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Motivation

Understanding of CP-violation within the
S(tandard) M(odel) + new physics needs a good
understanding of flavor physics, CKM matrix
elements.
Precise (non-perturbative, first principles)
determination of |Vub|, currently the least well
determined.
∼ 3σ discrepancy [PDG] :

Inclusive B→ Xu`ν :
Vub = (4.41±0.15+0.15

−0.17)×10−3

Exclusive B→ π`ν : Vub = (3.28±0.29)×10−3

leptonic B→ τν via fB : Vub = (4.22±0.42)×10−3

theoretical and experimental input needed
This talk: Non-perturbative determination of form
factors for Bs→ K`ν decay

B → Xℓν

B → τν (sl)

B → τν (had)

B → πℓν
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Semi-leptonic decays B→ π`ν , Bs→ K`ν

ub

d, s

B, Bs π, K

W−
`−

ν̄`

Bs→ K:
no experimental data yet – predictions
easier on the lattice (valence mK = mphys

K computationally less expensive
than for the π)
not far from B→ π

〈
K(pµ

K)
∣∣V µ

∣∣Bs(pµ

Bs
)
〉

= f+(q2)

[
pµ

Bs
+ pµ

K−
m2

Bs
−m2

K

q2 qµ

]
+ f0(q2)

m2
Bs
−m2

K

q2 qµ
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Form factor
B rest frame: pBs = mBs vµ = mBs (1,0,0,0).

〈K|V 0|Bs〉=
√

2mBs f‖

〈K|V j |Bs〉=
√

2mBspj
Kf⊥

The vector current is Vµ = ψ̄l (x)γµ ψh(x).

f+ =
1√

2mBs

f‖+
1√

2mBs

(mBs −EK)f⊥

f0 =

√
2mBs

m2
Bs
−m2

K
[(mBs −EK)f‖+ (E2

K−m2
K)f⊥]

First calculate f⊥ and f‖ and then relate to f0 and f+.
In the static limit:

f+(q2) =

√
mBs

2
f⊥(q2)

corrections O(10%)
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Experimental decay rates

dΓ

dq2 =
G2

F|Vub|2
192π3m3

Bs

λ
3/2(q2)

∣∣f+(q2)
∣∣2

λ(q2) =
(
m2

Bs
+ m2

K−q2)2−4m2
Bs

m2
K

experimentally measured decay rate
form factor f+(q2) computed in LQCD
⇒ determine Vub

The so-called BCL (Bourelly, Caprini,
Lellouch) parametrization can be used
to obtain results for a whole range of q2.
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Challenges in form factor computationsChallenges in form-factor computations

‣  

‣  

 

 

‣  

‣  

LPHAA
Collaboration

HQET

NPR by 
matching

extrapolations

discuss here

mb a > 1 → effective field theories

|p| �= 0 → signal/noise degradation

a → 0, mπ → mphys
π

eft’s → non-trivial renormalization

higher dimensional operators, e.g.

δVk = c1ψhγkγlDlψ
present for HQET, relativistic heavy quark action, NRQCD
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Heavy Quark Effective Theory I

Problem: L−1�mπ ≈ 140MeV, . . . ,mB ≈ 5GeV� a−1

Eg. A (charm) quark of mass ≈ 1 GeV with lattice spacings a ≈ 0.1 · · ·0.05 fm
would need lattices L/a≈ 60 · · ·120.

Solution: Heavy Quark Effective Theory (HQET) [ALPHA collab. ’01-’13]

Non-perturbative effective theory treating the heavy quarks in the background of a
sea of strongly interacting quarks and gluons.

〈O〉LO = Z−1 ∫
fields e−SLO O

For lattice formulation −→ continuum limit exists, and is unique (for a finite
number of renormalized parameters).

Expansion parameter: 1/mh.

Higher order terms carry higher mass dimensions LNLO = ∑i ωiOi , ωi = 1
mh

ω̃i

Non-perturbatively renormalisable (order by order in 1/mh).

well-defined continuum limit with 1/mh insertions in correlation functions.

valid for kaon momenta pK�mb.

in practice pK . 1GeV⇒ q2 close to q2
max.
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HQET II
For smooth fields, LDirac = ψ̄(mh + Dµ γµ )ψ can be split order by order in 1/mh:

L = Lstat
h + L(1)

h + Lstat
h̄ + L(1)

h̄
+ O(

1
m2

h
)

Lstat
h = ψ̄h(mh + D0)ψh; Lstat

h̄ = ψ̄h̄(mh−D0)ψh̄

L(1)
h = − 1

2mh
(Okin + Ospin)

Okin(x) = ψ̄h(x)D2
ψh(x); Ospin = ψ̄h(x)σ .B(x)ψh(x)

σk =
1
2

εijk σij ; Bk = i
1
2

εijk [Di ,Dj ]

smooth→ DK ψ = O(1) = Gµ ; D0ψ = O(mh)

The heavy quark is thus, treated non-relativistically.
In contrast to QCD, the renormalizability to all orders in the expansion has not
been “proved”.
Matching to observables in QCD can be performed fully non-perturbatively.

Sh(x ,y) = Θ(x0−y0)δ(~x−~y)e−m(x0−y0) P exp
{
−
∫

dt A0(t ,~x)

}
P+; EQCD

h = Estat
h |m=0 + m
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HQET III: Additional symmetries

Flavor : For F heavy quarks, there is an additional symmetry

ψh(x)→ V ψh(x); ψ̄h(x)→ ψ̄h(x)V †; V ∈ SU(F )

Emerges in the large mass limit, but not so much useful
phenomenologically
Spin : SU(2) spin rotations on the two (non-relativistic) Dirac components

ψh(x)→ eiσk αk ψh(x); ψ̄h(x)→ ψ̄h(x)e−iσk αk

Relates the vector and the axial-vector components, and important for
renormalization properties. Can be used to classify the spectrum, and/or
predict relations between different masses e.g.,

m2
B? −m2

B = m2
D? −m2

D; m2
B′ −m2

B = m2
D′ −m2

D

Local flavor-number: No space derivatives in the lagrangian, implying

ψh(x)→ eiη(x)
ψh(x); ψ̄h(x)→ ψ̄h(x)e−iη(x)

Local quark number Qh(x) = ψ̄hψh(x) is conserved.
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HQET IV: Predictions, an example

Consider the leptonic decay of B-meson: B−→ τ−ν̄τ

To a good approximation, the transition amplitude A is given in terms of the
effective weak Hamiltonian, which factorizes into a hadronic and a leptonic part:

A ∝ 〈τν̄ |τ(x)γµ (1− γ5)ν̄(x)|0〉〈0|ū(x)γµ (1− γ5)b(x)|B−〉
Using parity and Lorenz invariance for the hadronic part,

〈0|ū(x)γµ (1− γ5)b(x)|B−(~p)〉= 〈0|Aµ (x)|B(~p)〉= pµ fB eipx

where Aµ (x) = ū(x)γµ γ5b(x) is the flavored axial current.
A single hadronic parameter fB parameterizing the decay.
HQET can determine the asymptotic mass dependence of fB.
In the leading order, AHQET

0 (x) = Astat
0 + O(1/m), Astat

0 = ū(x)γ0γ5ψh(x)

〈0|Astat
0 (0)|B−(~p = 0)〉= Φstat with a mass-independent

Φstat = m−1/2
B p0fB = m1/2

B fB , non-relativistic normalization of states use
|p〉rel =

√
E(p)|p〉

fB =
Φstat
√

mB
+ O(1/mb),

fB
fD

=

√
mD√
mB

+ O(1/mc)
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HQET: Form Factors

V stat
0 = ψ̄uγ0ψh + acV0 (g0)ψ̄l ∑

l

←−
∇

S
l γl ψh

V stat
k = ψ̄uγk ψh−acVk

(g0)ψ̄l ∑
l

←−
∇

S
l γl γk ψh

Improvement coefficients cV0 ,cVk
known to 1-loop order.

The (multiplicative) renormalization of the currents are expressed as:

V stat,RGI
0,k = Z stat,RGIV stat

0,k

HQET parameters (Zi ,cVi
,ωi ) determined non-perturbatively:

ΦQCD
i (L,mh,0) = ΦHQET

i (L,mh,a)

Matching HQET and QCD for certain (finite L) “observables” Φi [Della Morte et al. ’13]

The matrix elements obtained in HQET can be related to those in QCD via the
so-called matching coefficients:

f⊥,‖ = CV0,Vk
(Mb/ΛMS)f stat,RGI

⊥,‖

At the moment CV0,Vk
are known upto 2-loop order, but will be obtained

non-perturbatively fully in the future.

Debasish Banerjee (NIC, DESY) Using HQET to study form-factors in semi-leptonic decays Page 11



Extrapolations

At fixed q2, achieved by “twisting” [Bedaque ’04] the s quark:
ψ(x + Lk̂) = eiθk ψ(x)~pθ = (2π~n +~θ)/L freely tuneable → heavy quark twisting

(keep Bs in rest frame)

continuum, a→ 0
chiral, mπ →mphys

π
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Ensembles and simulation

non-perturbatively O(a) improved Wilson
fermions
Nf = 2 CLS ensembles
scale setting via fK [Fritzsch et al. ’12]

mπL & 4
Error estimates taking into account
autocorrelations [Schaefer et al. ’12]

[GeV  ]2m 2
π

a 
 [

fm
 ]

2
2

0.006

0.005

0.004

0.003

0.002

0.001

0
0.30.2 0.40.10

id T ×L3 a [fm] mπ [MeV] mπL # meas. # target
A5 64×323 0.0749(8) 330 4.0 500 500
F6 96×483 0.0652(6) 310 5.0 254 500
N6 96×483 0.0483(4) 340 4.0 220 500

keep mK/fK = phys.

for now: one value of q2 only, q2 = 21.23GeV2
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Obtaining the form factor
C{B,K} ∼

b,u
s

t{B,K}

C3 ∼
ub

s
tB tK

Ratio – plateaux

〈K(pθ

K)|V µ |Bs(0)〉= lim
T ,tB,tK→∞

C3
µ (tK, tB)√
CK(tK)CB(tB)

eEKtK/2 eEBtB/2 ≡ lim
T ,tB,tK→∞

f ratio
µ (q2)

Factorising Fit

Combined fit to ground and first two excited states of C3,CB


C3

µ i (tB, tK) = ∑n,m βi
(n)ϕ

(n,m)
µ κ(m) e−E(n)

B tB e−E(m)
K tK , ϕ

(1,1)
µ ∼ f+(q2)

CB
ij (tB) = ∑n βi

(n)βj
(n) e−E(n)

B tB

CK(tK) = ∑m(κ(m))2 e−E(m)
K tK

Gaussian smearing, ψsm
l (x) = (1 + κ∆)Nitψl(x), Nit↔ wavefunctions

random noise sources, full time dilution
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Results: Effective Masses
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Figure : Effective energy of CK (left) and CBs (right) on ensemble N6. Note that both panels have
equal ranges on the corresponding axes. One can identify reasonable plateaus with small errors
even though the Kaon carries a non-vanishing momentum and we have a static Bs-meson. The
value for the ground state energy as obtained from a two-exponential fit is shown as a red band.
Uncertainties shown here are only those of Estat and EK in lattice units, not the ones of mbare and
the lattice spacing. The data points are shown for the case of maximum smearing, while the fit
involves all the smearing levels.
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Preliminary results

Final quoted values from the fits.
GEVP is used to guess the Bs energies.
GEVP guesses used in the combined fit to the CK , CBs and the C3-point
functions.
Large tK

min is used to get rid of the excited state contribution but the wrappers also
need to be accounted for.
Two excited state parameters for the Bs state considered.

f bare
‖ = ϕ

(0,0)
0

√
2EK; f bare

⊥ =
ϕ

(0,0)
0
pk

K

√
2EK.

1.06

1.08

1.10

1.12

1.14

1.16

 13  14  15

ϕ 0(0
,0

)

tmin
B3  / a

0.55

0.56

0.57

0.58

0.59

0.60

 13  14  15

ϕ k(0
,0

)

tmin
B3  / a

Figure : Stability of fit parameters with the choice of fit range
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Form factors from ratios
Different ratios can be defined to extract the form factors:

RI(tK , tB) =
C3

ij (tK , tB)[
CK

ii (t)CB
jj (t)

]1/2 exp
(

(Eeff
B (t)−Eeff

K (t))(tB− tK )/2
)

Rf (tK , tB) =
C3

ij (tK , tB)[
CK

ii (tK )CB
jj (tB)

]1/2

[
CK

ii (tB)CB
jj (tK )

CK
ii (tB)CB

jj (tB)

]

RII(tK , tB) =
C3

ij (tK , tB)[
CK

ii (tK )CB
jj (tB)

]1/2 exp
(

Eeff
B (t)tB/2 + Eeff

K (t)tK /2
)

RIII(tK , tB) =
C3

ij (tK , tB)

CK
ii (tK )CB

jj (tB)

The ratios asymptote to the respective form factors, the last one however, has a
non-trivial normalization.
To get improved convergence, used summed ratios:

Si = ∑
tB
Ri (t− tB , tB)

Obtain form factors using a fit or a numerical derivative.
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Ratios: RI and Rf (A5 ensembles)
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Summed ratios (A5 ensembles)
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Form factors from summed ratios (prelim.)
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Ratio fits (prelim.)
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Towards the continuum limit
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A little comparison

17 17.5 18 18.5 19 19.5 20 20.5 21 21.5 22

1

1.2

1.4

1.6

1.8

2

2.2

q2/GeV2

f +

[HPQCD ’14]

this work Preliminary
RBC/UKQCD Preliminary

blue: [HPQCD ’14] ,
a = 0.09 fm,mπ =
320MeV Pert.
renormalisation
brown: this work,
continuum, static,
mπ = 340MeV, NP
renormalisation
[Della Morte et al. ’07] .
Preliminary.
green:
RBC/UKQCD
Preliminary, chiral,
continuum. Pert.
Renormalisation
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Error budget – rough estimates

extraction of FF through fits / ratios (≈ 2%)
lattice spacing (scale setting): determination of q2 (≈ 1%)
continuum extrapolations (2 . . .5%)
chiral extrapolations (seems flat: small)
BCL parameterisation, experimental data (none yet, for B→ π ≈ 10%)
Nf = 2 (“To date, no significant differences between results with different values of Nf have
been observed.” [FLAG ’13] )

HQET truncation (static: ∼ 10%, at O(1/mh): ∼ 1%; [< 1% for fBs
[Bernardoni et al. ’14] ])
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Conclusions and Outlook

Conclusions
f+(q2) for Bs→ K in HQET
fully non-pertubative renormalisation setup (at LO, soon at NLO in 1/mh)
small discretisation errors
rough agreement with recent HPQCD results −→ Vub puzzle remains

Outlook
Chiral extrapolation: mπ →mphys

π .
Inclusion of O(1/mb) effects in analysis (matching to be done, large
volume measurements available).
Measure at one or two more q2.
Nf = 2 + 1, open BC, wrappers gone.
B→ π.
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Parameterisation of f (q2)×Vub

Our ultimate plan:
BCL-Parameterisation [Bourrely, Caprini, Lellouch ’09] :

f+(q2) =
1

1−q2/m2
B∗s

K−1

∑
k=0

bk

[
zk (q2)− (−1)k−K k

K
zK (q2)

]

Correlated, combined fit of our data and experimental data
Minimise χ2 = χ2

th + χ2
exp

fit parameters bk ,Vub
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