuss a particular model of eccentricity fluctuations. Within
this model we show that by studying azimuthal correlations of
produced particles at midrapidity it is in principle impossible to
separate non-flow correlations from flow fluctuations effects as
all observables contain the same combination of the two effects.

2. Flow coordinate systems

We call the coordinate system defined by the impact pa-
rameter and the beam direction the reaction plane coordinate
system, and use subscript RP to denote quantities in this sys-
tem (see Fig. 1). Then the orientation (azimuth) of the impact
parameter vector in the laboratory frame is given by ΨRP. The
principal axes of the participant zone will define the participant
plane coordinate system with the corresponding angle ΨPP, and
with the xPP axis pointing in the direction of the semi-minor
axis of the participant zone. We use PP subscript for quantities
defined in this system.
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Fig. 1. The definitions of the RP and PP coordinate systems.

Fig. 2. The definition of the EP coordinate system.

The orientation of the flow vector Q = {Qx,Qy} =
{∑i cos 2φi ,

∑
i sin 2φi}, where the sum runs over all parti-

cles in some momentum window, defines the second harmonic
event plane (see Fig. 2) with corresponding azimuth ΨEP,
Qx = Q cos 2ΨEP, Qy = Q sin 2ΨEP. Although we use Q in
this Letter, in practice one would use q = Q/

√
N in order to

minimize the effect of the multiplicity spread within a central-
ity bin [2]. For a given orientation of the participant plane, ΨPP,
anisotropic flow develops along this participant plane.

The orientation of the participant plane can be also charac-
terized by the eccentricity vector with coordinates

(1)ε = {εx, εy} =
{〈

σ 2
y − σ 2

x

σ 2
x + σ 2

y

〉

part
,

〈
2σxy

σ 2
x + σ 2

y

〉

part

}
,

where σ 2
x = ⟨x2⟩ − ⟨x⟩2, σ 2

y = ⟨y2⟩ − ⟨y⟩2, and σ 2
xy = ⟨xy⟩ −

⟨y⟩⟨x⟩, and the average is taken over the coordinates of the
participants in a given event [3–5]. The eccentricity vector di-
rection is given by ΨPP = atan 2(εy, εx), and its magnitude,

εpart =
√

ε2
x + ε2

y ≡ εPP, is called the participant eccentricity
(see Figs. 3, 4) in contrast with the reaction plane (or standard)
eccentricity εx ≡ εRP with its mean value defined to be

(2)⟨εx⟩ = ⟨εRP⟩ ≡ ε̄.

This mean value is approximately εopt, the optical eccentricity
determined by the optical Glauber model [6].

Fig. 3. Definition of εpart.

Fig. 4. Flow vector distribution in events with fixed ε.

3. Gaussian model for eccentricity fluctuations

In events with fixed ε, both in magnitude and orientation, the
flow vector on average points along ε, but with the magnitude
and orientation of the flow vector fluctuating due to finite mul-
tiplicity of particles used in its definition. As can be seen from
simulations using the MC Glauber model [3–5] in Fig. 5, the
distributions in εx and εy are well approximated by a Gaussian
form with widths approximately equal in the two directions.
There exists some deviation from a Gaussian form in periph-
eral collisions, but even there the deviations are small, so we
proceed with the Gaussian ansatz. We denote the equal widths
in εx and εy by σε . The distribution in the magnitude of the ec-
centricity, εpart, can be obtained by integration over angle of the
vector ε as a two-dimensional Gaussian (see, for example, the
derivation in [7]), and is given by

dn

dεpart
= εpart

σ 2
ε

I0

(
εpart⟨εRP⟩

σ 2
ε

)
exp

(
−

ε2
part + ⟨εRP⟩2

2σ 2
ε

)

(3)≡ BG
(
εpart; ⟨εRP⟩,σε

)
,

where we have introduced a short hand notation BG(x; x̄,σ )

for the “Bessel–Gaussian” distribution with one variable argu-
ment and two constant parameters (see Fig. 6). Note that in
BG(εpart; ⟨εRP⟩,σε), εpart is an eccentricity as given in PP but
⟨εRP⟩ and σε describe the 2D Gaussian distribution in the RP-
system. The distribution is normalized to unity. For later use we
provide a few moments of the distribution BG(x; x̄,σ ), where
x is a generic variable (not the x-axis):

⟨x⟩ = 1
2σ

exp
(

− x̄2

4σ 2

)√
π

2

[(
2σ 2 + x̄2)I0

(
x̄2

4σ 2

)

(4)+ x̄2I1

(
x̄2

4σ 2

)]
,
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"  (and higher cumulants) coincides with v2{4} v2{RP}

Model assumes a Gaussian form for the 
distributions in εx and εy, (a very good 
approximation of MC Glauber calculations). 
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Note: 

 “participant” eccentricity values are larger 
compared to “standard” 
 εstd ≈ εpart cos(ΔΨ). 

- higher cumulant results are very close to 
“standard” ones for midcentral collisions

{ } 22 2 22 εε ε ε σ≡ = +

{ }
24 2 44 2ε ε ε≡ −

Main idea: use proper ε{n} to 
rescale corresponding v2{n}: 

{ } { }/v n v nε ε=
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Any of two could “explain” the entire difference  
between  and v2{2} v2{4}
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= ∑
hot spots

Shuryak et al.

 - “hot spots” correlations = nonflow 
 - flow vs “participant planes” - “hot spot” correlations  

                = part of flow fluctuations

vn{RP}
vn{PP}

Flow and Viscosity in Relativistic Heavy Ion Collisions 9

year, the dynamical IP-Glasma model (81) was developed which builds on the

IP-Sat (Impact Parameter dependent Saturation) model (82) to generate finite

deformed fluctuating initial gluon field configurations in the transverse plane, and

then evolves them with classical Yang-Mills dynamics (75, 76, 77, 78). While the

lack of thermalization and of longitudinal fluctuations are still weaknesses of this

model, it is the first semi-realistic approach to describing the pre-equilibrium

stage dynamically, matching it consistently to the hydrodynamic stage.1 Fig-

ure 1 shows three snapshots of the transverse energy density profile from this

model.

3 INITIAL-STATE DENSITY AND SHAPE FLUCTUATIONS

3.1 Harmonic eccentricity and flow coefficients

The development of anisotropic flow is controlled by the anisotropies in the pres-

sure gradients which in turn depend on the shape and structure of the initial

density profile. The latter can be characterized by a set of harmonic eccentricity

coefficients εn and associated angles Φn:

ε1e
iΦ1 ≡ −

∫

r dr dφ r3eiφ e(r,φ)
∫

r dr dφ r3e(r,φ)
, εne

inΦn ≡ −
∫

r dr dφ rneinφ e(r,φ)
∫

r dr dφ rne(r,φ)
(n > 1),

(1)

where e(r,φ) is the initial energy density distribution in the plane transverse to

the beam direction. When, for collisions between nuclei of the same species, e is

averaged over many events and the angle φ is measured relative to the impact

parameter vector, there is a symmetry between φ and −φ as well as between φ

and φ+ π, and all odd εn coefficients vanish.

An important insight (23, 24, 25) has been that, due to event-by-event fluctu-

ations of the transverse positions of the nucleons inside the colliding nuclei (22),

and of the gluon density profiles inside those nucleons (75, 76, 77, 78, 81, 84, 85)

(see Figure 1), these symmetries do not hold in an individual collision event.

Therefore, in every collision all eccentricity coefficients are usually non-zero, driv-

ing anisotropic flow components of any harmonic order whose magnitudes and

directions fluctuate from event to event. The statistical distributions of εn and

Φn which, in a hydrodynamic picture, control the statistical distributions of the

final anisotropic flows vn and their directions Ψn, are of quantum mechanical

origin and depend on the internal structure of the colliding nuclei (see Sec. 3.3).

The anisotropic flow coefficients vn and their associated flow angles Ψn are

1It has been suggested that, since classical Yang-Mills dynamics does not lead to local ther-

malization, a different matching scheme (83) should be used that, unlike Landau matching, does

not rely on small deviations from local equilibrium. This interesting suggestion still needs to be

fully worked out for fluctuating initial conditions.
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ε1e
iΦ1 ≡ −

∫

r dr dφ r3eiφ e(r,φ)
∫

r dr dφ r3e(r,φ)
, εne

inΦn ≡ −
∫

r dr dφ rneinφ e(r,φ)
∫

r dr dφ rne(r,φ)
(n > 1),

(1)
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and of the gluon density profiles inside those nucleons (75, 76, 77, 78, 81, 84, 85)

(see Figure 1), these symmetries do not hold in an individual collision event.

Therefore, in every collision all eccentricity coefficients are usually non-zero, driv-

ing anisotropic flow components of any harmonic order whose magnitudes and

directions fluctuate from event to event. The statistical distributions of εn and

Φn which, in a hydrodynamic picture, control the statistical distributions of the

final anisotropic flows vn and their directions Ψn, are of quantum mechanical

origin and depend on the internal structure of the colliding nuclei (see Sec. 3.3).

The anisotropic flow coefficients vn and their associated flow angles Ψn are

1It has been suggested that, since classical Yang-Mills dynamics does not lead to local ther-

malization, a different matching scheme (83) should be used that, unlike Landau matching, does

not rely on small deviations from local equilibrium. This interesting suggestion still needs to be
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In the linear approximation:2d Fourier density decomposition
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10k Pb+Pb events, b=8 fm

vn(pT, y) = ⟨cos[n(ϕi − Ψn)]⟩E
d3n
d3p

=
1

2π pT

d2n
dpt dy (1 + ∑

n

2vn cos[n(ϕ − Ψn)])
Note the difference in definitions of . 

 accounts for contribution from  non-linear modes (see below)
vn

Ψn
Usually all “overlines” are omitted

Note, that in such a picture, the flow plane (orientation of anisotropic flow) can depend on  
particle momentum (rapidity and ),  on the particle type, strength of another harmonic, etc. pT
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(i) The reaction plane (RP) is the plane spanned by the
beam direction and the impact parameter vector. This
plane is unique for every collision.

(ii) The participant plane (PP) is defined by the initial
density distribution. Subtle differences may exist, de-
pending on, e.g., whether entropy or energy density
is used as a weight, but these potentially small differ-
ences are not discussed in this paper. We assume that
the properly constructed PPs define the development
of anisotropic flow.

(iii) The flow symmetry plane or the flow plane (FP) deter-
mines the orientation of the corresponding harmonic
anisotropic flow. It is assumed that the FP coincides
with the PP of the same harmonic (linear flow mode)
or a proper combination of the lower harmonic PPs
(nonlinear flow mode). With the nonlinear flow modes
being neglected, FP and PP are often used inter-
changeably.

(iv) The event plane (EP) estimates the FP by analyzing
the particle azimuthal distribution in a particu-
lar kinematic region. Owing to the finite number
of particles involved in such an estimate, the EP
is subject to statistical fluctuations. The measure-
ments obtained with the EP have to be corrected
for the event-plane resolution [2], characterized by
⟨cos[n (!EP

n − !FP
n )]⟩. !EP is the azimuthal angle

of the reconstructed n th-harmonic flow vector Qn =
[
∑N

i wi cos(n ϕi ),
∑N

i wi sin(n ϕi )], where wi is the
weight for each particle. For simplicity, we use unity
weights in the event-plane calculation.

(v) The spectator plane (SP) is determined by a side-
ward deflection of spectator nucleons and is regarded
as a better proxy for RPs than FPs (determined by
participants).

The objective of this paper is the flow-plane decorrela-
tion in the (pseudo)rapidity (η) direction. Decorrelation here
means the deviation of a local flow plane from the value at
the center-of-mass rapidity (yCM), $!(η) = !(η) − !(yCM).
For simplicity, yCM is set to zero for the symmetric collisions
under study. In practice, we measure the relative tilt angles
between the flow planes at backward, mid, and forward ra-
pidities. For concreteness we focus on the 2nd-harmonic flow.
From event to event, two possible patterns arise from flow
fluctuations: (a) when the flow-plane angles at forward and
backward pseudorapidities (!f and !b) fall on the opposite
sides of the flow plane at midrapidities (!m)—the “torque”
scenario, or S-shaped decorrelations, and (b) when !f and !b
fall on the same side relative to !m—the “bow” scenario, or
C-shaped decorrelations. These two cases are exemplified in
Figs. 2(a) and 2(b), respectively.

The magnitude and pattern of the flow-plane decorrelation
is extremely important, not only for the flow measurements
(to be discussed in Sec. II) but also for understanding of
the initial condition in the longitudinal direction. Flow-plane
decorrelations can be caused by the torque effect [4] and, more
generally, eccentricity decorrelations [5]. The mechanisms
leading to the decorrelations also include hydrodynamic fluc-
tuations in the QGP fluid [6] and glasma dynamics [7].

labx

lab
y

PP
SP

SP!
PP!

"

FIG. 1. Schematic view of a two-nucleus collision in the trans-
verse plane. The left nucleus is emerging from the page and the right
one is going into the page. Particles are produced in the overlap
region (green colored are the participant nucleons). The azimuthal
angles of the spectator plane (!SP), the participant plane (!PP), and
one of the produced particles (ϕ) are depicted here.

There also exists a phenomenological dynamical model of the
initial states [8] that predicts the torque. We cannot exclude
the possibility that the mechanisms causing the S-shaped
decorrelations coexist with those originating the C-shaped
ones in heavy-ion collisions. Therefore, experimental observ-
ables are only expected to measure the average effect and
reveal the dominant decorrelation pattern.

FIG. 2. Schematic view of (a) the “torque” or S-shaped decor-
relation patterns and (b) the bow or C-shaped decorrelation patterns
in the longitudinal distribution of the flow plane angle. The ellipses
indicate the transverse momentum distributions of the final-state
particles. Panel (c) delimits the kinematic regions for the particles
at mid, forward, and backward pseudorapidities.
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example of such nonflow effects on the |ηf(b)| dependence of
F2 in Xe + Xe collisions at

√
sNN = 5.44 TeV.

IV. T2 ANALYSES

In view of possible significant nonflow contributions in
v2{"f(b)} and F2 analyses, we advocate a new observable to
probe the longitudinal flow-plane decorrelation:

T2 = ⟨⟨sin 2("f −"m,1) sin 2("b −"m,2)⟩⟩
Res("f )Res("m,1)Res("b)Res("m,2)

, (14)

where particles at midrapidities (|η| < 1) are divided into
two subevents to form "m,1 and "m,2, as demonstrated in
Fig. 2(c). The double brackets denote “cumulant,” and operate
as follows:

⟨⟨sin(a − b) sin(c − d )⟩⟩
≡ ⟨sin(a − b) sin(c − d )⟩ − 1

2 ⟨cos(a − c)⟩⟨cos(b− d )⟩

+ 1
2 ⟨cos(a − d )⟩⟨cos(b− c)⟩, (15)

the derivation of which is elaborated in Appendix A. Taking
into account the flow fluctuation contributions in the event-
plane resolution, we have

T2 = ⟨sin 2("f −"m,1) sin 2("b −"m,2)⟩
⟨cos 2("f −"m,1) cos 2("b −"m,2)⟩

− ⟨cos 2("f −"b)⟩⟨cos 2("m,1 −"m,2)⟩
2⟨cos 2("f −"m,1)⟩⟨cos 2("b −"m,2)⟩

+ 1
2
.

(16)

The generalization of the T2 definition to four independent
pseudorapidity ranges is straightforward and is discussed in
Appendix C.

Defined as a four-particle cumulant, T2 is essentially free
from nonflow contributions (see Ref. [16] and references
therein). T2, as expressed in Eq. (14), provides an intuitive way
to tell whether "f and "b fall on the same side or the opposite
sides of "m: a positive T2 means a bow or a C-shaped decor-
relation, and a negative T2 signifies a torque or an S-shaped
decorrelation. As done in the past, we exploit the linear-
#"(η) simulation without nonflow to learn the qualitative
dependence of T2 on |ηf(b)| and d#"

dη
in different decorrelation

patterns. With a specific d#"
dη

, Fig. 7 shows a rapid decreasing
trend of T2 vs |ηf(b)| for the S-shaped case in panel (a) and
an increasing trend for the C-shaped case in panel (b). The
simulated points obey the following mathematical relations:

T2 = −
sin2 (

2 d#"
dη

|ηf(b)|
)
+ 1

2 cos
(
4 d#"

dη
|ηf(b)|

)

cos2
(
2 d#"

dη
|ηf(b)|

) + 1
2

= −1
2

tan2
(

2
d#"

dη
|ηf(b)|

)
(S shape), (17)

T2 =
sin2 [

2 d#"
dη

(|ηf(b)| − 0.5)
]
− 1

2

cos2
[
2 d#"

dη
(|ηf(b)| − 0.5)

] + 1
2

= 1
2

tan2
[

2
d#"

dη
(|ηf(b)| − 0.5)

]
(C shape). (18)
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FIG. 7. Simple Monte Carlo simulations of T2 as a function of
|ηf(b)| and d#"

dη
for the S-shaped (a) and the C-shaped (b) flow-

plane decorrelations without nonflow. The curves express Eqs. (17)
and (18).

Again, in reality, the tilt angle may not increase linearly with
the η gap, but we have confirmed with various monotonic
function forms that the falling and rising trends of T2 vs
|ηf(b)| should be solid expectations for the S-shaped and the
C-shaped decorrelations, respectively.

In v2{"f(b)} and F2 analyses, the core element is a cosine
function that yields large values close to 1 in strong-nonflow
scenarios. Conversely, T2 uses the cumulant of a sine function
that gives close-to-zero nonflow contributions. Nonflow stud-
ies on T2 are presented in Fig. 8 with the same procedure as
before. Figure 8(a) shows that, for the scenario without any
decorrelation, the T2 results are mostly consistent with zero,
with a potential of slightly negative values with the embedding
of PYTHIA events at 2.76 TeV. Figure 8(b) shows that, for the
scenarios with the C-shaped and the S-shaped decorrelations,
the T2 magnitude could be slightly reduced by nonflow, but
the original trends are not changed vs |ηf(b)|.

V. AMPT STUDIES

We test the aforementioned methodology with more re-
alistic events, simulated by the AMPT model [15]. AMPT
is a hybrid transport event generator and describes four ma-
jor stages of a high-energy heavy-ion collision: the initial
conditions, the partonic evolution, the hadronization, and the
hadronic interactions. For the initial conditions, AMPT uses
the spatial and momentum distributions of minijet partons and
excited soft strings, as adopted in the Heavy Ion Jet Interaction
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FIG. 5. F2 as a function of |ηf(b)| and d"#
dη

, from a simple Monte
Carlo simulation for the S-shaped flow-plane decorrelation without
nonflow. The curves reflect the analytical relation in Eq. (13).

v2 ratios thus obtained qualitatively show pull-down effects
similar to the simplified nonflow case, with a stronger magni-
tude at the higher collision energy. In this study the embedding
of PYTHIA particles into underlying events is done mostly to
illustrate the effects of nonflow, but with parameters tuned to
a specific centrality interval, it can also provide a quantitative
estimate of nonflow contributions in the data analyses. More
discussions on the simple Monte Carlo simulations and the
nonflow effects can be found in Appendix A.

III. r2 AND F2

We define r2(η) based on Eq. (4) by setting n = 2. As
suggested by Eq. (5), the deviation of r2 from unity may
originate from the decorrelations both in the flow-plane angles
and in the v2 magnitudes. Thus, we also examine the modified
observable r#

2 [13], which is supposedly sensitive only to the
flow-plane angles:

r#
2 (η) = ⟨cos[2(#− η − #f )]⟩

⟨cos[2(#η − #f )]⟩
. (11)

Experimentally as well as in model studies below, the depen-
dence of r (#)

2 on η is almost linear, and the F (#)
2 slope is used

to quantify the effect [9]:

r (#)
2 = 1 − 2F (#)

2 η. (12)

We perform the linear-"#(η) Monte Carlo simulation
without nonflow to inspect the qualitative expectation of F2 in
the presence of the S-shaped flow-plane decorrelation. Note
that in the C-shaped case, F2 is zero by construction. In our
simple simulations, F2 and F#

2 are always identical, so only
the F2 results are presented. Figure 5 depicts F2 as a function
of |ηf(b)| and d"#

dη
. F2 increases with d"#

dη
, since a larger tilt

angle means a stronger torque. At first glance, it seems to
be counterintuitive that F2 depends on the η location of the
reference event plane, but the simulation actually reveals a
simple mathematical relation:

1 − 2F2η =
cos

[
2(η + |ηf(b)|) d"#

dη

]

cos
[
2(η − |ηf(b)|) d"#

dη

] , (13)
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FIG. 6. Simple Monte Carlo calculations of F2(|ηf(b)|) for the
underlying event (UE) without nonflow as well as for different sce-
narios of nonflow. d"#

dη
is set to 2◦ for the S-shaped and the C-shaped

flow-plane decorrelations. The curve follows the ideal relation in
Eq. (13) without nonflow. The shaded bands represent the two cases
of PYTHIA embedding.

which yields F2 ≈ 4(d"#/dη)2|ηf(b)|. Although in real colli-
sions the dependence of "# on η may not be linear, we have
verified with various monotonic function forms that the larger
the η gap between POIs and the reference event plane is, the
larger F2 is. Thus an experimental observation of positive F2
values with an increasing F2(|ηf(b)|) trend may reveal a distinct
domination of the S-shaped flow-plane decorrelations.

In Fig. 6, nonflow contributions have been studied under
the same framework as that used for the v2{#f(b)}/v2{#POI}
ratio. Since the simple simulation results on F2 are the same
for the scenarios with no decorrelation and with the C-shaped
decorrelation, we use one set of data points to present both
of them in Fig. 6(a). In these two scenarios, nonflow can fake
a finite F2 value, which decreases with increasing |ηf(b)|. Fur-
thermore, Fig. 6(b) shows that nonflow not only quantitatively
increases the magnitude of F2 for the S-shaped decorrelation,
but could also qualitatively change its rising trend into a
falling one vs |ηf(b)|. The embedding of 400 PYTHIA particles
resembles the simplified nonflow implementation with weaker
effects, but finite F2 values are still faked when the truth
is no decorrelation or the C-shaped decorrelation. For the
S-shaped decorrelation, the rising trend vs |ηf(b)| is still dis-
torted, especially at intermediate |ηf(b)|. Therefore, F2 cannot
unambiguously distinguish and quantify different decorre-
lation scenarios. Figure 2(a) of Ref. [11] gives a concrete
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v2 ratios thus obtained qualitatively show pull-down effects
similar to the simplified nonflow case, with a stronger magni-
tude at the higher collision energy. In this study the embedding
of PYTHIA particles into underlying events is done mostly to
illustrate the effects of nonflow, but with parameters tuned to
a specific centrality interval, it can also provide a quantitative
estimate of nonflow contributions in the data analyses. More
discussions on the simple Monte Carlo simulations and the
nonflow effects can be found in Appendix A.

III. r2 AND F2

We define r2(η) based on Eq. (4) by setting n = 2. As
suggested by Eq. (5), the deviation of r2 from unity may
originate from the decorrelations both in the flow-plane angles
and in the v2 magnitudes. Thus, we also examine the modified
observable r#

2 [13], which is supposedly sensitive only to the
flow-plane angles:

r#
2 (η) = ⟨cos[2(#− η − #f )]⟩

⟨cos[2(#η − #f )]⟩
. (11)

Experimentally as well as in model studies below, the depen-
dence of r (#)

2 on η is almost linear, and the F (#)
2 slope is used

to quantify the effect [9]:

r (#)
2 = 1 − 2F (#)

2 η. (12)

We perform the linear-"#(η) Monte Carlo simulation
without nonflow to inspect the qualitative expectation of F2 in
the presence of the S-shaped flow-plane decorrelation. Note
that in the C-shaped case, F2 is zero by construction. In our
simple simulations, F2 and F#

2 are always identical, so only
the F2 results are presented. Figure 5 depicts F2 as a function
of |ηf(b)| and d"#

dη
. F2 increases with d"#

dη
, since a larger tilt

angle means a stronger torque. At first glance, it seems to
be counterintuitive that F2 depends on the η location of the
reference event plane, but the simulation actually reveals a
simple mathematical relation:

1 − 2F2η =
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which yields F2 ≈ 4(d"#/dη)2|ηf(b)|. Although in real colli-
sions the dependence of "# on η may not be linear, we have
verified with various monotonic function forms that the larger
the η gap between POIs and the reference event plane is, the
larger F2 is. Thus an experimental observation of positive F2
values with an increasing F2(|ηf(b)|) trend may reveal a distinct
domination of the S-shaped flow-plane decorrelations.

In Fig. 6, nonflow contributions have been studied under
the same framework as that used for the v2{#f(b)}/v2{#POI}
ratio. Since the simple simulation results on F2 are the same
for the scenarios with no decorrelation and with the C-shaped
decorrelation, we use one set of data points to present both
of them in Fig. 6(a). In these two scenarios, nonflow can fake
a finite F2 value, which decreases with increasing |ηf(b)|. Fur-
thermore, Fig. 6(b) shows that nonflow not only quantitatively
increases the magnitude of F2 for the S-shaped decorrelation,
but could also qualitatively change its rising trend into a
falling one vs |ηf(b)|. The embedding of 400 PYTHIA particles
resembles the simplified nonflow implementation with weaker
effects, but finite F2 values are still faked when the truth
is no decorrelation or the C-shaped decorrelation. For the
S-shaped decorrelation, the rising trend vs |ηf(b)| is still dis-
torted, especially at intermediate |ηf(b)|. Therefore, F2 cannot
unambiguously distinguish and quantify different decorre-
lation scenarios. Figure 2(a) of Ref. [11] gives a concrete
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The azimuthal correlations between local flow planes at different (pseudo)rapidities (η) may reveal important
details of the initial nuclear matter density distributions in heavy-ion collisions. Extensive experimental mea-
surements of a factorization ratio (r2) and its derivative (F2) have shown evidence of the longitudinal flow-plane
decorrelation. However, nonflow effects also affect this observable and prevent a quantitative understanding of
the phenomenon. In this paper, to distinguish decorrelation and nonflow effects, we propose a new cumulant
observable, T2, which largely suppresses nonflow. The technique sensitivity to different initial-state scenarios
and nonflow effects are tested with a simple Monte Carlo model, and in the end, the method is applied to
events simulated by a multiphase transport model (AMPT) for Au + Au collisions at

√
sNN = 200 GeV. We also

emphasize that a distinct decorrelation signal requires not only the right sign of an observable but also its proper
dependence on the η window of the reference flow plane to be consistent with the pertinent decorrelation picture.

DOI: 10.1103/PhysRevC.105.024902

I. INTRODUCTION

Experiments on high-energy heavy-ion collisions, such as
those at the BNL Relativistic Heavy Ion Collider (RHIC)
and the CERN Large Hadron Collider (LHC), aim to create
a quark-gluon plasma (QGP) and to study the properties of
this deconfined nuclear medium. Most heavy-ion collisions
are not head-on, and traditionally, the nucleons experiencing
at least one collision are considered as participants, and the
remaining are labeled as spectators (see Fig. 1). While specta-
tors fly away, the system created by the participant interaction
presumably undergoes a hydrodynamic expansion. The ini-
tial geometry of the system is determined by the participant
distribution, with event-by-event fluctuations. The pressure
gradients of the medium convert the spatial anisotropies of
the initial matter distribution into the momentum anisotropies
of the final-state particles. Consequently, the azimuthal dis-
tributions of emitted particles can be analyzed with a Fourier
expansion [1,2],

dN
dϕ

∝ 1 +
∞∑

n=1

2vn cos[n(ϕ −#RP)], (1)

where ϕ denotes the azimuthal angle of a particle and #RP is
the reaction plane azimuth (defined by the impact parameter
vector). The Fourier coefficients,

vn = ⟨cos[n(ϕ −#RP)]⟩, (2)

*zhiwanxu@physics.ucla.edu
† gwang@physics.ucla.edu

are referred to as anisotropic flow of the nth harmonic. By
convention, v1, v2, and v3 are called “directed flow,” “ellip-
tic flow,” and “triangular flow,” respectively. They reflect the
hydrodynamic response of the system to the initial geometry
(and its fluctuations) of the participant zone [3].

In reality, the reaction plane is unknown, and more im-
portantly, the initial-state fluctuations drive the anisotropic
flow along the planes that differ from the reaction plane, the
so-called flow symmetry planes or participant planes (#PP

n ).
Then the particle azimuthal distributions can be rewritten as

dN
dϕ

∝ 1 +
∞∑

n=1

2vn cos
[
n
(
ϕ −#PP

n

)]
. (3)

The meaning of the flow coefficients vn changes from those
in Eq. (2), but for simplicity of notations, the same sym-
bols will be used, since in later discussions we will not
determine the flow coefficients with the reaction plane.
Anisotropic flow measurements relative to the participant
plane are straightforward, as the flow itself can be used to
estimate the corresponding flow plane. However, using the
participant/flow plane also has its drawback—these planes
become dependent on the kinematic region (rapidity and
transverse momentum) of particles involved. This dependence
is relatively weak, which still justifies the flow formalism of
Eq. (3), but it needs to be taken into account to interpret
high-precision flow measurements in modern experiments, es-
pecially the flow-plane decorrelation analyses to be discussed.

For clarity, we collect the definitions of different planes
used in this paper below.
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We put the first term into Eq. (B3) as an example,

⟨⟨sin(a) cos(b) sin(c) cos(d )⟩⟩
= ⟨sin(a) cos(b) sin(c) cos(d )⟩

−⟨sin(a) sin(c)⟩⟨cos(b) cos(d )⟩, (B5)

where terms such as ⟨sin(a) cos(b)⟩ vanish in symmetric
heavy-ion collisions. Using the product-to-sum formulas, we
have

⟨sin(a) sin(c)⟩⟨cos(b) cos(d )⟩
= 1

4 [⟨cos(a − c)⟩⟨cos(b− d )⟩
+⟨cos(a − c)⟩⟨cos(b+ d )⟩
−⟨cos(a + c)⟩⟨cos(b− d )⟩
× ⟨cos(a + c)⟩⟨cos(b+ d )⟩]. (B6)

Only the cosines with arguments of the angle difference are
independent of the coordinate system and may render finite
averages. Hence Eq. (B5) becomes

⟨⟨sin(a) cos(b) sin(c) cos(d )⟩⟩
= ⟨sin(a) cos(b) sin(c) cos(d )⟩

− 1
4 ⟨cos(a − c)⟩⟨cos(b− d )⟩. (B7)

We follow the same procedure for the other three terms in
Eq. (B4) and obtain

⟨⟨sin(a − b) sin(c − d )⟩⟩
≡ ⟨sin(a − b) sin(c − d )⟩ − 1

2 ⟨cos(a − c)⟩⟨cos(b− d )⟩

+ 1
2 ⟨cos(a − d )⟩⟨cos(b− c)⟩. (B8)

APPENDIX C: GENERALIZATION OF T2

In the T2 analyses in Sec. IV, we randomly split particles
within |η| < 1 into two subevents and reconstruct "m,1 and
"m,2 based on them. By this means, "m,1 and "m,2 are indis-
tinguishable, sharing the same kinematic region, bearing the

same event-plane resolution, and tilting in the same way. In
general, "m,1 and "m,2 could come from different η ranges,
e.g., with −1 < ηm,1 < 0 and 0 < ηm,2 < 1. Accordingly, the
definition of T2 is not unique any more, with a few possible
combinations. For example, we can define

T2(I) = ⟨⟨sin 2("f − "m,2) sin 2("b − "m,1)⟩⟩
⟨cos 2("f − "m,2)⟩⟨cos 2("b − "m,1)⟩

, (C1)

and within the frame work of the simple Monte Carlo simula-
tion, where the tilt angle linearly increases with the η gap, we
have

T2(I) = −1
2

tan2
[

2
d#"

dη
(|ηf(b)| − 0.5)

]
(S shape), (C2)

T2(I) = 1
2

tan2
[

2
d#"

dη
(|ηf(b)| − 0.5)

]
(C shape). (C3)

We can switch "m,1 and "m,2 in T2(I ) to define a new
observable,

T2(II) = ⟨⟨sin 2("f − "m,1) sin 2("b − "m,2)⟩⟩
⟨cos 2("f − "m,1)⟩⟨cos 2("b − "m,2)⟩

, (C4)

and with the constant d#"
dη

, we have

T2(II) = −1
2

tan2
[

2
d#"

dη
(|ηf(b)| + 0.5)

]
(S shape), (C5)

T2(II) = 1
2

tan2
[

2
d#"

dη
(|ηf(b)| − 0.5)

]
(C shape). (C6)

A third type of T2 observable can be defined as

T2(III) = ⟨⟨sin 2("f − "b) sin 2("m,1 − "m,2)⟩⟩
⟨cos 2("f − "b)⟩⟨cos 2("m,1 − "m,2)⟩

, (C7)

which is zero for the C-shaped decorrelation. With the con-
stant d#"

dη
, the expectation from the S-shaped case is

T2(III) = −1
2

tan
(

2
d#"

dη

)
tan

(
4

d#"

dη
|ηf(b)|

)
. (C8)
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2.2.5 Symmetric Cumulants

The studies of the individual flow amplitudes vn can be extended to correlations between event-by-event
fluctuations of flow coefficients [285, 292–295]. Model calculations show that while v2 and v3 exhibit an
approximately linear dependence on the corresponding eccentricities e2 and e3, respectively, the higher
order vn coefficients (i.e., for n > 3) have also non-linear contributions from e2 and e3 in addition to the
linear ones from en [252, 287, 296, 297]. These observations lead to non-trivial correlations between
different flow coefficients which result in new and independent constraints on initial conditions and
h/s. In addition, they have the potential to separate the effects of h/s from fluctuations in the initial
conditions. For such novel studies, ALICE introduced Symmetric Cumulants (SC) [292, 298] and mixed
harmonic cumulants [299]. These observables are independent of the symmetry plane angles Yn, and
are robust against systematic biases due to unwanted nonflow correlations (i.e., short-range correlations
unrelated to the azimuthal asymmetry in the initial geometry, such as inter-jet correlations and resonance
decays) in heavy-ion collisions.

The left panel of Fig. 28 presents the centrality dependence of correlations between vn coefficients (up
to 5th order) using SC(k, l) ⌘ hv2

kv2
l i�hv2

kihv2
l i in Pb–Pb collisions at

p
sNN = 2.76 TeV [289, 290]. The

correlations among different flow coefficients depend on harmonic as well as collision centrality [290].
Positive values of SC(4,2), SC(5,2), and SC(5,3) and negative values of SC(3,2) and SC(4,3) are observed
for all centralities. These indicate that event-by-event fluctuations of v2 and v4, v2 and v5, and v3 and v5
are correlated, while v2 and v3, and v3 and v4 are anti-correlated. Furthermore, the lower order harmonic
correlations are much larger than the higher order ones. Precision measurements from Pb–Pb collisions
at

p
sNN = 5.02 TeV [300] show similar trends.

The SC observables are compared with EKRT [291] and TRENTo+VISHNU [49] predictions in the right
panel of Fig. 28. The EKRT calculations are shown for the two temperature dependent h/s parameteri-
sations that provide the best description of RHIC and LHC data: constant h/s = 0.2 and “param1” [291].
The “param1” parameterisation is characterised by a moderate slope in the temperature dependence of
h/s which decreases (increases) in the hadronic (QGP) phase and the phase transition occurs around
150 MeV. The SC(3,2) and SC(4,2) are not described simultaneously in each centrality interval by the
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Figure 28: Centrality dependence of event-by-event flow harmonic correlations measured by ALICE in Pb–Pb
collisions at

p
sNN = 2.76 TeV [289, 290] compared with various hydrodynamic calculations [49, 291]. The

SC(4,2) and SC(5,3) points are slightly shifted along the horizontal axis for better visibility in the left panel.
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The ALICE Collaboration has recently measured the correlations between amplitudes of
anisotropic flow in di↵erent Fourier harmonics, referred to as symmetric cumulants. We derive
approximate relations between symmetric cumulants involving v4 and v5 and the event-plane cor-
relations measured by ATLAS. The validity of these relations is tested using event-by-event hydro-
dynamic calculations. The corresponding results are in better agreement with ALICE data than
existing hydrodynamic predictions. We make quantitative predictions for three symmetric cumu-
lants which are not yet measured.

Anisotropic flow is the key observable showing that the
matter produced in an ultrarelativistic nucleus-nucleus
collision behaves collectively as a fluid [1]. Following the
discovery of flow fluctuations [2] and triangular flow [3],
a “flow paradigm” has emerged, which states that parti-
cles are emitted independently (up to short-range correla-
tions) but with a momentum distribution that fluctuates
event to event [4]. The azimuthal (') distribution in a
given event is written as a Fourier series:

P (') =
1

2⇡

+1X

n=�1
Vne

�in', (1)

where Vn = vn exp(in n) is the (complex) anisotropic
flow coe�cient in the nth harmonic, and V�n = V ⇤

n .
Both the magnitude [5] and phase [2, 6] of Vn fluctu-
ate event to event. In the last five years or so, an ex-
tremely rich phenomenology has emerged from this sim-
ple paradigm. RMS values of vn have been measured
up to n = 6 [7–10], and more recently, the full proba-
bility distribution of vn [11]. An even wider variety of
new observables can be constructed by combining di↵er-
ent Fourier harmonics [12–14]. This new direction was
pioneered by the ALICE collaboration which measured
the angular correlation between V2 and V3 [8, 15], and
then explored systematically by the ATLAS collabora-
tion which analyzed fourteen mixed correlations involv-
ing relative phases between Fourier harmonics, dubbed
event-plane correlations [16].

Recently, the ALICE collaboration has taken a new
step in this direction [17] by measuring the correlation
between the magnitudes of di↵erent Fourier harmonics
using a cumulant analysis [18]. We define the normalized
symmetric cumulant sc(n,m) 1 with n 6= m by

sc(n,m) ⌘ hv2nv2mi � hv2nihv2mi
hv2nihv2mi . (2)

ALICE has measured sc(3, 2) and sc(4, 2) as a function of
centrality. While these two quantities are formally sim-
ilar, the hydrodynamic mechanisms giving rise to these

1 Note the ALICE collaboration uses the same notation for the
numerator only.

correlations di↵er. Elliptic flow, v2, and triangular flow,
v3, are both determined to a good approximation by lin-
ear response to the anisotropies of the initial density pro-
file in the corresponding harmonics [19, 20]. Therefore,
sc(3, 2) directly reflects correlations present in the initial
spatial density profile, which are preserved by the hydro-
dynamic evolution as the spatial anisotropy is converted
into a momentum anisotropy. Standard models for the
initial density indeed reproduce the negative sign and
overall (small) magnitude of the measured sc(3, 2) for all
centralities [17]. By contrast, V4 gets a significant non-
linear contribution proportional to V 2

2 generated by the
hydrodynamic evolution [21–23] in addition to the lin-
ear contribution from the initial anisotropy in the fourth
harmonic [24, 25]. The nonlinear response explains [26]
the large event-plane correlation between V2 and V4. It
also explains qualitatively why sc(4, 2) is positive.
In this paper, we derive a proportionality relation be-

tween sc(4, 2) and the corresponding event-plane correla-
tion, where the proportionality constant involves the fluc-
tuations of v2. Using this, we are able to relate recent
ALICE measurements with previously measured quan-
tities, which circumvents the most typical limitation of
hydrodynamic predictions that depend on initial condi-
tions or medium properties [27–33]. The sole assumption
underlying our derivation is that the linear and nonlin-
ear contributions to V4 are independent. The validity
of this assumption is tested using hydrodynamic calcula-
tions. The value of sc(4, 2) derived using our relation and
previous ATLAS measurements is compared with the re-
cent direct measurement by ALICE. We make predictions
along the same lines for sc(5, 2), sc(5, 3) and sc(4, 3),
which are not yet measured.
We decompose V4 and V5 into linear and non-linear

parts [22]

V4 = V4L + �4(V2)
2

V5 = V5L + �5V2V3. (3)

We define �4 and �5 in such a way that the linear cor-
relations between linear and nonlinear parts vanish, that
is, hV4L(V2)⇤2i = hV5LV ⇤

2 V
⇤
3 i = 0. We now introduce

a measure of the relative magnitude of the linear and
nonlinear parts via the Pearson correlation coe�cients
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to understand the relations between the momentum space
Fourier harmonics vn and the symmetry planes ψn on one
side, and their spatial counterparts εn and Φn on the other
side. These relations describe the response of the pro-
duced system to the initial coordinate space anisotropies,
and therefore provide a rich repository of constraints for
the system properties. In the early studies it was regularly
assumed that, for small eccentricities, the harmonics vn
respond linearly to the eccentricities εn of the same order,
vn ∝ εn , and that ψn ≃ Φn [8,10,23,24]. However, for
sizable eccentricities recent studies argue that the anisot-
ropies in momentum and coordinate space are related
instead with the matrix equation connecting a set of
anisotropic flow harmonics fvng and a set of eccentricity
coefficients fεng; it was demonstrated that the hydro-
dynamic response is both nondiagonal and nonlinear, and
that in general ψn ≠ Φn [9,11,25,26]. The first realization
led to the conclusion that a relationship between event-
by-event fluctuations of the amplitudes of two different
flow harmonics vm and vn can exist. This is hardly
surprising for even flow harmonics in noncentral colli-
sions because the ellipsoidal shape generates nonvanish-
ing values for all even harmonics v2n [27], not only for
elliptic flow. However, this simple geometrical argument
cannot explain the possible relation between the even and

odd flow harmonics in noncentral collisions, and the
argument is not applicable in the central collisions, where
all initial shapes are equally probable since they originate
solely from fluctuations. Recently a linear correlation
coefficient cða;bÞ was defined in this context, which
becomes 1 (−1 ) if observables a and b are fully linearly
(antilinearly) correlated and zero in the absence of
correlation [25]. Model calculations of this new observ-
able showed that neither v2 and v3 nor v2 and v4 are
linearly correlated in noncentral collisions. Most impor-
tantly, it was demonstrated that cðv2; v4 Þ depends
strongly both on η=s of the QGP and on the value of
cðε2; ε4 Þ, which quantifies the relationship between cor-
responding eccentricities in the initial state [25].
Therefore, it was concluded that new observables
cðvn; vmÞ, depending on the choice of flow harmonics
vn and vm, are sensitive both to the fluctuations of the
initial conditions and to the transport properties of the
QGP, with the potential to discriminate between the two
respective contributions when combined with a measure-
ment of individual flow harmonics [25].
In this Letter we study the relationship between event-

by-event fluctuations of magnitudes of two different flow
harmonics of order n and m by using a recently proposed
four-particle observable [28]:

⟪cosðmφ1 þ nφ2 −mφ3 − nφ4 Þ⟫c ¼ ⟪cosðmφ1 þ nφ2 −mφ3 − nφ4 Þ⟫
− ⟪cos½mðφ1 − φ2Þ&⟫⟪cos½nðφ1 − φ2Þ&⟫

¼ hv2mv2ni − hv2mihv2ni ð2Þ

with the condition m ≠ n for two positive integers m and n.
We refer to these new observables as the symmetric two-
harmonic four-particle cumulant, and use the notation
SCðm; nÞ, or just SC. The double angular brackets indicate
that the averaging procedure has been performed in two
steps—first, averaging over all distinct particle quadruplets in
an event, and then in the second step weighting the single-
event averages with the “number of combinations.” The latter
for single-event average four-particle correlations is math-
ematically equivalent to a unit weight for each individual
quadrupletwhen themultiplicitydiffers eventbyevent [29]. In
both two-particle correlators above all distinct particle pairs
are considered in each case. The four-particle cumulant in
Eq. (2) is less sensitive to nonflow correlations than any two-
or four-particle correlator on the right-hand side taken
individually [30,31]. The last equality is true only in the
absence of nonflow effects [32]. The observable in Eq. (2) is
zero in the absenceof flow fluctuations, or if themagnitudesof
the harmonics vm and vn are uncorrelated [28]. It is also
unaffected by the relationship between the symmetry plane
angles ψm and ψn . The four-particle cumulant in Eq. (2) is
proportional to the linear correlation coefficient cða;bÞ

introduced in Ref. [25] and discussed above, with a ¼ v2m
andb¼ v2n . Experimentally, it is more reliable tomeasure the
higher order moments of the flow harmonics vknðk ≥ 2Þ with
two- and multiparticle correlation techniques [31,33,34],
than to measure the first moments vn with the event plane
method, due to the systematic uncertainties involved in the
event-by-event estimation of the symmetry planes [35,36].
Therefore, we have used the new multiparticle observable
in Eq. (2) as meant to be the least biased measure of the
correlation between event-by-event fluctuations of magni-
tudes of the two different harmonics vm and vn [28].
The two- and four-particle correlations in Eq. (2) were

evaluated in terms of Q vectors [33]. The Q vector (or flow
vector) in harmonic n for a set of M particles, where
throughout this Letter M is the multiplicity of an event, is
definedasQn ≡

PM
k¼1 e

inφk [7,37].Wehaveused for a single-
event average two-particle correlation hcosðnðφ1 − φ2ÞÞi the
following definition and analytic result in terms ofQ vectors:

1

ðM2 Þ2!
XM

i;j¼1
ði≠jÞ

einðφi−φjÞ ¼ 1

ðM2 Þ2!
½jQnj2 −M&: ð3Þ
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centrality dependence of our observables with the theo-
retical model from Ref. [50], where the initial energy
density profiles are calculated using a next-to-leading order
perturbative-QCD+saturation model [51,52]. The sub-
sequent spacetime evolution is described by relativistic
dissipative fluid dynamics with different parametrizations
for the temperature dependence of the shear viscosity to
entropy density ratio η=sðTÞ. Each of the η=sðTÞ para-
metrizations is adjusted to reproduce the measured vn from
central to midperipheral collisions. Finally, we provide an
independent estimate of the centrality dependence of our
observables by utilizing the AMPT model [53].
The centrality dependence of SC(4,2) (red squares) and

SC(3,2) (blue circles) is presented in Fig. 1. Positive values
of SC(4,2) are observed for all centralities. This suggests a
correlation between the event-by-event fluctuations of v2
and v4, which indicates that finding v2 larger than hv2i in
an event enhances the probability of finding v4 larger than
hv4i in that event. On the other hand, the negative results of
SC(3,2) show the anticorrelation between the v2 and v3
magnitudes, which further imply that finding v2 larger than
hv2i enhances the probability of finding v3 smaller than
hv3i. We have calculated the SC observables using HIJING,
which does not include anisotropic collectivity but, e.g.,
azimuthal correlations due to jet production [47,48]. It is
found that in HIJING both ⟪cosðmφ1þnφ2−mφ3 −nφ4Þ⟫
and ⟪cos½mðφ1−φ2Þ%⟫⟪cos½nðφ1−φ2Þ%⟫ are nonzero.
However, the calculated SC observables from HIJING are
compatible with zero for all centralities, which suggests
that the SC measurements are nearly insensitive to nonflow
correlations. We have also performed a study using the like-
sign technique, which is another powerful approach to
estimate the nonflow effects [4]. It was found that the
difference between the correlations for like-sign and all
charged combinations is within 10%. This demonstrates

that nonzero values of SC measurements cannot be
explained by nonflow effects.
A study based on the AMPT model showed that the

observed (anti)correlations are also sensitive to the trans-
port properties, e.g., the partonic and hadronic interactions
[20,28]. Figure 2 shows the comparison of SC(3,2) and
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FIG. 1. Centrality dependence of the observables SC(4,2) (red
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FIG. 2. AMPT model predictions are shown as hollow symbols
in the (top) and (middle) panels. Top: comparison of the
observables SC(4,2) (red filled squares) and SC(3,2) (blue filled
circles) to the theoretical model from Ref. [50]. The solid lines
indicate the predictions with constant η=s, while the dashed lines
indicate predictions for different parametrizations of the η=s
temperature dependence (labeled in the same way as in Fig. 1 in
Ref. [50]). Middle: results divided by hv2mihv2ni. Bottom: com-
parison to the Monte Carlo Glauber model using wounded
nucleon (WN) and binary collision (BC) weights.
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We report the measurements of correlations between event-by-event fluctuations of amplitudes of
anisotropic flow harmonics in nucleus-nucleus collisions, obtained for the first time using a new analysis
method based on multiparticle cumulants in mixed harmonics. This novel method is robust against
systematic biases originating from nonflow effects and by construction any dependence on symmetry
planes is eliminated. We demonstrate that correlations of flow harmonics exhibit a better sensitivity to
medium properties than the individual flow harmonics. The new measurements are performed in Pb-Pb
collisions at the center-of-mass energy per nucleon pair of

ffiffiffiffiffiffiffiffi
sNN

p ¼ 2.76 TeV by the ALICE experiment at
the Large Hadron Collider. The centrality dependence of correlation between event-by-event fluctuations of
the elliptic v2 and quadrangular v4 flow harmonics, as well as of anticorrelation between v2 and triangular
v3 flow harmonics are presented. The results cover two different regimes of the initial state configurations:
geometry dominated (in midcentral collisions) and fluctuation dominated (in the most central collisions).
Comparisons are made to predictions from Monte Carlo Glauber, viscous hydrodynamics, AMPT, and
HIJING models. Together with the existing measurements of the individual flow harmonics the presented
results provide further constraints on the initial conditions and the transport properties of the system
produced in heavy-ion collisions.
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The properties of an extreme state of matter, the
quark-gluon plasma (QGP), are studied by colliding
heavy ions at BNL’s Relativistic Heavy Ion Collider
(RHIC) and at CERN’s Large Hadron Collider (LHC).
One of the most widely utilized physical phenomena in
the exploration of QGP properties is collective aniso-
tropic flow [1,2]. The large elliptic flow discovered at
RHIC energies [3], which at the LHC energy of
2.76 TeV is 30% larger [4] and is recently reported in
Ref. [5] to increase even further at 5.02 TeV, demon-
strated that the QGP behaves like a strongly coupled
liquid with a very small ratio of the shear viscosity to
entropy density, η=s, which is close to a universal lower
bound of 1=4π [6].
Anisotropic flow is traditionally quantified with

harmonics vn and corresponding symmetry plane angles
ψn in the Fourier series decomposition of the particle
azimuthal distribution (parametrized with azimuthal angle
φ) in the plane transverse to the beam direction [7]:

dN
dφ

∝ 1þ 2
X∞

n¼1

vn cos½nðφ−ψnÞ&: ð1Þ

The shape of the intersecting zone of two identical heavy
ions in noncentral collisions is approximately ellipsoidal.
This initial anisotropy is transferred via interactions among
constituents and the pressure gradients developed in the
QGP medium to an observable final-state anisotropic
emission of particles with respect to the symmetry plane(s)
of the intersecting zone. The resulting anisotropic flow for
such an idealized ellipsoidal geometry is determined solely
by even Fourier harmonics v2n , and only one symmetry
plane (the reaction plane) exists. Recently, the importance
of flow fluctuations and related additional observables has
been identified. This has led to new concepts such as
nonvanishing odd harmonics v2n−1 at midrapidity [8],
nonidentical symmetry plane angles ψn and their inter-
correlations [9–14], the stochastic nature of the harmonic
vn and its probability density function PðvnÞ [15–20],
and, finally, the importance of higher order flow moments
hvkni (where the angular brackets denote an average over
all events, and k ≥2) [21]. Two distinct regimes for
anisotropic flow development are nowadays scrutinized
separately: geometry dominated (in midcentral collisions)
and fluctuation dominated (in the most central colli-
sions) [11].
Anisotropic flow is generated by the initial anisotropic

geometry and its fluctuations coupled with an expansion of
the produced medium. The initial coordinate space
anisotropy can be quantified in terms of the eccentricity
coefficients εn and the corresponding symmetry plane
angles Φn [8,15,22]. A great deal of effort is being invested
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thus are more sensitive to η/s than V 2 and V 3 due to more pro-
nounced viscous corrections [16,22]. Thus, the study of the full set 
of flow coefficients is expected to constrain both εn and η/s si-
multaneously. However, it was realised later that Vn with n > 3 is 
not linearly correlated with the corresponding εn [16,22,23], which 
makes the extraction of η/s from measurements of higher order 
flow coefficients less straightforward. In addition to the study of 
flow coefficients, the results of correlations between different or-
der anisotropic flow angles and amplitudes shed light on both 
the early stage dynamics and the transport properties of the cre-
ated QGP [24–32]. In particular, the characteristic pattern of flow 
symmetry plane correlations (also known as angular correlations 
of flow-vectors) observed in experiments is reproduced quantita-
tively by theoretical calculations [29–33]. However, the correlations 
between flow coefficients (also known as amplitude correlations 
of flow-vectors), investigated using symmetric cumulants, provide 
stricter constraints on initial conditions and η/s than the individ-
ual vn measurements [24–28,31,32]. It is a challenge for current 
theoretical models to provide quantitative descriptions of the cor-
relations between different order flow coefficients.

As discussed above, it is known that the lower order anisotropic 
flow Vn (n = 2, 3) is largely determined by a linear response of the 
system to the corresponding εn (except in peripheral collisions). 
Higher order anisotropic flow Vn with n > 3 have contributions 
not only from the linear response of the system to εn , but also con-
tributions proportional to the product of ε2 and/or ε3. These con-
tributions are usually called non-linear response [25,34] in higher 
order anisotropic flow. For a single event, Vn with n = 4, 5 and 
6 can be decomposed into the so-called linear and the non-linear 
contributions, according to

V 4 = V NL
4 + V L

4 = χ4,22(V 2)
2 + V L

4, (3)

V 5 = V NL
5 + V L

5 = χ5,32 V 2 V 3 + V L
5, (4)

V 6 = V NL
6 + V L

6

= χ6,222(V 2)
3 + χ6,33(V 3)

2 + χ6,42 V 2 V L
4 + V L

6. (5)

Here χn,mk is a new observable called the non-linear mode co-
efficient [34] and V NL

n represents the non-linear mode which has 
contributions from modes with lower order anisotropy coefficients. 
The V L

n term represents the linear mode, which was naïvely ex-
pected from the linear response of the system to the same or-
der εn . However, a recent hydrodynamic calculation showed that 
V L

n is not driven by the linear response to the standardly moment-
defined εn introduced in Eq. (2), but the corresponding cumulant-
defined anisotropy coefficient ε′

n [30,35]. For example, V L
4 is ex-

pected to be driven by the 4th-order cumulant-defined anisotropy 
coefficient and its corresponding initial symmetry plane which can 
be calculated as

ε′
4ei4$′

4 ≡ −
〈
z4〉 − 3

〈
z2〉2

〈
r4

〉 = ε4ei4$4 + 3
〈
r2〉2

〈
r4

〉 ε2
2ei4$2 , (6)

where z = reiφ . The calculations for other order anisotropy coef-
ficients and their corresponding initial symmetry planes can be 
found in [30,35]. If the non-linear and linear modes of higher 
order anisotropic flow, V NL

n and V L
n , are uncorrelated (e.g. V L

n is 
perpendicular to V NL

n ), they can be isolated. One of the proposed 
approaches to validate the assumption that V NL

n and V L
n are uncor-

related is testing the following relations [25]:
〈
V 4 (V ∗

2 )2 v 2
2

〉
〈
V 4 (V ∗

2 )2
〉 〈

v 2
2

〉 =
〈
v 6

2

〉
〈
v 4

2

〉 〈
v 2

2

〉 , (7)

〈
V 5 V ∗

3 V ∗
2 v 2

2

〉
〈
V 5 V ∗

3 V ∗
2

〉 〈
v 2

2

〉 =
〈
v 4

2 v 2
3

〉
〈
v 2

2 v 2
3

〉 〈
v 2

2

〉 . (8)

If the above relations are valid, one could combine the analyses 
of higher order anisotropic flow with respect to their correspond-
ing symmetry planes and to the planes of lower order anisotropic 
flow V 2 or V 3 to eliminate the uncertainty from initial state as-
sumptions and extract η/s with better precision [34].

In this Letter, the linear and non-linear modes in higher or-
der anisotropic flow generation are studied in Pb–Pb collisions at √

sNN = 2.76 TeV with the ALICE detector. The main observables 
are introduced in Section 2 and the experimental setup is de-
scribed in Section 3. Section 4 presents the study of the systematic 
uncertainties of the above mentioned observables. The results and 
their discussion are provided in Section 5. Section 6 contains the 
summary and conclusions.

2. Observables and analysis methods

Ideally, the flow coefficient vn can be measured via the az-
imuthal correlations of emitted particles with respect to the sym-
metry plane &n as vn = ⟨cos n(ϕ − &n)⟩. Since &n is unknown ex-
perimentally, the simplest approach to obtain vn is using 2-particle 
correlations:

vn{2} = ⟨⟨cos n(ϕ1 − ϕ2)⟩⟩1/2 =
〈
v2

n

〉1/2
. (9)

Here ⟨⟨ ⟩⟩ denotes the average over all particles in a single event 
and then an average of over all events, ⟨⟩ indicates the event aver-
age of over all events, and ϕi represents the azimuthal angle of the 
i-th particle. The analysed events are divided into two sub-events 
A and B, separated by a pseudorapidity gap, to suppress non-flow 
effects. The latter are the azimuthal correlations not associated to 
the common symmetry plane &n , such as jets and resonance de-
cays. Thus, we modify Eq. (9) to

vn{2} = ⟨⟨cos(nϕ A
1 − nϕB

2 )⟩⟩1/2 =
〈
v2

n

〉1/2
. (10)

Here ϕ A
1 and ϕB

2 are selected from subevent A and B, respectively.
Before introducing observables related to the linear and non-

linear modes in higher order anisotropic flow, it is crucial to verify 
whether Eqs. (7)–(8) are applicable. The left and right hand sides 
of Eq. (7) are obtained by constructing suitable multi-particle cor-
relations [34]:

〈
V 4 (V ∗

2 )2 v 2
2

〉A

〈
V 4 (V ∗

2 )2
〉A 〈

v 2
2

〉

= ⟨⟨cos(4ϕ A
1 + 2ϕ A

2 − 2ϕB
3 − 2ϕB

4 − 2ϕB
5 )⟩⟩

⟨⟨cos(4ϕ A
1 − 2ϕB

2 − 2ϕB
3 )⟩⟩ ⟨⟨cos(2ϕ A

1 − 2ϕB
2 )⟩⟩ , (11)

〈
v 6

2

〉
〈
v 4

2

〉 〈
v 2

2

〉

= ⟨⟨cos(2ϕ A
1 + 2ϕ A

2 + 2ϕ A
3 − 2ϕB

4 − 2ϕB
5 − 2ϕB

6 )⟩⟩
⟨⟨cos(2ϕ A

1 + 2ϕ A
2 − 2ϕB

3 − 2ϕB
4 )⟩⟩ ⟨⟨cos(2ϕ A

1 − 2ϕB
2 )⟩⟩ . (12)

Similarly, we can validate Eq. (8) by calculating both sides
with [34]:

〈
V 5 V ∗

3 V ∗
2 v 2

2

〉A

〈
V 5 V ∗

3 V ∗
2

〉A 〈
v 2

2

〉

= ⟨⟨cos(5ϕ A
1 + 2ϕ A

2 − 3ϕB
3 − 2ϕB

4 − 2ϕB
5 )⟩⟩

⟨⟨cos(5ϕ A
1 − 3ϕB

2 − 2ϕB
3 )⟩⟩ ⟨⟨cos(2ϕ A

1 − 2ϕB
2 )⟩⟩ , (13)
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and at later stages between the produced particles, this spatial irregularity is transferred

into an anisotropy in momentum space. The latter is usually decomposed into a Fourier

expansion of the azimuthal particle distribution [14] according to

dN

dϕ
∝ 1 + 2

∞∑

n=1

vn(pT, η) cos[n(ϕ− Ψn)], (1.1)

where N , pT, η and ϕ are the particle yield, transverse momentum, pseudorapidity and

azimuthal angle of particles, respectively, and Ψn is the azimuthal angle of the nth-order

symmetry plane [7–10, 12]. The coefficient vn is the magnitude of the nth-order flow vector

coefficient Vn, defined as Vn = vneinΨn , and can be calculated according to

vn = ⟨cos[n(ϕ− Ψn)]⟩, (1.2)

where the angle brackets denote an average over all particles in all events. Since the

symmetry planes are not accessible experimentally, the flow coefficients are estimated

solely from the azimuthal angles of the particles emitted in the transverse plane. Mea-

surements of different anisotropic flow coefficients at both the Relativistic Heavy Ion Col-

lider (RHIC) [15–31] and the Large Hadron Collider (LHC) [32–46] not only confirmed

the production of a strongly coupled quark-gluon plasma (sQGP) but also contributed in

constraining the value of the ratio between shear viscosity and entropy density (η/s) which

is very close to the lower limit of 1/4π conjectured by AdS/CFT [47]. In addition, the

comparison between experimental data [41] and viscous hydrodynamical calculations [48]

showed that higher order flow coefficients and more importantly their transverse momen-

tum dependence are more sensitive probes than lower order coefficients, i.e. v2 and v3, to

the initial spatial irregularity and its fluctuations [10].

This initial state spatial irregularity is usually quantified with the standard (moment-

defined) anisotropy coefficients, ϵn. In the Monte Carlo Glauber model, ϵn and its corre-

sponding initial symmetry plane, Φn can be calculated from the transverse positions of the

nucleons participating in a collision according to [9, 49]

ϵne
inΦn =

⟨rneinϕ⟩
⟨rn⟩ (for n > 1), (1.3)

where the brackets denote an average over the transverse position of all participating

nucleons that have an azimuthal angle ϕ and a polar distance from the centre r. Model

calculations show that v2 and to a large extent, v3 are for a wide range of impact parameters

linearly proportional to their corresponding initial spatial anisotropy coefficients, ϵ2 and ϵ3,

respectively [9], while for larger values of n, vn scales with ϵ′n, a cumulant-based definition

of initial anisotropic coefficients. As an example, the fourth order spatial anisotropy is

given by [50, 51]

ϵ′4e
i4Φ′

4 = ϵ4e
i4Φ4 +

3⟨r2⟩2

⟨r4⟩ ϵ22e
i4Φ2 , (1.4)

where the second term in the right hand side of eq. (1.4) reveals a non-linear dependence

of ϵ′4 on the lower order ϵ2. This further supports the earlier ideas that the higher order

– 2 –
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flow vector coefficients, Vn (n > 3) obtain contributions not only from the linear response

of the system to ϵn, but also a non-linear response proportional to the product of lower

order initial spatial anisotropies [52, 53].

In particular, for a single event, Vn with n = 4, 5, 6 can be decomposed to the linear

(V L
n ) and non-linear (V NL

n ) modes according to

V4 = V L
4 + V NL

4 = V L
4 + χ4,22(V2)

2,

V5 = V L
5 + V NL

5 = V L
5 + χ5,32V3V2,

V6 = V L
6 + V NL

6 = V L
6 + χ6,222(V2)

3 + χ6,33(V3)
2 + χ6,42V2V

L
4 , (1.5)

where χn,mk, known as non-linear flow mode coefficients, quantify the contributions of

the non-linear modes to the total Vn [53, 54]. For simplicity, the magnitude of the total

Vn will be referred to as anisotropic flow coefficient (vn) in the rest of this article. The

magnitude of the pT-differential non-linear modes for higher order flow coefficients, vNL
n ,

can be written as:

v4,22(pT) =
⟨v4(pT)v22 cos(4Ψ4 − 4Ψ2)⟩√

⟨v42⟩
≈ ⟨v4(pT) cos(4Ψ4 − 4Ψ2)⟩, (1.6)

v5,32(pT) =
⟨v5(pT)v3v2 cos(5Ψ5 − 3Ψ3 − 2Ψ2)⟩√

⟨v23v22⟩
≈ ⟨v5(pT) cos(5Ψ5 − 3Ψ3 − 2Ψ2)⟩, (1.7)

v6,33(pT) =
⟨v6(pT)v23 cos(6Ψ6 − 6Ψ3)⟩√

⟨v43⟩
≈ ⟨v6(pT) cos(6Ψ6 − 6Ψ3)⟩, (1.8)

v6,222(pT) =
⟨v6(pT)v32 cos(6Ψ6 − 6Ψ2)⟩√

⟨v62⟩
≈ ⟨v6(pT) cos(6Ψ6 − 6Ψ2)⟩, (1.9)

where brackets denote an average over all events. The approximation is valid assuming

a weak correlation between the lower (n = 2, 3) and higher (n > 3) order flow coeffi-

cients [52, 55].

Various measurements of the pT-differential anisotropic flow, vn(pT), of charged parti-

cles [33, 38, 43, 45, 46, 56] provided a testing ground for model calculations that attempt to

describe the dynamical evolution of the system created in heavy-ion collisions. Early predic-

tions showed that the pT-differential anisotropic flow for different particle species can reveal

more information about the equation of state, the role of the highly dissipative hadronic

rescattering phase as well as probing particle production mechanisms [57, 58]. In order

to test these predictions, vn(pT) coefficients were measured for different particle species at

RHIC [15–18] and at the LHC [39, 40, 42, 44]. These measurements reveal a character-

istic mass dependence of vn(pT) in the low transverse momentum region (pT < 3GeV/c),

a result of an interplay between radial and anisotropic flow, and mass dependent thermal

velocities [57, 58]. In the intermediate pT region (3 ! pT ! 8GeV/c) the measurements

indicate a particle type grouping where baryons have a larger vn than the one of mesons.

This feature was explained in a dynamical model where flow develops at the partonic level

followed by quark coalescence into hadrons [59, 60]. In this picture the invariant spectrum

of produced particles is proportional to the product of the spectra of their constituents

and, in turn, the flow coefficient of produced particles is the sum of the vn values of their

– 3 –
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called φ candidates. The invariant mass distribution (MK+K−
inv ) of φ candidates was then

obtained in various pT intervals by subtracting a combinatorial background yield from the

candidate yield. This combinatorial background yield was estimated from like-sign kaon

pairs (unphysical φ state with total charge of ±2) normalised to the candidate yield.

4 Analysis method

In this article the pT-differential non-linear flow modes are calculated based on

eqs. (1.6)–(1.9). Each event is divided into two subevents “A” and “B”, covering the

ranges −0.8 < η < 0.0 and 0.0 < η < 0.8, respectively. Thus vn,mk(pT) is a weighted

average of vAn,mk(pT) and vBn,mk(pT). The measured vA(B)
n,mk(pT) coefficients are calculated

using dn,mk(pT) and cmk,mk multi-particle correlators given by

dn,mk(pT) = ⟨vn(pT)vmvk cos(nΨn −mΨm − kΨk)⟩, (4.1)

cmk,mk = ⟨v2mv2k⟩. (4.2)

These correlators were obtained using the Generic Framework with sub-event method

originally used in [54, 75, 76], which allows precise non-uniform acceptance and efficiency

corrections. In this analysis, dn,mk(pT) is measured by correlating the azimuthal angle of the

particle of interest (ϕ1(pT)) from subevent “A”(“B”) with that of reference particles1 from

subevent “B”(“A”) and cmk,mk by selecting half of the reference particles from subevent

“A” and the other half from “B”. Thus, eqs. (1.6) to (1.9) for vAn,mk(pT) translate to

vA4,22(pT) =
dA4,22(pT)√

c22,22
=

⟨⟨cos(4ϕA
1 (pT)− 2ϕB

2 − 2ϕB
3 )⟩⟩√

⟨⟨cos(2ϕA
1 + 2ϕA

2 − 2ϕB
3 − 2ϕB

4 )⟩⟩
, (4.3)

vA5,32(pT) =
dA5,32(pT)√

c32,32
=

⟨⟨cos(5ϕA
1 (pT)− 3ϕB

3 − 2ϕB
2 )⟩⟩√

⟨⟨cos(3ϕA
1 + 2ϕA

2 − 3ϕB
3 − 2ϕB

4 )⟩⟩
, (4.4)

vA6,33(pT) =
dA6,33(pT)√

c33,33
=

⟨⟨cos(6ϕA
1 (pT)− 3ϕB

2 − 3ϕB
3 )⟩⟩√

⟨⟨cos(3ϕA
1 + 3ϕA

2 − 3ϕB
3 − 3ϕB

4 )⟩⟩
, (4.5)

vA6,222(pT) =
dA6,222(pT)√

c222,222
=

⟨⟨cos(6ϕA
1 (pT)− 2ϕB

2 − 2ϕB
3 − 2ϕB

4 )⟩⟩√
⟨⟨cos(2ϕA

1 + 2ϕA
2 + 2ϕA

3 − 2ϕB
4 − 2ϕB

5 − 2ϕB
6 )⟩⟩

, (4.6)

where ⟨⟨ ⟩⟩ denotes an average over all particles and events. This multi-particle correlation

technique by construction removes a significant part of non-flow correlations. In order to

further reduce residual non-flow contributions, a pseudorapidity gap was applied between

the two pseudorapidity regions (|∆η| > 0.4). In addition, particles with like-sign charges

were correlated. These two variations do not significantly affect the results but any variation

was included in the final systematics in table 1.

For charged hadrons, i.e. π±, K± and p + p, the dn,mk correlators are calculated on a

track-by-track basis as a function of pT for each centrality percentile. For particle species

1Later in the text particle of interest and reference particles will be referred to as POI and RFP,

respectively.
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Figure 10. The pT/nq-dependence of v4,22/nq for different particle species grouped into different
centrality intervals of Pb-Pb collisions at

√
sNN = 5.02TeV. Statistical and systematic uncertainties

are shown as bars and boxes, respectively.

tions from [81] shed new light on the initial conditions and the transport properties of

the created system in Pb-Pb collisions. Both hydrodynamic calculations are based on

iEBE-VISHNU [82], an event-by-event version of the VISHNU hybrid model [83] coupling

2 + 1 dimensional viscous hydrodynamics (VISH2+1) [84] to a hadronic cascade model

(UrQMD). The initial conditions used for these calculations are described by AMPT [85]

and TRENTo [86], both with τ0=0.6 fm/c and Tsw =148MeV [87]. For AMPT initial con-

ditions, constant values of specific shear viscosity over entropy density (η/s = 0.08, the

lower limit conjectured by AdS/CFT) and bulk viscosity over entropy density (ζ/s = 0)

are utilised. The version of the model that uses TRENTo [86] initial conditions incorpo-

rates temperature dependent specific shear and bulk viscosities extracted from the global

bayesian analysis [87].2

2For simplicity in the rest of this article the model with AMPT initial conditions, η/s = 0.08 and ζ/s = 0

is referred to as AMPT and the model with TRENTo initial conditions, η/s(T) and ζ/s(T) is referred to

as TRENTo.
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and at later stages between the produced particles, this spatial irregularity is transferred

into an anisotropy in momentum space. The latter is usually decomposed into a Fourier

expansion of the azimuthal particle distribution [14] according to

dN

dϕ
∝ 1 + 2

∞∑

n=1

vn(pT, η) cos[n(ϕ− Ψn)], (1.1)

where N , pT, η and ϕ are the particle yield, transverse momentum, pseudorapidity and

azimuthal angle of particles, respectively, and Ψn is the azimuthal angle of the nth-order

symmetry plane [7–10, 12]. The coefficient vn is the magnitude of the nth-order flow vector

coefficient Vn, defined as Vn = vneinΨn , and can be calculated according to

vn = ⟨cos[n(ϕ− Ψn)]⟩, (1.2)

where the angle brackets denote an average over all particles in all events. Since the

symmetry planes are not accessible experimentally, the flow coefficients are estimated

solely from the azimuthal angles of the particles emitted in the transverse plane. Mea-

surements of different anisotropic flow coefficients at both the Relativistic Heavy Ion Col-

lider (RHIC) [15–31] and the Large Hadron Collider (LHC) [32–46] not only confirmed

the production of a strongly coupled quark-gluon plasma (sQGP) but also contributed in

constraining the value of the ratio between shear viscosity and entropy density (η/s) which

is very close to the lower limit of 1/4π conjectured by AdS/CFT [47]. In addition, the

comparison between experimental data [41] and viscous hydrodynamical calculations [48]

showed that higher order flow coefficients and more importantly their transverse momen-

tum dependence are more sensitive probes than lower order coefficients, i.e. v2 and v3, to

the initial spatial irregularity and its fluctuations [10].

This initial state spatial irregularity is usually quantified with the standard (moment-

defined) anisotropy coefficients, ϵn. In the Monte Carlo Glauber model, ϵn and its corre-

sponding initial symmetry plane, Φn can be calculated from the transverse positions of the

nucleons participating in a collision according to [9, 49]

ϵne
inΦn =

⟨rneinϕ⟩
⟨rn⟩ (for n > 1), (1.3)

where the brackets denote an average over the transverse position of all participating

nucleons that have an azimuthal angle ϕ and a polar distance from the centre r. Model

calculations show that v2 and to a large extent, v3 are for a wide range of impact parameters

linearly proportional to their corresponding initial spatial anisotropy coefficients, ϵ2 and ϵ3,

respectively [9], while for larger values of n, vn scales with ϵ′n, a cumulant-based definition

of initial anisotropic coefficients. As an example, the fourth order spatial anisotropy is

given by [50, 51]

ϵ′4e
i4Φ′

4 = ϵ4e
i4Φ4 +

3⟨r2⟩2

⟨r4⟩ ϵ22e
i4Φ2 , (1.4)

where the second term in the right hand side of eq. (1.4) reveals a non-linear dependence

of ϵ′4 on the lower order ϵ2. This further supports the earlier ideas that the higher order
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flow vector coefficients, Vn (n > 3) obtain contributions not only from the linear response

of the system to ϵn, but also a non-linear response proportional to the product of lower

order initial spatial anisotropies [52, 53].

In particular, for a single event, Vn with n = 4, 5, 6 can be decomposed to the linear

(V L
n ) and non-linear (V NL

n ) modes according to

V4 = V L
4 + V NL

4 = V L
4 + χ4,22(V2)

2,

V5 = V L
5 + V NL

5 = V L
5 + χ5,32V3V2,

V6 = V L
6 + V NL

6 = V L
6 + χ6,222(V2)

3 + χ6,33(V3)
2 + χ6,42V2V

L
4 , (1.5)

where χn,mk, known as non-linear flow mode coefficients, quantify the contributions of

the non-linear modes to the total Vn [53, 54]. For simplicity, the magnitude of the total

Vn will be referred to as anisotropic flow coefficient (vn) in the rest of this article. The

magnitude of the pT-differential non-linear modes for higher order flow coefficients, vNL
n ,

can be written as:

v4,22(pT) =
⟨v4(pT)v22 cos(4Ψ4 − 4Ψ2)⟩√

⟨v42⟩
≈ ⟨v4(pT) cos(4Ψ4 − 4Ψ2)⟩, (1.6)

v5,32(pT) =
⟨v5(pT)v3v2 cos(5Ψ5 − 3Ψ3 − 2Ψ2)⟩√

⟨v23v22⟩
≈ ⟨v5(pT) cos(5Ψ5 − 3Ψ3 − 2Ψ2)⟩, (1.7)

v6,33(pT) =
⟨v6(pT)v23 cos(6Ψ6 − 6Ψ3)⟩√

⟨v43⟩
≈ ⟨v6(pT) cos(6Ψ6 − 6Ψ3)⟩, (1.8)

v6,222(pT) =
⟨v6(pT)v32 cos(6Ψ6 − 6Ψ2)⟩√

⟨v62⟩
≈ ⟨v6(pT) cos(6Ψ6 − 6Ψ2)⟩, (1.9)

where brackets denote an average over all events. The approximation is valid assuming

a weak correlation between the lower (n = 2, 3) and higher (n > 3) order flow coeffi-

cients [52, 55].

Various measurements of the pT-differential anisotropic flow, vn(pT), of charged parti-

cles [33, 38, 43, 45, 46, 56] provided a testing ground for model calculations that attempt to

describe the dynamical evolution of the system created in heavy-ion collisions. Early predic-

tions showed that the pT-differential anisotropic flow for different particle species can reveal

more information about the equation of state, the role of the highly dissipative hadronic

rescattering phase as well as probing particle production mechanisms [57, 58]. In order

to test these predictions, vn(pT) coefficients were measured for different particle species at

RHIC [15–18] and at the LHC [39, 40, 42, 44]. These measurements reveal a character-

istic mass dependence of vn(pT) in the low transverse momentum region (pT < 3GeV/c),

a result of an interplay between radial and anisotropic flow, and mass dependent thermal

velocities [57, 58]. In the intermediate pT region (3 ! pT ! 8GeV/c) the measurements

indicate a particle type grouping where baryons have a larger vn than the one of mesons.

This feature was explained in a dynamical model where flow develops at the partonic level

followed by quark coalescence into hadrons [59, 60]. In this picture the invariant spectrum

of produced particles is proportional to the product of the spectra of their constituents

and, in turn, the flow coefficient of produced particles is the sum of the vn values of their

– 3 –
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in nonlinear modes equals to the square  
or first power of that in linear parts?



India+ seminar series, January 12, 2023page S.A. Voloshin

NCQ scaling in nonlinear flow modes

32

J
H
E
P
0
6
(
2
0
2
0
)
1
4
7

Published for SISSA by Springer

Received: February 10, 2020

Revised: May 11, 2020

Accepted: June 7, 2020

Published: June 24, 2020

Non-linear flow modes of identified particles in Pb-Pb

collisions at
√
sNN = 5.02TeV

The ALICE collaboration

E-mail: ALICE-publications@cern.ch

Abstract: The pT-differential non-linear flow modes, v4,22, v5,32, v6,33 and v6,222 for π±,

K±, K0
S, p + p, Λ + Λ and φ-meson have been measured for the first time at

√
sNN =

5.02TeV in Pb-Pb collisions with the ALICE detector at the Large Hadron Collider. The

results were obtained with a multi-particle technique, correlating the identified hadrons

with reference charged particles from a different pseudorapidity region. These non-linear

observables probe the contribution from the second and third order initial spatial anisotropy

coefficients to higher flow harmonics. All the characteristic features observed in previous

pT-differential anisotropic flow measurements for various particle species are also present in

the non-linear flow modes, i.e. increase of magnitude with increasing centrality percentile,

mass ordering at low pT and particle type grouping in the intermediate pT range. Hydro-

dynamical calculations (iEBE-VISHNU) that use different initial conditions and values of

shear and bulk viscosity to entropy density ratios are confronted with the data at low trans-

verse momenta. These calculations exhibit a better agreement with the anisotropic flow

coefficients than the non-linear flow modes. These observations indicate that non-linear

flow modes can provide additional discriminatory power in the study of initial conditions

as well as new stringent constraints to hydrodynamical calculations.

Keywords: Heavy Ion Experiments

ArXiv ePrint: 1912.00740

Open Access, Copyright CERN,

for the benefit of the ALICE Collaboration.

Article funded by SCOAP3.

https://doi.org/10.1007/JHEP06(2020)147

J
H
E
P
0
6
(
2
0
2
0
)
1
4
7

0.5 1 1.5 2 2.5
0.005−

0

0.005

0.01

0.015

0.02 5%−0

0.5 1 1.5 2 2.5

q
n/

4
,2

2
v

0

0.01

0.02

0.03

0.04 20%−10

0.5 1 1.5 2 2.5

0

0.01

0.02

0.03

0.04 40%−30

0.5 1 1.5 2 2.5
0.005

0

0.005

0.01

0.015

0.02 10%−5

0.5 1 1.5 2 2.5

0

0.01

0.02

0.03

0.04 30%−20

)c (GeV/qn/
T

p

0.5 1 1.5 2 2.5

0

0.01

0.02

0.03

0.04 50%−40

0.5 1 1.5 2 2.5
0.005

0

0.005

0.01

0.015

0.02

 = 5.02 TeV
NN

sPb −ALICE Pb

0.5 1 1.5 2 2.5

0

0.01

0.02

0.03

0.04

Particle species

±π ±K

pp+ s
0K

Λ φ

0.5 1 1.5 2 2.5

0

0.01

0.02

0.03

0.04 60%−50
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tions from [81] shed new light on the initial conditions and the transport properties of

the created system in Pb-Pb collisions. Both hydrodynamic calculations are based on

iEBE-VISHNU [82], an event-by-event version of the VISHNU hybrid model [83] coupling

2 + 1 dimensional viscous hydrodynamics (VISH2+1) [84] to a hadronic cascade model

(UrQMD). The initial conditions used for these calculations are described by AMPT [85]

and TRENTo [86], both with τ0=0.6 fm/c and Tsw =148MeV [87]. For AMPT initial con-

ditions, constant values of specific shear viscosity over entropy density (η/s = 0.08, the

lower limit conjectured by AdS/CFT) and bulk viscosity over entropy density (ζ/s = 0)

are utilised. The version of the model that uses TRENTo [86] initial conditions incorpo-

rates temperature dependent specific shear and bulk viscosities extracted from the global

bayesian analysis [87].2

2For simplicity in the rest of this article the model with AMPT initial conditions, η/s = 0.08 and ζ/s = 0

is referred to as AMPT and the model with TRENTo initial conditions, η/s(T) and ζ/s(T) is referred to

as TRENTo.
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and at later stages between the produced particles, this spatial irregularity is transferred

into an anisotropy in momentum space. The latter is usually decomposed into a Fourier

expansion of the azimuthal particle distribution [14] according to

dN

dϕ
∝ 1 + 2

∞∑

n=1

vn(pT, η) cos[n(ϕ− Ψn)], (1.1)

where N , pT, η and ϕ are the particle yield, transverse momentum, pseudorapidity and

azimuthal angle of particles, respectively, and Ψn is the azimuthal angle of the nth-order

symmetry plane [7–10, 12]. The coefficient vn is the magnitude of the nth-order flow vector

coefficient Vn, defined as Vn = vneinΨn , and can be calculated according to

vn = ⟨cos[n(ϕ− Ψn)]⟩, (1.2)

where the angle brackets denote an average over all particles in all events. Since the

symmetry planes are not accessible experimentally, the flow coefficients are estimated

solely from the azimuthal angles of the particles emitted in the transverse plane. Mea-

surements of different anisotropic flow coefficients at both the Relativistic Heavy Ion Col-

lider (RHIC) [15–31] and the Large Hadron Collider (LHC) [32–46] not only confirmed

the production of a strongly coupled quark-gluon plasma (sQGP) but also contributed in

constraining the value of the ratio between shear viscosity and entropy density (η/s) which

is very close to the lower limit of 1/4π conjectured by AdS/CFT [47]. In addition, the

comparison between experimental data [41] and viscous hydrodynamical calculations [48]

showed that higher order flow coefficients and more importantly their transverse momen-

tum dependence are more sensitive probes than lower order coefficients, i.e. v2 and v3, to

the initial spatial irregularity and its fluctuations [10].

This initial state spatial irregularity is usually quantified with the standard (moment-

defined) anisotropy coefficients, ϵn. In the Monte Carlo Glauber model, ϵn and its corre-

sponding initial symmetry plane, Φn can be calculated from the transverse positions of the

nucleons participating in a collision according to [9, 49]

ϵne
inΦn =

⟨rneinϕ⟩
⟨rn⟩ (for n > 1), (1.3)

where the brackets denote an average over the transverse position of all participating

nucleons that have an azimuthal angle ϕ and a polar distance from the centre r. Model

calculations show that v2 and to a large extent, v3 are for a wide range of impact parameters

linearly proportional to their corresponding initial spatial anisotropy coefficients, ϵ2 and ϵ3,

respectively [9], while for larger values of n, vn scales with ϵ′n, a cumulant-based definition

of initial anisotropic coefficients. As an example, the fourth order spatial anisotropy is

given by [50, 51]

ϵ′4e
i4Φ′

4 = ϵ4e
i4Φ4 +

3⟨r2⟩2

⟨r4⟩ ϵ22e
i4Φ2 , (1.4)

where the second term in the right hand side of eq. (1.4) reveals a non-linear dependence

of ϵ′4 on the lower order ϵ2. This further supports the earlier ideas that the higher order
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flow vector coefficients, Vn (n > 3) obtain contributions not only from the linear response

of the system to ϵn, but also a non-linear response proportional to the product of lower

order initial spatial anisotropies [52, 53].

In particular, for a single event, Vn with n = 4, 5, 6 can be decomposed to the linear

(V L
n ) and non-linear (V NL

n ) modes according to

V4 = V L
4 + V NL

4 = V L
4 + χ4,22(V2)

2,

V5 = V L
5 + V NL

5 = V L
5 + χ5,32V3V2,

V6 = V L
6 + V NL

6 = V L
6 + χ6,222(V2)

3 + χ6,33(V3)
2 + χ6,42V2V

L
4 , (1.5)

where χn,mk, known as non-linear flow mode coefficients, quantify the contributions of

the non-linear modes to the total Vn [53, 54]. For simplicity, the magnitude of the total

Vn will be referred to as anisotropic flow coefficient (vn) in the rest of this article. The

magnitude of the pT-differential non-linear modes for higher order flow coefficients, vNL
n ,

can be written as:

v4,22(pT) =
⟨v4(pT)v22 cos(4Ψ4 − 4Ψ2)⟩√

⟨v42⟩
≈ ⟨v4(pT) cos(4Ψ4 − 4Ψ2)⟩, (1.6)

v5,32(pT) =
⟨v5(pT)v3v2 cos(5Ψ5 − 3Ψ3 − 2Ψ2)⟩√

⟨v23v22⟩
≈ ⟨v5(pT) cos(5Ψ5 − 3Ψ3 − 2Ψ2)⟩, (1.7)

v6,33(pT) =
⟨v6(pT)v23 cos(6Ψ6 − 6Ψ3)⟩√

⟨v43⟩
≈ ⟨v6(pT) cos(6Ψ6 − 6Ψ3)⟩, (1.8)

v6,222(pT) =
⟨v6(pT)v32 cos(6Ψ6 − 6Ψ2)⟩√

⟨v62⟩
≈ ⟨v6(pT) cos(6Ψ6 − 6Ψ2)⟩, (1.9)

where brackets denote an average over all events. The approximation is valid assuming

a weak correlation between the lower (n = 2, 3) and higher (n > 3) order flow coeffi-

cients [52, 55].

Various measurements of the pT-differential anisotropic flow, vn(pT), of charged parti-

cles [33, 38, 43, 45, 46, 56] provided a testing ground for model calculations that attempt to

describe the dynamical evolution of the system created in heavy-ion collisions. Early predic-

tions showed that the pT-differential anisotropic flow for different particle species can reveal

more information about the equation of state, the role of the highly dissipative hadronic

rescattering phase as well as probing particle production mechanisms [57, 58]. In order

to test these predictions, vn(pT) coefficients were measured for different particle species at

RHIC [15–18] and at the LHC [39, 40, 42, 44]. These measurements reveal a character-

istic mass dependence of vn(pT) in the low transverse momentum region (pT < 3GeV/c),

a result of an interplay between radial and anisotropic flow, and mass dependent thermal

velocities [57, 58]. In the intermediate pT region (3 ! pT ! 8GeV/c) the measurements

indicate a particle type grouping where baryons have a larger vn than the one of mesons.

This feature was explained in a dynamical model where flow develops at the partonic level

followed by quark coalescence into hadrons [59, 60]. In this picture the invariant spectrum

of produced particles is proportional to the product of the spectra of their constituents

and, in turn, the flow coefficient of produced particles is the sum of the vn values of their

– 3 –

Does the ratio of baryon and meson flow  
in nonlinear modes equals to the square  
or first power of that in linear parts?

Might be better to define 
V4 = κL

4 ℰ4 + κNL
4 ℰ2

2
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Summary
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PAY ATTENTION TO DETALS: references, definitions and terminology, 
clearly define physical goals and corresponding measurements/observables  

Measurements of anisotropic flow, flow fluctuations, correlations 
between flow of different harmonics or the same harmonic at different 
momentum ranges are sensitive to many details of the initial conditions 
and the sytem evolution.
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In memory of Art Poskanzer
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Art: physics, inspiration, and much more
Flow, as a truly ideal fluid, has interpenetrated  
all parts of heavy ion physics, it brings 
new discoveries and contributes greatly  
to our understanding of strongly interacting matter. 

We are grateful to Art, who made it works.
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Flow fluctuations - “ridge” duality
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Fluctuations vs pT
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ALICE: arXiv:1205.5761

Fluctuations extend up to pT ~ 8 GeV/c  
with very similar magnitude 
Note that v4 measured wrt Ψ2 and  Ψ4  
becomes very similar at the same pT

2 The ALICE Collaboration
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Fig. 1: (color online) v2, v3, and v4 measured for unidentified charged particles as a function of transverse mo-
mentum for various centrality classes. The dashed line represents the WHDG model calculations for neutral pions
v2 [43] extrapolated to the LHC collision energy. For clarity, the markers for v3 and v4/Ψ2{EP} results are slightly
shifted along the horizontal axis. Error bars show statistical and systematic uncertainties added in quadrature.

0.2 < pt < 20 GeV/c were selected. The charged track quality cuts described in [22] were applied to
minimize contamination from secondary charged particles and fake tracks. The charged particle track
reconstruction efficiency and contamination were estimated from HIJING Monte Carlo simulations [33]
combined with a GEANT3 [34] detector model, and found to be independent of the collision centrality.
The reconstruction efficiency increases from 70% to 80% for particles with 0.2 < pt < 1 GeV/c and
remains constant at 80 ± 5% for pt > 1 GeV/c. The estimated contamination by secondary charged
particles from weak decays and photon conversions is less than 6% at pt = 0.2 GeV/c and falls below
1% for pt > 1 GeV/c.

The selection of pions and protons at pt > 3 GeV/c is based on the measurement of the dE/dx in the
TPC, following the procedure described in [35]. Enriched pion (proton) samples are obtained by selecting
tracks from the upper (lower) part of the expected pion (proton) dE/dx distribution. For example, protons
were typically selected, depending on their momentum, in the range from 0 to −3σ or from −1.5σ to
−4.5σ around their nominal value in dE/dx, where σ is the energy loss resolution. Note that dE/dx of
pions is larger than that of protons in the pt range used for this study. The track selection criteria have
been adjusted to keep the contamination by other particle species below 1% for pions and below 15%
for protons. The pion and proton v2 and v3 are not corrected for this contamination. The systematic
uncertainties in v2 and v3 related to the purity of the pion and proton samples are 2% for pt < 8 GeV/c
and 10% for pt ≥ 8 GeV/c.

The flow coefficients vn are measured using the event plane method (vn{EP} [1]) and the four-particle
cumulant technique (vn{4} [36]), which have different sensitivity to flow fluctuations and correlations
unrelated to the azimuthal asymmetry in the initial geometry (“non-flow”). The non-flow contribution to
vn{4} is estimated to be negligible from analytic calculations and Monte Carlo simulations [37, 38, 39].
The contribution from flow fluctuations was shown to be negative for vn{4} and positive for vn{EP} [1].

The orientation of the symmetry planes Ψn is reconstructed from the azimuthal distribution of hits mea-
sured by the VZERO scintillators. The large gap in pseudo-rapidity between the charged particles in
the TPC and those in the VZERO detectors greatly suppresses non-flow contributions to the measured
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Fig. 1: (color online) v2, v3, and v4 measured for unidentified charged particles as a function of transverse mo-
mentum for various centrality classes. The dashed line represents the WHDG model calculations for neutral pions
v2 [43] extrapolated to the LHC collision energy. For clarity, the markers for v3 and v4/Y2{EP} results are slightly
shifted along the horizontal axis. [Error bars show statistical and systematic uncertainties added in quadrature.]

all sources were added in quadrature as an estimate of the total systematic uncertainty. The resulting
systematic uncertainties in v2 are 3% for 0.9 < pt < 1 GeV/c and +3

�11% (+3
�12%) for 9 < pt < 10 GeV/c in

the 5-10% (40-50%) centrality class. The resulting systematic uncertainties in v3 are 3% for 0.9 < pt < 1
GeV/c and increase to 6% (10%) for 7 < pt < 9 GeV/c for centrality 5-10% (40-50%). We assign an 8%
(16%) systematic uncertainty to v4 for 0.9 < pt < 1 GeV/c in the 5-10% (40-50%) centrality class, while
for pt > 6 GeV/c the systematics are dominated by non-flow contributions.

Figure 1 shows unidentified charged particle v2, v3, and v4 as a function of transverse momentum for dif-
ferent centrality classes. The difference between v2{EP} and v2{4} for pt < 7 GeV/c is predominantly
due to flow fluctuations. The measured v2 at pt > 8 GeV/c is non-zero, positive and approximately
constant, while its value increases from central to mid-peripheral collisions. Less than 5% discrepancy
between the ALICE and ATLAS [24] v2{EP} measurements is found over the entire transverse momen-
tum region. The observed v2{EP} at pt > 10 GeV/c is fairly well described by extrapolation to the LHC
energy [41] of the WHDG model calculations [42] for v2 of neutral pions including collisional and ra-
diative energy loss of partons in a Bjorken-expanding medium [43]. The coefficient v3 exhibits a weak
centrality dependence with a magnitude significantly smaller than that of v2, except the most central
collisions. Unlike v3, which originates entirely from fluctuations of the initial geometry of the system,
v4 has two contributions, which are probed by correlations with the Y2 and Y4 symmetry planes. The
measured v4/Y4{EP} does not depend strongly on the collision centrality which points to a strong con-
tribution from flow fluctuations. In contrast, v4/Y2{EP} shows a strong centrality dependence which is
typical for correlations with respect to the true reaction plane. The difference between the two, indicative
of flow fluctuations, persists at least up to pt = 8 GeV/c.

We compare our results obtained with the event plane method to the existing analogous measurements
from ATLAS [26] and CMS [27] collaborations, as well to the results obtained at RHIC by STAR [40]
collaboration in Fig. 2. The comparison is done for 30-40% centrality. Note that only statistical errors
are shown in this plot. An excellent agreement is observed between results from all three LHC collabo-
rations. At RHIC energy, v2(pt), though very similar in shape, has a peak value about 10% lower than at
LHC.

2 The ALICE Collaboration
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Fig. 1: (color online) v2, v3, and v4 measured for unidentified charged particles as a function of transverse mo-
mentum for various centrality classes. The dashed line represents the WHDG model calculations for neutral pions
v2 [43] extrapolated to the LHC collision energy. For clarity, the markers for v3 and v4/Ψ2{EP} results are slightly
shifted along the horizontal axis. Error bars show statistical and systematic uncertainties added in quadrature.

0.2 < pt < 20 GeV/c were selected. The charged track quality cuts described in [22] were applied to
minimize contamination from secondary charged particles and fake tracks. The charged particle track
reconstruction efficiency and contamination were estimated from HIJING Monte Carlo simulations [33]
combined with a GEANT3 [34] detector model, and found to be independent of the collision centrality.
The reconstruction efficiency increases from 70% to 80% for particles with 0.2 < pt < 1 GeV/c and
remains constant at 80 ± 5% for pt > 1 GeV/c. The estimated contamination by secondary charged
particles from weak decays and photon conversions is less than 6% at pt = 0.2 GeV/c and falls below
1% for pt > 1 GeV/c.

The selection of pions and protons at pt > 3 GeV/c is based on the measurement of the dE/dx in the
TPC, following the procedure described in [35]. Enriched pion (proton) samples are obtained by selecting
tracks from the upper (lower) part of the expected pion (proton) dE/dx distribution. For example, protons
were typically selected, depending on their momentum, in the range from 0 to −3σ or from −1.5σ to
−4.5σ around their nominal value in dE/dx, where σ is the energy loss resolution. Note that dE/dx of
pions is larger than that of protons in the pt range used for this study. The track selection criteria have
been adjusted to keep the contamination by other particle species below 1% for pions and below 15%
for protons. The pion and proton v2 and v3 are not corrected for this contamination. The systematic
uncertainties in v2 and v3 related to the purity of the pion and proton samples are 2% for pt < 8 GeV/c
and 10% for pt ≥ 8 GeV/c.

The flow coefficients vn are measured using the event plane method (vn{EP} [1]) and the four-particle
cumulant technique (vn{4} [36]), which have different sensitivity to flow fluctuations and correlations
unrelated to the azimuthal asymmetry in the initial geometry (“non-flow”). The non-flow contribution to
vn{4} is estimated to be negligible from analytic calculations and Monte Carlo simulations [37, 38, 39].
The contribution from flow fluctuations was shown to be negative for vn{4} and positive for vn{EP} [1].

The orientation of the symmetry planes Ψn is reconstructed from the azimuthal distribution of hits mea-
sured by the VZERO scintillators. The large gap in pseudo-rapidity between the charged particles in
the TPC and those in the VZERO detectors greatly suppresses non-flow contributions to the measured
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Fig. 3: (color online) Relative event-by-event elliptic flow fluctuations for unidentified charged particles versus
transverse momentum for different centrality classes. For clarity, the markers for centrality classes ≥ 10% are
slightly shifted along the horizontal axis. Error bars (shaded boxes) represent the statistical (systematic) uncertain-
ties.

Figure 1 shows unidentified charged particle v2, v3, and v4 as a function of transverse momentum for
different centrality classes. The difference between v2{EP} and v2{4} for pT < 7 GeV/c is predominantly
due to flow fluctuations. The measured v2 at pT > 8 GeV/c is non-zero, positive and approximately
constant, while its value increases from central to mid-peripheral collisions. The observed v2{EP} at
pT > 10 GeV/c is fairly well described by extrapolation to the LHC energy [41] of the WHDG model
calculations [42] for v2 of neutral pions including collisional and radiative energy loss of partons in
a Bjorken-expanding medium [43]. The coefficient v3 exhibits a weak centrality dependence with a
magnitude significantly smaller than that of v2, except for the most central collisions. Unlike v3, which
originates entirely from fluctuations of the initial geometry of the system, v4 has two contributions, which
are probed by correlations with the Ψ2 and Ψ4 symmetry planes. The measured v4/Ψ4{EP} does not
depend strongly on the collision centrality which points to a strong contribution from flow fluctuations.
In contrast, v4/Ψ2{EP} shows a strong centrality dependence which is typical for correlations with respect
to the true reaction plane. The difference between the two, indicative of flow fluctuations, persists at least
up to pT = 8 GeV/c.

Figure 2 compares our results obtained with the event plane method for 30-40% centrality to the anal-
ogous measurements by ATLAS [26] and CMS [27] collaborations, and results obtained at RHIC by
the STAR [44] collaboration. An excellent agreement is observed between results from all three LHC
experiments. v2(pT) at top RHIC energy has a peak value about 10% lower than at LHC although is very
similar in shape.

To investigate further the role of flow fluctuations at different transverse momenta we study the relative
difference between v2{EP} and v2{4}, [(v2{EP}2 − v2{4}2)/(v2{EP}2 + v2{4}2)]1/2, which for small
non-flow is proportional to the relative flow fluctuations σv2/⟨v2⟩ [1]. Figure 3 presents this quantity
as a function of transverse momentum for various centrality classes. The relative flow fluctuations are
minimal for mid-central collisions and become larger for peripheral and central collisions, similar to
those observed at RHIC energies [1]. It is remarkable that in the 5-30% centrality range, relative flow
fluctuations are within errors independent of momentum up to pT ∼ 8 GeV/c, far beyond the region where
the flow magnitude is well described by hydrodynamic models (pT < 2− 3 GeV/c). This indicates a
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Flow and Viscosity in Relativistic Heavy Ion Collisions 9

year, the dynamical IP-Glasma model (81) was developed which builds on the

IP-Sat (Impact Parameter dependent Saturation) model (82) to generate finite

deformed fluctuating initial gluon field configurations in the transverse plane, and

then evolves them with classical Yang-Mills dynamics (75, 76, 77, 78). While the

lack of thermalization and of longitudinal fluctuations are still weaknesses of this

model, it is the first semi-realistic approach to describing the pre-equilibrium

stage dynamically, matching it consistently to the hydrodynamic stage.1 Fig-

ure 1 shows three snapshots of the transverse energy density profile from this

model.

3 INITIAL-STATE DENSITY AND SHAPE FLUCTUATIONS

3.1 Harmonic eccentricity and flow coefficients

The development of anisotropic flow is controlled by the anisotropies in the pres-

sure gradients which in turn depend on the shape and structure of the initial

density profile. The latter can be characterized by a set of harmonic eccentricity

coefficients εn and associated angles Φn:

ε1e
iΦ1 ≡ −

∫

r dr dφ r3eiφ e(r,φ)
∫

r dr dφ r3e(r,φ)
, εne

inΦn ≡ −
∫

r dr dφ rneinφ e(r,φ)
∫

r dr dφ rne(r,φ)
(n > 1),

(1)

where e(r,φ) is the initial energy density distribution in the plane transverse to

the beam direction. When, for collisions between nuclei of the same species, e is

averaged over many events and the angle φ is measured relative to the impact

parameter vector, there is a symmetry between φ and −φ as well as between φ

and φ+ π, and all odd εn coefficients vanish.

An important insight (23, 24, 25) has been that, due to event-by-event fluctu-

ations of the transverse positions of the nucleons inside the colliding nuclei (22),

and of the gluon density profiles inside those nucleons (75, 76, 77, 78, 81, 84, 85)

(see Figure 1), these symmetries do not hold in an individual collision event.

Therefore, in every collision all eccentricity coefficients are usually non-zero, driv-

ing anisotropic flow components of any harmonic order whose magnitudes and

directions fluctuate from event to event. The statistical distributions of εn and

Φn which, in a hydrodynamic picture, control the statistical distributions of the

final anisotropic flows vn and their directions Ψn, are of quantum mechanical

origin and depend on the internal structure of the colliding nuclei (see Sec. 3.3).

The anisotropic flow coefficients vn and their associated flow angles Ψn are

1It has been suggested that, since classical Yang-Mills dynamics does not lead to local ther-

malization, a different matching scheme (83) should be used that, unlike Landau matching, does

not rely on small deviations from local equilibrium. This interesting suggestion still needs to be

fully worked out for fluctuating initial conditions.
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Rapidity dependent momentum anisotropy at RHIC

Ulrich Heinz† and Peter F Kolb‡

† Department of Physics, The Ohio State University, Columbus, OH 43210, USA
‡ Physik Department, TU München, D-85747 Garching, Germany

Abstract. In Au+Au collisions at RHIC, elliptic flow was found to rapidly
decrease as a function of rapidity. We argue that the origin of this phenomenon is
incomplete thermalization of the initial fireball outside the midrapidity region and
show that it can be quantitatively related to the analogous effect at midrapidity
in peripheral collisions and in collisions at lower beam energies.

1. Introduction and overview

Semicentral Au+Au collisions at RHIC exhibit very strong elliptic flow v2 which
exhausts the prediction from ideal fluid dynamics (for a review see [1]). This has been
interpreted as strong evidence for early thermalization of the collision fireball, on a
timescale of < 1 fm/c and at energy densities of ∼ 10− 20 times the critical value for
quark-gluon plasma formation [2]. However, in more peripheral Au+Au collisions at
RHIC the measured elliptic flow remains increasingly below the hydrodynamic value,
and in lower energy Pb+Pb and Au+Au collisions at the SPS and AGS it does not
reach the hydrodynamic limit even in central collisions [3, 4]. The STAR and NA49
Collaborations have suggested (see Fig. 22 in [3] and Fig. 25 in [4]) that the discrepancy
between the hydrodynamically predicted and measured elliptic flow at midrapidity
scales with (1/S) dNch/dy where dNch/dy is the measured charged multiplicity density
at midrapidity and S is the initial transverse overlap area between the colliding nuclei.
When multiplied with the average transverse mass ⟨m⊥⟩ per hadron and divided by
τ0, this scaling variable is just the Bjorken energy density at proper time τ0 [5]. This
suggests that the degree of thermalization reached early in the collision (as measured
by the fraction vmeas

2 /vhydro
2 of the hydrodynamically predicted elliptic flow achieved

in the experiment) is controlled by the initial energy or particle density. This makes
sense since the collision rate is proportional to the density of scatterers.

The PHOBOS Collaboration first observed [6] that v2 shows a strong pseudo-
rapidity dependence, with a shape that seems to roughly follow the charged particle
pseudorapidity distribution. This has now been confirmed by STAR [7]. BRAHMS
and PHOBOS also reported that the pseudorapidity distributions of both Nch [8, 9]
and v2 [10] have very similar shapes for all collision centralities. The similarity in
shape between the rapidity distributions of v2 and Nch becomes even stronger if the
Jacobian between rapidity y and pseudorapidity η (which affects v2(η) and dNch/dη
mostly near midrapidity and with opposite signs [11]) is taken out.

Hydrodynamic models can reproduce the shape of dNch/dη but not that of v2(η)
[12]. Instead of falling off with increasing rapidity, the hydrodynamically predicted
v2(η) actually first increases with |η| before eventually dropping steeply near the
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Figure 2. Left: Differential directed flow v1(p⊥) of directly emitted pions (no
resonance decays) for ηs = y = 0, 1, 2, 3, 4. Except for a region of positive v1 at
0 < p⊥ < 0.5GeV and a shift of the rest of the curves by about 0.5GeV to larger
p⊥, the curves for direct protons look similar. Right: p⊥-integrated elliptic flow
v2 for direct pions as a function of pseudorapidity η, compared with data for all
charged particles [6, 7]. The hydrodynamic v2 values have been corrected with an
energy density dependent “thermalizations coefficient” as described in the text.
The Jacobian for the transformation from y to η has been included.

at ηs decreases, and the time evolution of ϵp follows the same pattern as previously
observed at midrapidity when reducing the collision energy (see Fig. 7 in [14]).

At forward rapidities the transverse overlap region becomes asymmetric and is
shifted sidewards in the x (or impact parameter) direction. This turns out to give
rise to a non-zero directed flow signal v1(p⊥) which increases with |ηs| (left panel in
Fig. 2). Of course, since the colliding matter receives no overall transverse kick, the
p⊥-integrated directed flow is zero.

The hydrodynamically calculated elliptic flow v2(η) has the same general shape as
previously obtained by Hirano with a fully (3+1)-dimensional code. We now correct
this hydrodynamic behaviour with a “thermalization coefficient” F (x) which is fitted
to midrapidity data in peripheral and lower-energy collisions [3, 4]. F depends on
the initial transversally averaged energy density at rapidity y = ηs through the ratio
x(ηs)= ⟨e(ηs)⟩/e0 (where e0 =9.5GeV/fm3 is the average initial energy density in
central Au+Au collisions at 130AGeV). As discussed in the Introduction, this scaling
variable is, up to a multiplicative constant, identical with the variable (1/S) dN/dy
found by STAR and NA49 to control the magnitude of v2 at midrapidity [3, 4]. We
parametrize the behavior shown in Fig. 25 of [4] with a simple linear function F (x)≡
vmeas
2

vhydro
2

= 0.15 + 0.85 x for x≤ 1 while F (x)= 1 for x> 1. (x= 1 corresponds in Fig. 25

of [4] to (1/S) dNch/dy = 25 fm−2.) The corrected vmeas
2 (η)= F (x(η)) · vhydro

2 (η)
for b =6.8 fm is shown by the full circles in the right panel of Fig. 2, together with
minimum bias data from PHOBOS and STAR. Even if our v2 values are still a bit high
at |η| > 2, we see good qualitative agreement with the data. We conclude that the
same incomplete thermalization effects previously seen at midrapidity in peripheral
and lower-energy collisions also describe qualitatively the rapid decrease of v2 at non-
zero rapidity in minimum bias collisions at RHIC. Local thermalization seems to be
driven by the local initial energy density reached in the collision.
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at ηs decreases, and the time evolution of ϵp follows the same pattern as previously
observed at midrapidity when reducing the collision energy (see Fig. 7 in [14]).

At forward rapidities the transverse overlap region becomes asymmetric and is
shifted sidewards in the x (or impact parameter) direction. This turns out to give
rise to a non-zero directed flow signal v1(p⊥) which increases with |ηs| (left panel in
Fig. 2). Of course, since the colliding matter receives no overall transverse kick, the
p⊥-integrated directed flow is zero.

The hydrodynamically calculated elliptic flow v2(η) has the same general shape as
previously obtained by Hirano with a fully (3+1)-dimensional code. We now correct
this hydrodynamic behaviour with a “thermalization coefficient” F (x) which is fitted
to midrapidity data in peripheral and lower-energy collisions [3, 4]. F depends on
the initial transversally averaged energy density at rapidity y = ηs through the ratio
x(ηs)= ⟨e(ηs)⟩/e0 (where e0 =9.5GeV/fm3 is the average initial energy density in
central Au+Au collisions at 130AGeV). As discussed in the Introduction, this scaling
variable is, up to a multiplicative constant, identical with the variable (1/S) dN/dy
found by STAR and NA49 to control the magnitude of v2 at midrapidity [3, 4]. We
parametrize the behavior shown in Fig. 25 of [4] with a simple linear function F (x)≡
vmeas
2

vhydro
2

= 0.15 + 0.85 x for x≤ 1 while F (x)= 1 for x> 1. (x= 1 corresponds in Fig. 25

of [4] to (1/S) dNch/dy = 25 fm−2.) The corrected vmeas
2 (η)= F (x(η)) · vhydro

2 (η)
for b =6.8 fm is shown by the full circles in the right panel of Fig. 2, together with
minimum bias data from PHOBOS and STAR. Even if our v2 values are still a bit high
at |η| > 2, we see good qualitative agreement with the data. We conclude that the
same incomplete thermalization effects previously seen at midrapidity in peripheral
and lower-energy collisions also describe qualitatively the rapid decrease of v2 at non-
zero rapidity in minimum bias collisions at RHIC. Local thermalization seems to be
driven by the local initial energy density reached in the collision.

Similar observations has been made 
later by Teaney and Yan, Retinskaya 
et.al., in relation to effects of initial 
density fluctuations 
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Initial shape fluctuation effect 
is very similar up to pT ~ 6 GeV/c
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… but it is still not possible to separate the effect of fluctuations 
from non-flow…


