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Fig. 1. Thermal Wilson loop as a function of T/T, calculated on a 3 X 107 lattice for Wilson action ( )

Manton action ( +) and Villain action (O). Here T is the temperature of the SU(2) gluon matter while 7,
15 the deconfinement temperature,
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Universality and critical behavior in QCD

— The chiral phase transition in (2+1)-flavor QCD

Frithjof Karsch
Bielefeld UniverSity Universitat Bielefeld

@ Universality and critical behavior in the limit of vanishing light quark masses
--- the chiral PHASE TRANSITION
@ Higher order cumulants of conserved charge fluctuations

--- making contact to fluctuation data from heavy ion experiments
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Phases of strong-interaction matter

T this talk focuses on
pg =0
H=ml/ms
phylsical
L
2
E
®
=
1:; phys.point
= = =i}

Tpc > T((:) > Tt’l"’iC > TCEP

— N =1

— determination of the critical temperature
(and the order of the transition)
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Universality and Critical behavior in QCD

@ close to the chiral limit thermodynamics in the vicinity of the
QCD transition(s) is controlled by a| universal scaling function

singular / regular

i = s WZ(V,T, i) = —hCBP0 5, (t/h1/5%) — £,.(V, T, i)

critical line: T —1; Hq Mg
. . ~ + Ko | — ’ ~ —
t=0, h=0 T, T T,

“thermal” coupling “magnetic” coupling

here only: g =0

guestion: Where is the chiral
PHASE TRANSITION for
m, = mgq = 0 located?
What is its influence on
observables at the pseudo-critical
temperature?
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Universality and Critical behavior in QCD

@ close to the chiral limit thermodynamics in the vicinity of the
QCD transition(s) is controlled by a| universal scaling function

singular / regular

p . o .
Tt~ VT3 In Z(V, T, ji) = —h(? )/Bdff(t/hl/ﬁa) — fr(V, T, [i)
4 T _ T 2\
e ()
) \T
Pseudo-critical temperatures g h o~ ""1’;‘1 )
response functions @ magnetic mixed thermal
znd
order cumulants 921n Z 921n Z 921n Z
Oh? Oh Ot ot?
(" O(4) critical ) (ml)1/5—1 (ml>(ﬁ—1)/ﬁ5 (ml)—a/ﬁ6
exponents ~ [ — ~ [ — ~ [ —
a = —0.21 T, ﬁ T ﬁ T. ﬁ
8= 0.38
~ —0.79 ~ —0.34 ~ +0.11
\ 0= 482 )
divergence: strong moderate none
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Chiral observables in QCD

| _ OP/T ) ) _
— chiral condensate: (Y1), = o /T (V)1 = ((Y)u + (P2P)a)/2

2 _ _
— chiral order parameter: M = I M (P) — my(Pap) )
K

my = (Mmy + mg)/2

oM oM _

— chiral susceptibility: XM = Ms Y + omy magnetic
u

oM :

— mixed chiral susceptibility: Xt = TB—T mixed
,0°P/T*
— conserved charge fluctuations: Xx = EYE thermal
Hx px =0
X =8B, S,...
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Scaling in the thermodynamic (infinite volume) limit

— approaching the chiral limit — some definitions
— order parameter M and its susceptibility
M = h'Y%fg(2) + four(T, H)
xv = hg 'R L (2) + faun(T, H)

for ANY fixed z:

Tpc(H) = T? (1 + iHl/ﬁ‘s) + sub leading
Z0

— corrections-to-scaling
— regular terms
0.40

0.35 |
0.30 | scaling functions f (z) for some 3-d universality
classes:
0.25 |
@x 020 | ) 1/836 Zp 260 Zs
T 045 | Z(2) | 4.805 [ 0.640 || 2.00(5) | 0.10(1) | 0
0.10 O(2) | 4.780 | 0.599 || 1.58(4) | -0.005(9) | 0
| O(4) | 4.824 | 0.545 || 1.37(3) | -0.013(7) | ©
0.05 | oo - - —
215-1-050 05 1 15 2 ~""
0.00 ' ' ' .
-2 -1 0 1 2 3

characteristic points on
the scaling function f, (=)
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Pseudo-critical temperatures from chiral observables

20 mixed 200 magnetic
L i CEE 1:2_'_1'11(',7";-’{;' I I I_ ‘ I ;"(E = M j\.r,r — 16
o5 |VEM H 250} X 12 -
20 Y .y of 11 200} T ? N
15 - ' . 0T Ti5 T[ll".]:‘.] 165 175 150 - : - = : - . }
O . * " S | N VT ¥ e a
- N, =16 = -~ - o .
10 t 12 ' 1 100 o, =
e L 8 m ' a - -
D 6 o e o0
0 ) T [MeV] 0 T [MeV]
135 145 155 165 175 135 145 155 165 175
. lTﬂ T T T T I
physical T.(0) [MeV] SEITE 0
light & strange KT
¥ . . 1sCc __
quark masses; i Co = COE Orx 0
. Cy = Cy:07M =0
: 0 | . . E > . 2a7
continuum % , - ; ¢ o1 Gy :0rg, M =0
extrapolated | L | . C} | CF:82x%sc =0
155 | (156.5+ 1.5) MeV m |
1/N2
L':}ﬂ 1 ] ] ] f T ]
R e 2 A. Bazavov et al [HotQCD],
SN NN Y N, arXivi1812.08235
) C? i i
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Pseudo-critical (crossover) temperature

2 4
_ 70 KB KB
Tpc(ll'B) = Tpc 1 — K9 <?> — Ky (E) —I— cos

1?5 " I " 1 " ) N ) N ) " I " I "
170 - Tpe [MeV] crossover line: O(u})
i constant: €
A. Andronic et al., ' s E |

165 :
Nature 561 (2018) " freeze-out: STAR e

321 T30 ALICE = -

e
1C0F B e e R Rk e B
+++++++++++++++++++ O A e ]
J_ l:_"l:_'. SR e e -
B R R R R R R R
-------------------
150

ST ng=0,%2=04 + —+—

1407 g [MeV]
135 . i . i . i . i . i
() H0 100 150 200 25{] mu 35[1 —l{l[l

A. Bazavov et al [HotQCD],

"
.........................
........

+++++++

T° = (156.5 + 1.5) MeV arXiv:1812.08235
ke = 0.012(4) R -

average over 5 definitions
k4 = 0.000(4) of a pseudo-critical temperature
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The Chiral PHASE TRANSITION in
(2+1)-flavor QCD: m;/ms; — 0

25 ———
Oln Z M mim[m e | 1y = (1M, + Mg) /2
M~ mg— , 8% o . 20 (160 &~ ! “ d
L - = = 1
Bml 0 ® e 0 © B 27 (140 o~ = 0
cae o g w1 e fixed, physical
15 | “oa e 50| 8o a. | S , PNy
& @ =
( 7 4 [_]150 55
10} N=8 voo g
N
@ . v o, © o .
magnetic” | N R “mixed”
v A R
susceptibility . . susceptibility
0.79 pe
~ (ms/ml) 130 135 140 145 150 155 160 165 170 175 180 ~ (ms/ml)0'34
0.79 * 0.34
(160/27)™"" ~ 4 (160/27)%34 ~ 1.8
700 T T T T T . . 120 . . . . . .
A |I||Iln..qi mg/m, | m,, [MeV] -ToM/aT ’,II““I\ mg/m = 20
600 "f’ \ 20 [160 ~5~ | 100 | ’;" .\ ar 1
¥ 27 [140 &~ / DT 40 mm
L - i N = A S 7 \
i ,ﬂf \ 40 | 110 —o— go | N "' / \\ ~"'n.. 80 W -
400 | | 4 s\ s0| 80 o | | V \ \.l 160 [
. ',? e Y 160 55 v 60 \ l '
00 [ ' A A A // \
P ?\ / \
200 | .&\ é - - -@lI@I--l_ @ ‘zﬂ-h.-."'g“ 40 | ff”’/ \\\N
o’ o g —d—Bwg g ’ \
. g T [MeV] T [MeV] \
A i I 0 e
130 135 140 145 150 155 160 165 170 175 180 130 135 140 145 150 155 160 165 170 175 180

F. Karsch, TIFR, Nov. 2019 12



Chiral PHASE TRANSITION

700 - - . . 25 . - - - ; ; ; . .
M ||I|-.."\‘k mg/m; | m [MeV] M mg/m, | m_ [MeV]
-3
600 1 ld' \ 20 [160 = a0 | @ . g 20160 =~
‘&1 27 [140 &~ ¢ . o &g 27 |140 o~
500 | N8 / \ a o
/ \ 40 (110 —o~ T4 e @ g 40 | 110 &~
I w .
400 ﬁf’ gy \\\ 80| 80 —— - 15 w o, @@ . 80| 80 —&—
J & X 160| 55 - L . _160 | 55 -~
300 | " P A \\* ] 10t N=8 won N ® @ o
_ TTe AN ) ®
200 | . e el Yo S
@ e 2 2 w & @ &
100 @ o @geb R v a
2@ T [MeV] T [MeV] v
L L L {) L L

0 L " L L L L L L i 2 L L L
130 135 140 145 150 155 160 165 170 175 180 130 135 140 145 150 155 160 165 170 175 180

a universal ratio at XM _ Ix(2) + regular
any fixed z M fa(z)

estimators for ~ T

7 A N\
characteristic points on 0 Z 111/86 .
the scaling function f, (2) Toe(H) =T, (1 T z_OH - sub leading
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Chiral PHASE TRANSITION

700

xM l|||llu. mg/m, | m_ [MeV]
600 | ld‘ 20 | 160 -5~
500 N8 f \ 271140 e
/ \ 40 (110 —&~
5
400 | f’ sty \ 80| 80 —4— -
¥
300 | 1!7 e W\ R
Al T . \E\"
& &
200 e G
& ® Q
© @0@ e e & g Hg =
100 ¢ Bg = 7
B [
T [MeV]
0 L

130 135 140 145 150 155 160 165 1?0 175 180

a universal ratio at
any fixed z

characteristic points on

H x n

M

_ Ix (%)

25 T T
M mg/m, | m,, [MeV]
8E g 20 | 160 -
20 t e © B
® 60 Ba 27 | 140 o~
fa%e @ g 40 [110 ——
15 Y A
w b @ 80| 80 ~&-
¥ 160 | 55 5
w Fi-N 2
10 | N=8 . o
- ©
AN e § &
w. 6.
5t v o
&,
T [MeV] v
{) L

130 135 140 145 150 155 160 165

170 175 180

the scaling function f, (2)

fo(2) + regular
z .
G estimators for ~ TCO
A
r N
o 1/86 Zp Z60 2
7Z(2) | 4.805 | 0.640 [[ 2.00(5) [ 0.10(1) [ 0
O(2) | 4.780 | 0.599 || 1.58(4) | -0.005(9) | 0
O(4) | 4.824 | 0.545 || 1.37(3) | -0.013(7) | 0
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Chiral PHASE TRANSITION

estimators for ~ TCO

TOO T T T T 25 T T T T T T T T T
M llll-.."@‘ mg/m;| m, [MeV] M - mg/m; | m, [MeV]
600 | d‘ \ 20 [ 160 = >~ 8 20 [160 =
| \v 20 e © B
L N ;J \ 27 1140 ~o~ | © o0 o 27140 o~
500 N.=8 / \ 2 e
/ \ 40 [ 110 —o~ - | GAa @ © . 40 | 110 —~
400 | f’ gt \\v 80| 80 —A— - _— " <->® o _ 80| 80 4
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_ ’f X 160 55 o~ | . N\ . -
300 f i N 10 | N=8 = © =
.‘& T @ AN & @
g & w o
200 P % A
® c Q 9 w o © 2]
100 | —& 8 %E’ - & v N
7
2= T [MeV] T [MeV] v
0 ' ' : 0 : :
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Tg0 black symbols: 60% of peak height

a universal ratioat XM _ JFx (2) + regular — t/hl/ﬁé

any fixed z M  fe(z)
_J1/6 ,z=0 =15
" holds approx. for —_— |~ 0.5 , 2 = 2z,
°* mg/m; = 27 — 160
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Chiral PHASE TRANSITION temperature

c (1) infinite volume extrapolation
700 T T T - T T T . . g 150 - . .
X«M Ill'l...ﬁ I'I'Isfl'l'll my [MEV] c_od %_— ms.-l'rm|=8ﬂ
600 | &‘ 20160 =~ | S 5
@ 145 S ——
5()0 | N.=8 \ 27 1140 &~ ] _.E, —._._,_m___' i
< ,J' \ 40 (110 —o— @ e -
400 ﬁf’ J 80| 80 & | g > 140 - 1
¥ =
'7 A o\ 160 [ 55 —o- - % o BT N.=6 &
. 'lh& S \ §|—135- N,=6, 8, 12 Ne=8 -5
i T — b W =b, )
200 | g _.@----"""@ﬁ e ?'-'h'@“ £ [-‘ N8, 12
oo® o g o HEog S 130} C
100f —o o Pge® o8 5 |
8= o - 3
T [MeV] = . (N/Ng)
0 e N 125 - ' ' —
130 135 140 145 150 155 160 165 170 175 180 0.000 0.005 0.010 0.015 0.020

160 ' T T T T T

<—— TP = (156.5 &+ 1.5) MeV

A. Bazavov et al [HotQCD],
arXiv:1812.08235

155
150

145

(3) chiral limit extrapolation

_ T° =132F3 MeV

140

135

H.-T. Ding et al [HotQCD],
PRL 123 (2019) 062002
arXiv:1903.04801

130

o] 0.01 0.02 0.03 0.04
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Chiral PHASE TRANSITION temperature

160 5
pnys
T

(156.5 &+ 1.5) MeV

155
150

145

AT ~ 25 MeV

140

135

T° = 13215 MeV

130

125
0 0.01 0.02 0.03 0.04
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Critical behavior and higher order cumulants
- Taylor expansion and universality -

P
Taylor expansion of the QCD pressure: — =

4 o i " )
Z X295 (1) nQ Hs
v]vkv Xijk T T

\_ ,J,k=0 Y,

cumulants of net-charge fluctuations and correlations:

XBQS o' titkp/T4
k — ~ 1 ~ 17 ~
“ Oz D[l 0 1%

mB,Q,s=0

F. Karsch, TIFR, Nov. 2019 18



Critical behavior and higher order cumulants

— the breakdown of the HRG model description in the “vicinity of Tc”
becomes obvious in properties of higher order cumulants,

pressure: . = —h(2=/B5 (¢ /h}/%) — f,.(V,T, i) alpha
T — T, 2 O(4)  -0.213

L~ + k2 ﬂ) h o~
T Z(2) | +0.107

/ : )
chemical potentials are “thermal couplings”

oT  9(uB/T)? T-derivative (==) two & -derivatives

FK et al., arXiv:1009.5211
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Critical behavior and higher order cumulants

critical behavior in chiral observables: the T-derivative of the chiral condensate

a mixed susceptibility

2
NB) 4
— | +0(up)

AL(T, 15) = Au(T, 0) + — O A
ls sMUB) = ls ’ 5 8(HB/T)2

1.4 |
k=0.0147

1.2 1

1t
0.8 |

0.5 d°M/d(ug/T)°
i « TdM/dT
" curvature of
T [MeV] crossover line

0.2 ' . . g >

130 140 150 160 170 180 k2 = 0.012(4)
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Critical behavior and higher order cumulants

— the breakdown of the HRG model description in the “vicinity of Tc”
becomes obvious in properties of higher order cumulants,

pressure: . = —h(2=/B5 (¢ /h}/%) — f,.(V,T, i) alpha
(ta )2 m, O(4) -0.213
T h ~ T, 7(2) | +0.107

chemical potentials are “thermal couplings”

T-derivative (==) two & -derivatives

cumulants:
82n /T4
(2n) __ p _ (2—a—n)/B6 g(n) 1/86 _
X — - m f: (t/h ), X =B,S,...

O(4): singular terms dominate only for 277 > 6

F. Karsch, TIFR, Nov. 2019 21




| . Estlmatlng the location of the

) TCFF: find the largest temperature

all expansion

for which all ¢,, stay positive coefficients
positive:
i) p./TYEY: estimate lim r, singularity

n—oo on the real

_ He o
"™ =\Tpcep) ~

axis!

Y

TC ]:;P R‘!V
1.2 . . . . . TGEP £ Ce
g8 | T Tty rp —l— TCEP
I'4 —_——
1.1 | :
1.05 | oo 1 # O(a?)improved action;
N Or’l o ] slight quark mass dependence;
095t o o | weak cut-off dependence
09 | ~ Nt=6 | @ first non-trivial estimate of TCEP
e | requires 8t" order for c,,: = 76
08 | — ® already O(cg) requires more
ug isti
075 | | 3/ e statistics
0 1 2 3 4 5 6

F. Karsch, APS-Denver, May 2009 — p.21/24

also INT, Seattle 2008,& Paris 2009
F. Karsch, TIFR, Nov. 2019 22
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-0.005 |

-0.01

-0.015

Critical behavior and higher order cumulants

Bq _ 9" P/T*

Xln

opgon’
HBOGq 1B.0.5=0
BQ
X1n 58

1532 o ]
128 &

HotQCD
[ preliminary

f T[MeV] |

130

140 150 160

170 180 190

. o"P/T*
Xn — A
n
8““’ I—Lu,d,s—o
1 T
Xﬂ Tho N=8, x> =
Aa/3 s
0.5 xg/9 S
xg/150 B
0
N, =28
0.5 |
~ | HotQCD
preliminary
1 T [MeV]
130 140 150 160 170 180 . 190
lines are drawn to guide the eye

82
O(ux/T)?
— expected from structure

of O(N) scaling fields
many 8" order cumulants turn negative for

T~ > (140 — 145) MeV

aT

suggests zeroes in complex plane —p no phase

transition
F. Karsch, TIFR, Nov. 2019 23



-0.005 |

170
165

160 |

155
150
145
140

135 |

Critical behavior and higher order cumulants

BQ 8n+1P/T4
Xln -

~ )
. ?“Ba.uQ 15.Q.5=0 1
0015 | 500 T g B2
Xin /2 Y 5B e
001 X7s /32 S | 05 |
0.005 | 128 &

-0.01

T [MeV]

-0.5

130 140 150 160 170 180

T |[MeV] crossover line: O(uj;)
constant: e

s B |

freeze-ont: STAR = |

e ALICE
.............................................. £ y 4

_____________________ e .
b e

ng =, ﬁ = (0.4

i [MeV]

0 o0 100 150 200 250 300 350 400

_1 I | P
190 130 140 150 160 170 180 190

many 8" order cumulants turn negative for
T— >, (140 — 145) MeV
suggests zeroes in complex plane —» no phase ftr.

mmmm)> plausible scenario:
T., < 140MeV , uy > 400MeV

consistent with 7° = 13213 MeV

and the analytic structure of the O(4) scaling function
S. Mukherjee, V. Skokov, arXiv:1909.04639



some 6" order cumulants

012 |
0.1
0.08
0.06 |
0.04
0.02 |
0
0,02 | HotQCD
preliminary T [MeV]
_004 | L L 1 1 L
130 140 150 160 170 180 190 200
o5f .B,B
X6/X2 N;=8
2 L
HotQCD
15 [ preliminary
1 = HRG
05 | l y :
T
1 T [MeV]
130 140 150 160 170 180 190 200
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0.03 1 PDG-HRG —
QM-HRG - -
0.02 | Ni=8
0.01 T 1
) [ |
-0.01 | l + HotQCD
* + preliminary
002 | + |
+ T [MeV]

-0.03 ' ' ' ' '
130 140 150 160 170 180 190 200

- 6™ order cumulants of baryon number
fluctuations and their correlations with
electric charge are negative at the
pseudo-critical temperature

- large deviations from the non-interacting
HRG model

- still largely influenced by regular terms



Crossover, chiral phase transition at g = 0
and the (tri)-critical pointat g > 0

m # 0 Te(m) =T — Cym?/® + O(m*/?)
T A crossover pe(m) = pt™ + C,m?/® 4+ O(m*/%)
'0? TEea - ‘/

’ i s

(156.5 + 1.5) MeV T, 4.’ :
13212 MeV T

tri

sHp

the critical point is

likely to be located at
T < 130 MeV

a possible tri-critical point
will show up only at

T < 135 MeV

- A. Halasz, A.D. Jackson, R.E. Shrock, M.A. Stephanov,
Random Matrix Model 55 "l aarschot, Phys. Rev. D58 (1998) 096007

MF Y. Hatta, T. Ikeda , Phys. Rev. D67 (2003) 01028
QCD M. Stephanov, Phys. Rev. D73 (2006) 094508

NJL M. Buballa, S. Carignano, Phys. Lett. B791 (2019) 361
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Conclusions

— the chiral phase transition is located at a temperature T about 25 MeV lower
than the pseudo-critical temperature Tpc at physical vafues of the guark masses

—for ' ~ Tpc chiral (magnetic) observables at physical values of the quark masses
are sensitive to critical behavior in the chiral limit.

— higher order cumulants show large deviations from non-interacting (point-like) HRG
model calculations even below T,

negative 6™ & 8" order cumulants as well as the low chiral phase transition
temperature suggest that a possibly existing critical point may be found only for

pgy > 400MeV , T., < (130 — 140)MeV

many thanks to Jishnu Goswami, Anirban Lahiri, Patrick Steinbrecher, Christian Schmidt
for their help with the incorporation of recent HotQCD results in this talk
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