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Overview  ¢ifr

1. Basic error propagation

2. Example of few observables
2.1. Systematic uncertainty of MC signal efficiency
2.2. Systematic uncertainty associated with fit Yield
2.3. Systematic uncertainty of BF measurement
2.4. Systematic uncertainty on Rx measurements
2.5. Systematic uncertainty on Ay

3. Propagation of correlation matrix
3.1. Examples

4. PCA
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Error propagation master formulae ( tifr

® Consider a function of n random variable y = y((x1, 22, ..z,)) and we know X = (z1,z2, ..z distributed
according to a joint p.d.f f()?) then

—

7= Ey(X)] = / (X F(X)dx

® If we don’t have proper knowledge of f(X) can we measure oy?
® Yes, under certain assumption,
m We know mean values of z; which is X = s

- k
m y(X) is linear nearby i ( [%} << [%] __for k > 1, any other cross term too)
z; F=i

T=p

m We have knowledge on correlation matrix V;; = E[z;x; — E(x;x;)]

® Under above assumptions we can derive the master formulae,

[ 9y Oy
2
= 29 Vi; 1
Ty Z[axl 8a:j})?:ﬁ J 1)

2%
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How to derive? Not so important Ctifr

V@ v+ 30 (4] i @)
i=1 L9 da=p
Bly@)] ~ () @)

B @)~ @ Y [2]  Eewo+n [(Z 2] - un) (Z EAICE w))]

i=1
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. . D
Some special cases (Ctifr -

®y=2x1+x2 :>U§:U%+O'§+2V12
m The ‘absolute’ uncertainty of addition of n uncorrelated (V;; = 0) variables will be square root of quadrature sum of
‘absolute’ uncertainty of individual variables

T1To 0'13 f"% 0'% 0% UZ Vig i
o y=21"2 — 4 =L 4 =2 4 % 4 —4 4 (2--L2 4 and other 5 correlation terms)
T3T4 Y z7 5 T3 i xT1T

m If the uncorrelated variables of a observable, are associated to a formulae with only multiplication or division form, then
"relative error’ of the observable add up in quadrature

® If two or more variable's correlation coefficient p;; = ——L- is one, which means they are 100% correlated then
K]
my=z1+r2 = 0y =01+ 02
— Z1%2 . %y _ %1 92 23 4 94
" Y= 23y y_11+12+13+14

m As an example suppose we assign % relative systematic due to data/MC efficiency correction for one charged track.
Then if there are m charged tracks in signal then we can assign mx% relative systematics. This works because of
underlying assumption Track finding efficiency for the first track is 100% correlated with rest of track finding efficiency.

]
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Let’s try for others ( tifr

_ 4n?¢
®g= 5:2

e [(T)=aT? +bT +c

and so on..
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Systematic uncertainty of MC signal efficiency

. D
(<>

B

® Signal efficiency is a essential input to measure several physical observable. This is generally estimated from

signal MC. Now due to imperfect simulation, then efficiency for data and MC are not exactly same. This

introduce systematic uncertainty called as multipicative systematic uncertainty.

Let's say,
mc mc mc
€MC = €0 X 6pid X €track X --€n

mc

where ¢q is the efficiency when no selection is applied. €id is efficiency when pid selection applied and so on..

Similarly, for data we have for data,

data data data

€data = €0 X epid X €track X «€p

So,
€data = EMC X Tpid X Ttrack X ---Tn,
where 7, = edata jeme

So assuming sources of systematics causing data mc difference are uncorrelated,

2 2 2
Ocdata _ <U€MC ) + (U’"p?d ) + (‘Twack ) + (
€data EMC Tpid Ttrack
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Continued... (Ctifr

® Teyc/eMc
m Due to limited MC: y/emc(1 — emc)/N where N is number of generated sample in MC. This is inspired by the relative
error on a binomially distributed random variable.
m Some times we assume some pdg BF to measure epmc. As an example we need €BO s g p[ete—]KO but we only
‘BO—J/yl—ete |K[ntn—]
BF(KO—»ntn—) :

reconstruct K? — 77~ in the analysis. In this scenario, €BO Ly plsete|KO =

We can generate exclusive decay sample B® — J/¢[— et e ] K [xT 7] and find efficiency in above way, or we can
fix BF(KS — 7r+7r7) in decay file to generate. In either case we have to add this systematic uncertainty as ogr/BF.

® Suppose we have three charged track in the signal, then Tyack = Ttrack; X Ttracks X Ttracks and
Orae / Ttrack = 3 X o /13 where r and o, are average data/MC track finding efficiency and its uncertainty
respectively calculated from standard control sample. These value are generally provided from performance

group.
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Systematic uncertainty associated with fit Yield (/V;) @ tifr

® PDF shape: Sometimes we fix some fit parameters from MC, and we introduce systematic uncertainty for that.

N2
(AYield/Yield)? = Zle (%) ogi assuming the parameters fixed from MC are uncorrelated. This

formula can be modified to (AYield/Yield)? = Zle (%)2. Common practice is to vary s; by
s; = s; £ 05, such that As;/os, =1 and find the change Yield; , which leads to
(AYield/Yield)? = % (AYield;)?
There are be other source of systematic like cut variation, selection, parametrization, impact of specific
backgrounds, detector resolution effect, which in general can be added in qudrature.
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Systematic uncertainty of BF measurement C tifr

N
T2 x ex fE/00(f00/£) x Ngp

Since all of them are in multiplication or division format their relative error will be added in qudrature,

BF

% - \/(UNS/NS)2 +(oc/€)> +(0f/f)? + (0N, 5/NBB)?

® Relative error on N are generally available from standard analysis
® PDG value can be used for relative error on f4 /o9
® Relative error on efficiency (¢) are discussed earlier

® Relative error on N, (fit Yield) are discussed earlier
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Systematic uncertainty on Rx measurements  ¢ifr

Ny
wp
Ry — BF(B*T — Ktutu™) _ “Ktpp

K= BF(B* - Ktete )  Nitee

CKtee

Now,

data data

€Kupl€Kee 761(%/51(66 (r trackmg/ tracking) ( KID kID ) % ( muonID electroID) x (r MVA MVA)

K,uu TKee Kpup TKee Kpup Kee Kuu TKee)

® r ratios for tracking is unambiguously same for both mode, so this term will not be there
® 7 ratios for kID is also same for both mode, since this data/MC correction for both mode is same.

® If we would calculate R0 but we reconstruct K9 - K; — nt7~, and hence to calculate MC efficiency
(eo_s kogg) we use BF for neutral kaon decay to two pion. But this is same for both lepton mode, and hence
this factor will not affect Ry -0 measurement.

® Similarly factors affect data/MC efficiency for both the modes in unambiguously same way, will not contribute
systematic uncertainty to Ry

(O'RK /RK)2 = (UNKML/NKML)Z + (UNKee /NK66)2 + (UTelectronlD /"'electronlD)2 + (0'7"muon|D/7"muonlD)2

2 2 2
+(orma/mMva)” + (O—EK[I}L/ Ku,u) (UC’P(C“ [€Kee)

i
Soumen Halder (TIFR) systematics June 11, 2022 11|25



Systematic uncertainty on A; C tifr

2x (TB+/TBO)(f:t/fOO)(Nsig/e) ‘KSM _(Nsig/e) |K+M
2 (TB+/TBU)(f:t/fOO)(Nsig/e) ‘K?M +(Nsig/5) |K+gg

The equation can be re-arranged as

Ar =

_ 27fN1/e1 — Na/ea
2TfN1/61 —+ N2/€2

If we use error-propagation master formula we can derive,

Ag

_ _ A4TfNi/eiN2/e2 ,
= (27fN1/€e1 + N2 /e2)? Z(Usi/sz)Q

k3

O'AI

where s; stands for N1,N2,e1,e2, 7, f for different
® Relative error on fit yield N1,Ny are discussed earlier
® Relative error on 7, f rely on PDG value
® |f we estimate A for lepton flavours individually then, relative error on signal efficiency is previously discussed

® |f we want to estimate A; for lepton flavour-independent way we have two different way,

m Take weighted average of lepton flavour dependent result
m Calculate combined yield from fit and combined efficiency from MC. Systematic uncertainty for combined efficiency is bit
complicated (backup).
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Continued.. (Ctifr

_ 47fN1/e1 N2 /e2
(27fN1/e1 + N2 /e2)?

OAr

This expression contains ¢ for both modes.
K_?ee KV

€
€gata — €mc X ftracking X felectroniD X ng
Ktee _ KTt ’
edataee = €me “¢ X ftracking X felectronID X fkaonID

® folectronip Will cancel from A expression.

+ - + - + + - +
° . __ 0 e e ’ _ K e e e H
ftrackmg - ftrackingftrackingftrackingftracking and ftracking - trackingftrackingftracking' Hence ftracking cancels in the

final expression of Aj.
0
So finally the s; contains N1, Na, esee egjee, tracking: Jtracking: fkaonID, fxo.
We assumed there are no correlation between these quantities, and hence the correlation term is missing in the
equation. But if some generic systematic used like for tracking then correlation term will make it a full square. Like
for example here, 30tracking Used for tracking where Otracking is common systematic uncertainty for per track.

i
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A set of variable to another set of variables...

« tifr

Suppose there are m similar functions, y1(Z), y2(Z)..ym (%),

n
Oyx. Oy
Ukt = covlyr,yil = D |5 Vij (4)
~ Ox; Oxj | ~_ -
3,j=1 z=
In short,
U= AVAT (5)
where A is Jacobian from & — ¢ or A;; = [gg’f]
ile=p
gﬁ gﬁ . %
T P Tn
gy2 gw . gyg
x] T2 Tn
Amxn =
9Ym Oym .. Oym
S Oxo Oxy

Propagation of a covariance matrix (V') of a set of variables Z to another covariance matrix (U) of another set of
variables ¢, where y's are functionally connected to z's

ninxm

Um><m = AanVnX AT (6)
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Tracking

« tifr

Q. A tracking chamber finds the hit coordinates in cylindrical polar coordinates (p, ¢, z). The uncertainty in the p

direction is negligible. Find the covariance matrix for the position in Cartesian coordinates(z, y, z)
A.

2 x=pcos¢p, y=psing and z = z

0 0 0
3Vv=|[0 o} 0
0 0 o2
oz oz oz
? g? 27 cos¢ —psing O
° A= a—z % 5| = (sing pcosé O
0z 9z 9z 0 0 1
ap ¢ Oz
o U=AVAT
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Current measurement

. D
C tifr

Q. A common resistor, with resistance, R and a voltmeter is used to measure the potential difference across the
resistor, V1 and V2, from two power supplies applied in turn. The uncertainty on the resistance is Sg. The
uncertainty in the voltage supplies has two components, one is statistical uncorrelated, which are oy, , oy, , another
is fully correlated Sy,. Construct covariance matrix for (R, V1, V2 ) and then find for (I1,12)
A.

S% 0 0
1v=|0 S}+op, S2
2 2 2
0 ST Sy + oy,
251 oI oIy (_ 0)
2 A= OR oVvy OV \ T
9y dly (_ 520
OR oVvy (_ ) OVy
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« tifr

Combination of measurements for uncorrelated source

2i=1 5
ﬁ find o

Tr =

EINEYE

]
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PCA (Ctifr

X2

*y
® Reduce the dimension of the above distribution
— Project, along an axis where the distribution is maximally scattered

— Next few slides will achieve that target

i
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Diagonalization of covariance matrix C tifr

U= AvAT (7)
® For particular, choice of A, U can be diagonal.
al
a2
® Once we diagonalize, A can be written with the help of normalized eigenvectors A = | ... 3
[
@ -~ | 22] - w) ®)
i=1 LOTida=p
Y1 — % T1 — %1
Y2 — Y2 T2 — T2
® So y (%) — yk(ii) ~ Agi(ws —pg) or [ BT | = A | TBTES
Yn — Yn Tn — Tn

® So we get n a new set of variables amongst which the correlation is zero.

® 4y is related to o (Sort w.r.t eigenvalue magnitude) eigenvector

i
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Contd.. « tifr

9 4
> =
4 3
°
® o N
Py i
° e 2 Eigenvectors
® e 1 (direction)
11 1  Eigenvalues
(magnitude)

® y. is related to o® (Sort w.r.t eigenvalue magnitude in descending order) eigenvector
® Prune y's from bottom to reduce dimension

Ref. Principal Component Analysis (PCA)

=
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https://www.youtube.com/watch?v=g-Hb26agBFg&list=PLB1crb0wCkxG5zVotKAGyD5JYjRX8Riru&index=5
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Backup
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Detailed Calculation ( tifr {B

_2axbxc—d
T 2axbxcH+d

N
= o withlN = 2abc — d and D = 2abc + d

Now,
e 0X _ 10N |, N @_E_Agbc_ﬂ(l_ﬂ)_@D*N_4bcd_l4ab8d
da ~ D da —D2 9a ~ D D2 - D D/~ D D ~— D2 T a D2
P 90X 4abed 90X
° 9X _ — 99X
In a similar way, b = =57 = ¢4,
X _ 1 8N N 8D _ 1 N _ 1 Ny _ 1 D+N _ 4abc _ 1 4abed
e YA = UiV v = —_ — A = AN = =rey 2000 =
ad_DE)d+7D28d_DX(1) D2_D(1+D)_DD — D2 T d D2
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Continued .. « tifr

(ax >2+(ax )2+(ax )2+(ax )2+ 3 0X 0X |,
ox = —0aq —0 ——O0¢c —0 — Vij
X da o ° de ad °* Oz; 0z;

i,j={a,b,c,d}
A CRCEORC R e
i,j={a,b,c,d}
" L

Soumen Halder (TIFR) systematics June 11, 2022 24|25



If efficiency combined..  ¢ifr

° EHI}CM = fﬁrln(cp,u + (1 f)EKee and e%é@ feKuu + (1 )eKee’

f € K ee Saectronip +(1— f)60K huoniD
Y E 6 rt krmvarle ee eec ron j222 muon
KZZ/ KZZ rac feo Kee electron|D+(1 ed O,Kpu muonlD

—>very complicated

i
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