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Large OAM in non-central heavy-ion collision

arXiv:0910.4114

Nuclei carry a large orbital angular
momentum (OAM),
L0 = pb ≃ A√sNNb/2.

e.g. for √sNN = 200 GeV and b = 5
fm, L0 ∼ 5 × 105.

A fraction of L0 is transferred to QGP
fireball.



Define thickness function (number of nucleons per unit transverse area) as

T (x , y) =
∫

dz ρ(x , y , z) , ρ → Nuclear density distribution

dP
dxdy = [T (x − b/2, y) − T (x + b/2, y)]

√sNN
2 PRC77, 024906 (2008)



Initial angular momentum of the fireball is then

Jy ∼
∫

dx
∫

dy x dP
dxdy =

∫
dx

∫
dy x [T (x − b/2, y) − T (x + b/2, y)]

√sNN

2

PRC77, 024906 (2008)

Jy ∼ 0.29L0 at b = 2.5 fm



Spin polarization of hadrons

Parton scattering polarizes quarks along the OAM direction due to
spin-orbital coupling in QCD, Pq ∼ −0.3 at RHIC.

One distinctive signature of an OAM would be the polarization of the
emitted hadrons. Considering hadronization via quark recombination,
PΛ = Ps , for example.



Experimental observation of Λ-polarization



Hydrodynamic simulation for global polarization

Initial condition : UrQMD string/hadron cascade, all components of thermal vorticity
tensor are initially non-vanishing. Simulation on a constant energy density hypersurface
(0.5 GeV/fm3).



Cooper-Frye formula for particles with spin
Momentum spectrum of of i th hadron is given by

E dNi
d3p =

∫
Σ

(dΣ.p) fi(x , p) → Cooper-Frye prescription

Polarization vector for spin-1/2 particles

Pµ(x , p) = − 1
8m ϵµρστ (1 − nF )ϖρσpτ + O(ϖ2)

where
ϖρσ = 1

2(∂σβρ − ∂ρβσ) with βρ = uρ

T
Ann. Phys. 338:32 (2013)

Space-integrated mean polarization vector

Pµ(p) =
∫

Σ (dΣ.p) Pµ(x , p)nF (x , p)∫
Σ (dΣ.p) nF (x , p)



Spin sign puzzle
”Hydrodynamic and transport-hybrid calculations predict a negative sign
of the longitudinal component of the polarization vector. The magnitude
of the effect is significantly larger in the model.”

Ann. Rev. Nucl. Part. Sci. 70 (2020) 395

This and several other questions led to the development of relativistic
dissipative spin hydrodynamics, still under development. So assume LTE
for spin dof.



QCD phase diagram

CERN courier, February 2021



Observed spin polarization has following sources:

Initial orbital angular momentum.

Vorticity generated through viscous stresses. This can be seen from
non-relativistic vorticity equation:



Why consider EoS?

The spin polarization vector in the rest frame of a hyperon at some point
in the fluid is given by (Ann. Rev. Nucl. Part. Sci. 70 (2020) 395)

S⃗∗(x , p) ∝ γ

T 2 v⃗ × ∇T + 1
T (ω⃗ − (ω⃗ · v⃗)v⃗) + 1

T γA⃗ × v⃗

S⃗∗ depends on ∇T , ω⃗ = ∇ × v⃗ and acceleration of fluid cell.

In nutshell, gradients of temperature and flow-velocity.

Gradients depend on the expansion dynamics of the system.

Expansion depends on the EoS.



Statement of the problem

How does thermal vorticity evolve in presence of CP?

Assumptions:
The dynamical universality class of the QCD critical point is Model H.
D. T. Son and M. A. Stephanov, PRD 70 (2004) 056001.

Hydrodynamics valid near CP. True when not too close to the CP. In
that case the back-reaction of critical fluctuations on bulk observables
can be neglected. K Rajagopal et al., PRD 102 (2020) 094025

We assume zero baryon diffusion, for simplicity.



Modeling the fireball evolution

Flow Chart for simulation

Initial
Condition

Relativistic
Hydro-

Dynamics

Stopping
criterion Afterburner

EoS

Initial condition : Shifted Glauber
EoS : BEST model
Stopping criterion : constant energy density (CORNELIUS)
Afterburner : UrQMD



Relativistic Hydrodynamics

Ref : SKS & J. Alam, VECC/IR/2018/04 (VECC Internal Report)
SKS & J. Alam, arXiv:2110.15604
SKS & J. Alam, arXiv:2205.14469

Hydrodynamic equations

DµT µν = 0
DµNµ

B = 0

∆µν
αβuγDγπαβ = −

πµν − πµν
NS

τπ
− 4

3πµνDγuγ

uγDγΠ = −Π − ΠNS
τΠ

− 4
3ΠDγuγ

We develop the code using relativistic HLLE algorithm and test it
against known analytical results and with output from publicly
available MUSIC and vHLLE codes.



Relativistic Hydrodynamics : Test Results
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Description of model
Initial condition

Sy ∝ [pτ ϖηx + pxϖτη + pηϖxτ ]

Need an IC with non-zero ∂ηux or ∂xuη.

Glauber model for transverse profile along with symmetric rapidity
profile for energy density has zero ϖηx at all times.

We use Glauber model + symmetric rapidity profile + local
energy-momentum conservation. C. Shen et al. PRC 102 (2020)
014909

The local collision energy and net longitudinal momentum at a point
in the transverse plane are

E (x , y) = [nA(x , y) + nB(x , y)] mN cosh(ybeam) = M(x , y) cosh(yCM)
Pz(x , y) = [nA(x , y) − nB(x , y)] mN sinh(ybeam) = M(x , y) sinh(yCM)



where
M(x , y) = mN

√
n2

A + n2
B + 2nAnB cosh(ybeam)

yCM = tanh−1
[nA − nB

nA + nB
cosh(ybeam)

]
We must have ∫

dxdy E (x , y) =
∫

dΣµT µt∫
dxdy Pz(x , y) =

∫
dΣµT µz

Assuming uτ = 1 and ux = uy = uηs = 0, we have T ττ = ε(x , y , ηs) and
T τη = 0, so that

M(x , y) =
∫

τ0dηs ε(x , y , ηs) cosh(ηs − yCM)

0 =
∫

τ0dηs ε(x , y , ηs) sinh(ηs − yCM)



If we further assume

ε(x , y , ηs) = Ne(x , y) exp
[
−(|ηs − yCM| − η0)2

2σ2
η

θ(|ηs − yCM| − η0)
]

we get
Ne(x , y) = M(x , y)

2 sinh(η0) +
√

π
2 σηeσ2

η/2Cη

with

Cη = eη0erfc

−

√
1
2ση

 + e−η0erfc

√
1
2ση


Initial net baryon density is taken as

nB(x , y , ηs ; τ0) = NB [gA(ηs)nA(x , y) + gB(ηs)nB(x , y)]

where NB is fixed by the condition∫
τ0 dx dy dηs nB(x , y , ηs ; τ0) = Npart



PRC 102, 014909 (2020)



PRC 102, 014909 (2020)



PRC 102, 014909 (2020)



The IC model of C. Shen et al. has been generalized to include non-zero
initial OAM in S. Ryu et al. PRC 104, 054908 (2021). The initial
energy-momentum current is assumed to have the following form:

T ττ = ε(x , y , ηs) cosh(yL)

T τηs = 1
τ0

ε(x , y , ηs) sinh(yL)

where
yL = f yCM , f ∈ [0, 1]



PRC 104, 054908 (2021)



Description of model
Equation of state & transport coefficients

Ref. - PRC 101, 034901 (2020)
The pressure at non-zero T and µB can be obtained through a Taylor
series expansion about µB = 0 as follows

PQCD(µB, T ) = T 4 ∑
n

c2n(T )
(

µB
T

)2n

The presence of CP makes some of the coefficients diverge

T 4cn(T ) → T 4cNon-Ising
n (T ) + T 4

c c Ising
n (T )

Equivalently,

PQCD(µB, T ) = P reg(µB, T ) + Pcrit(µB, T )

Choose and adjust P reg such that PQCD(0, T ) = PLAT(T ).



Description of model
Equation of state & transport coefficients

Obtain Pcrit by mapping to 3D-Ising model. The mapping is done as
follows:

T − TC
TC

= w (rρ sin α1 + h sin α2)

µB − µBC
TC

= w (−rρ cos α1 − h cos α2)

The Ising pressure in the critical region is given by

PIsing(R, θ) = h0M0R2−α
[
θh̃(θ) − g(θ)

]
,

where
h = h0Rβδh̃(θ) , r = R(1 − θ2)

and

h̃(θ) = θ(1+aθ2+bθ4) , g(θ) = c0+c1(1−θ2)+c2(1−θ2)2+c3(1−θ2)3



Description of model
Equation of state & transport coefficients

Ref. - PRC 101, 034901 (2020)
The Ising coefficients are obtained from PIsing as follows:

c Ising
n (T ) = 1

n!T n ∂nP Ising

∂µn
B

∣∣∣∣∣
µB=0

The “Non-Ising” coefficients are obtained as follows:

T 4cLAT
n (T ) = T 4cNon-Ising

n (T ) + T 4
c c Ising

n (T ).

The QCD pressure is then

PQCD(T , µB) = T 4
∑

n
cNon-Ising

2n (T )
(µB

T

)2n
+T 4

c P Ising(R(T , µB), θ(T , µB))



For hydrodynamics we require p ≡ p(ε, nB). Discretize ε − nB plane:

∆ε (GeV/fm3) =


0.002 if 0.001 ≤ ε < 1.001,
0.02 if 1.001 ≤ ε < 11.001,
0.1 if 11.001 ≤ ε < 61.001,
0.5 if 61.001 ≤ ε < 101.001.

∆nB (fm−3) =


0.0005 if 0 ≤ nB < 0.15,
0.001 if 0.15 ≤ nB < 0.3,
0.01 if 0.3 ≤ nB < 1,
0.025 if 1 ≤ nB < 5.



Equilibrium Correlation Length, ξ

ξ2 = 1
H0

(
∂M(r , h)

∂h

)
r

Assume H0 = 1. M is parameterized in terms of R and θ as

M(R, θ) = M0Rβθ

We have (
∂M
∂h

)
r

=
(

∂M
∂R

)
θ

(
∂R
∂h

)
r

+
(

∂M
∂θ

)
R

(
∂θ

∂h

)
r

so that ξ is given by

ξ2 = M0
h0

Rβ(1−δ)

2βδθh̃(θ) + (1 − θ2)h̃′(θ)

[
1 + (2β − 1)θ2

]
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Near the critical point, the transport coefficients diverge as

ζ ∼ ξ3 , η ∼ ξ0.05

The critical behavior of these transport coefficients can be modeled as

ζ = ζ0

(
ξ

ξ0

)3
, η = η0

(
ξ

ξ0

)0.05

Similarly for τπ and τΠ, i.e.

τΠ = τ0
Π

(
ξ

ξ0

)3
, τπ = τ0

π

(
ξ

ξ0

)0.05

ξ0 is a parameter for deciding the boundary of the critical region. We
choose ξ0 = 1.75 fm. ζ0 and η0 taken as

η0(µB, T ) = 0.08
(

ε + p
T

)
, ζ0(µB, T ) = 15η0(µB, T )

(1
3 − c2

s

)2



Stopping criterion

Constant energy density, ε = 0.3 GeV/fm3. Close to transition line.

The surface is found using the CORNELIUS code.

The surface is input to the UrQMD.

The spin polarization analysis is done on this surface



Fixing the parameters
Comparison with experimental data
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Hydrodynamic trajectories in phase diagram
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Case I : Zero initial angular momentum



Evolution of thermal vorticity
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Suppression of spin polarization of Λ-hyperons

Polarization calculated on constant energy density hypersurface 0.3
GeV/fm3. No afterburner.
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x , y and z components of Λ-polarization are plotted respectively in
the upper, middle and the lower panels as a function of azimuthal
angle in momentum space for √sNN = 14.5GeV and 62.4GeV. Ref:
SKS and J. Alam, arXiv:2110.15604



Case II : Non-zero initial angular momentum



Comparison with experimental data at √sNN = 200 GeV

In S. Ryu et al., PRC 104, 054908 (2021), non-zero initial vorticity is
obtained by introducing a parameter f that controls the fraction of
longitudinal momentum that can be attributed to the flow velocity.
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Prediction near critical point

Au+Au collisions at √sNN = 14.5 GeV with b = 5.6 fm
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We also find that the other bulk observables like elliptic flow,
pT -spectra etc. are not much affected due to the CP. SKS and J.
Alam, arXiv:2205.14469.
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Summary

Observables dependent on gradients are more sensitive to the EoS.

We observe a suppression in thermal vorticity and hence, polarization
of Λ-hyperons, as the CP is approached.

Suppression in the rapidity distribution of spin polarization may be
useful for locating CP. Further study needed.



Thank You !!!
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