Search and Discovery Statistics

in HEP Lecture &

Eilam Gross, Weizmann Institute of Science

This presentation would hav-e no;{ t?een possible without the tremendous
elp of

the following people throughout many years

Louis Lyons, Alex Read, Bob Cousins Glen Cowan ,Kyle Cranmer
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What can you expect from
the Lectures

Lecture 1: Basic Concepts
Histograms, PDF, Testing Hy.potheses,
LR as a Test Statistics, p-vralue, POWER, CLs
Measurements
Lecture 2: Wald Theorem, Asymptotic Formalism, Asimov- Data
— Set, Feldman-Cousins, PL & CLs

Lecture 3: Asimov- Significance
. Look Elsewhere Effect
1D LEE the non-intuitiv-e thumb rule
(upcrossings, trial #~2)
2D LEE (Euler Characteristic)

—————
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Profile Likelihood &Wilks Theorem

BTl 2]
e % Eilam Gross Statistics in PP

March 2017

W




e

Wilks theorem in the presence of NPs

e Given n parameters of interest and any number of NPs, then

L(es.0,
Aa,) = ((f’ A’)
L(OCZ',QJ-)

g(a;)=—2log /l(ai) ~ %3
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lest H with q,, Reject H, = Discovery

e
Bump Hunt
. —2111/1(())

qy = 0

=0
<0

L(OO)

A0) =

L(j1.0)

Test H (mH) with q, Reject H (mH) =

Exclusion of a Higgs withm,, = ,uup (m,;)

—2 InA(u)
0

i<y

> u




Classification of Test Statistics

Test Purpose Expression LR
Stat.
2InA(0) 4= 0 2
o discovery of positive gy = { ) A(0) = f—“}—’%
signal 0 <0 A
ty 2-sided  measure- ¢, = —2inA(n) Alp) = L(f)
1.{(7,)
ment
(g
——DLEI‘?%‘ =0
t avoid negative signal ¢, = —2lnA(x) Alp) = 4 (’: )
(Feldman-Cousins) M (<< ()
( L{0,6(0))
—2lnA(p) p=p
Qs cxclusion Gy = )
0 >
—2n Eetlu) 5
Li{0,0(0))
i, lusion of positive . — A
dy exclusion of positive g, 4 _on L) ¢ < i< p
signal L{j.8)
L0 >
oo 2]
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Study Case 2: Bump Hunt




/Bump Hunt

Gamma Gamma like BG and a Gaussian signal on top of it

N events
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4 . .
A GammaGammalike Signal
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Asy mptotic Approximation

Asymptotic formulae for likelihood-based

tests of new physics
Glen Cowan (Roya Holoway, U. o London), Kyle
Cranmer (New York 1)), Eilem Groas, Ofer Vitells A
(Neizmann nst.). cul 10, 201C. 25 pp.
K 1 Published in EurPhys.J. C71 (2011) 1554, Erralum:
y c Eur.Phys.J.C73 (2013) 2501

Cranmer
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" Test Statistic 7, =—2nA(u)

L(u.6,)
Ay = =
[‘(au~9)

Higher values of t, correspond to increasing

= 2InA(u)

Ly

incompatibility between the data and U




. Wald Theorem

A(u) = L(.Lffei‘) t, =—2InA(1)
L(j1.6)

How does t, distributes under H , (1’ # 1)

hypotheses, Ann. Math. Statist. 9 (1938) 60-2.

S.S. Wilks, The large-sample distribution of the likelihood ratio for testing composite

2
i

Ly

— 2InA(u) = (u=h) +0(1/JN)

(Use the Asimov Dataset to estimate G)

Wilks = f(t, | 1) ~ x;

where 1 ~G(U’ ,0)

N 15 the sample size

f(t, 1 1) follows a noncentral Chi squared distribution

7"\2
with non-centrality parameter A = (u 'g ) with 1 d.o.f
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"Wald Theorem

A\2
tﬂz—ZInl(,u)z('u — ) +0(1/JN)|  H-GW.0)

0 N 15 the sample size

f(t, 1u") follows a noncentral Chi squared distribution

with non-centrality parameter A = (1= ,u i with 1 d.o.f

O'
R B | L, — 2 1, — 2
| u»,‘\) = 2\/7‘“ \/‘27r lexp (_Z (\, lp. + \/K) ) + exp (—z (\/l.p. — \/K) )]
for 1’ = u we retrieve Wilks’ theorem
1
1 _Et'u . 2

J(t,)= \/ﬁ =X
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Wald Theorem Demonstration
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‘Wald Theorem Demonstration., w

—2InA(pn) = G _; )7 + O(1/V'N) < "> _ 1138 {
iy OB H=lE \
. —2In (1)~ ,u<1 : '
q,({) = o : "2 /
1 - o (1) 201 5
0 il | o2 —4 -2 2 4
AN 40"
ql, u' =0
30 ,




e
Wald Theorem | (u-ay
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Wald Theorem | (u-ay
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Asymptotics

Wilks — f(q_ |H )~ %’

0.20"
» 0.15
o
E f(q1]0)
g 010 f(a1l1)
L ]
- |
005 Wald — f(qnull | Halt)
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The Feldman Cousins
Unified Method
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The Flip Flop Way of an Experiment

o The most intuitiv-e way to analyze the results of an
experiment would be

if the significance based on qqs, is less than 3
sigma, deriv-e an upper limit (just looking at tables), if
the result is >5 sigma deriv-e a discovery central
confidence interval for the measured parameter
(cross section, mass....)

o This Flip Flopping policy leads to undercoverage:
Is that really a problem for Physicists?
Some physicists say., for each experiment quote
always two results, an upper limit, and a (central?)
discovery confidence interv-al

o Many LHC analyses report both ways.

i E%l L& Eilam Gross Statistics in PP March 2017
g i ee)

/




Frequentist Paradise - F&C Unified with Full Cov-erage

o Frequentist Paradise is certainly made up of an interpretation by
constructing a confidence interv-al in brute force ensuring a cov-erage!

e Thisis the Neyman confidence interv-al adopted by F&C....

o The motiv-ation:
e Ensures Coverage

e Av-oid Fllip-Flopping -an ordering rule determines the nature of the
interv-a
(1-sided or 2-sided depending on your observ-ed data)

e Ensures Physical Interv-als L(s+b) .
& —21In (A ) s20
o L(s+b)
o Let the test statistics be q=1
‘ L(s+b) .
—21In s
L(b)

where S is the
physically allowed mean s that maximizes L(5+b)
(protect a downward fluctuation of the background,n_, >b ; §>0 )

o Order by taking the 68% highest q’s
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How to tell an Upper limit from a Measurement without Flip Flopping

o A °
measureme .
nt (L sided)

b

Mean L

(]

llllillllil

'
[} T

-1

0

Measured Mean x
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How to tell an Upper limit fram n Mencurement without Flip Flopping

o An upper S S RARRIRAN i LA AL AR
limit (1 :
sided)

b

Mean L

, A7)

1 - ©

O—llll llllilllil d____ A4
=2 -1 () 1 2 3 4

Measu‘cd Mean x
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Asymptotzc Feldman — Cousins

foru>0

CCGV
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~ . .
Feldman Cousins - Asymptotic

If 1120 dueto physics constraints, for [L <0 the best agreement
between data and the physical i is (1= 0. We define

r

L‘(I’wé(l*)) ¥ 0

F \ : a2
T = —2log (A(n)) N 7y
g d (/ ) Alp) = L{p,0(p))
- i< 0
\ L(0,6(0))

Wald —
. (;u—Qﬂ)2 >0
Ll” = 2i211 ( —A)z (A')z A B

L GZH — #Jéi . ;(;2 i < 0
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Feldman Cousins - Asymptotic
e~ tu/? f, < &
_ff_t?,,lu) = { v \/[ p—tn/2 1 1 (| p?/0?)? *I p
2 \/271‘ \/(—“ T Vv2r(2pn/o) o [_5 (2p/0)? } by > 0?
Pu = 1 - F(Eltlﬂ)
e (Ve) - i < 1
F(t,,|,u) = 3 S P n2 /a2 . 2
® (\/;) + @ ( “2_;:/({” ) -1 tu> 0
Cl of U at the(l—a) CLz{,u‘pu 205}
Cl of pat the 95% CL=1u|p, >5%|
O(Z)= | G(Z:0,1)dx p
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Validation of f(fu 1)
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/FC confidence belt

Givenu,  =0.2

derive the [l interval

for which p >0.05

set lLLtrue e’g' Il’ttrue — 02

Cl, ={ fi| p, (i) = 5%} =
[, =331 \ / )
y




"EC confidence belt

Scan [, and build the Confidence belt

Cly(t,, =02)={ Alp, (i) 2 5%}|

'4" ‘\l e = 0.2
G ) l"| l||
(u, ﬂtme b G) P,"“ \
A ' Y
1.5 1.0 -05 (] 5 i0 5




e :
FC confidence belt He (1)

Scan [, and build the Confidence belt

Cl, (1, =0.00) ={ fi| p, (1) > 5% }

'l"1-5:’ |'.;
[ ] )

- [ 1ot | Hirue =0.001
G(:u;autmeag) |"‘ '
;"l °'°f 3\

o/ N

-1.5 -1.0 -0.5 0.0 05 1.0 1.5




|FC confidence belt )

06 o8  1d™

0.4

...1.5. o . .0‘2. .

Thevalues of U, for which p,=0.05
for a given [, are the CI of UL




4 : N
F C C o n’f ldv e ﬂ' C e b e lt Depends on the observation

one might get 1-sided or 2-sided Cl
For a given [i
use the confidence belt 1.0,
to extract the CI of U

1 sided
CI




"EC confidence belt - A Shortcut

}%384

u >>0= {

12 12 fhye = 0.5

1.0 1.0,
0.8 0.8 |
056, 06, ! Py
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Hi
0.2 0.2 !

] 1 L) . A
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FC confidence belt - A Shortcut w
}93 ]4

\

04

u >>0= {

Use fu = 3.84 to construct the belt
The CI will be at CL >95%

(Conservative) a
, 1] Hirve =0.001
s 0 “{5 0.0 o.s“ o s M




) r—Zlog/’t(,u) (=0
[ =1

9

\ 0 <0
q, tor discovery

( —2log A(u) =0
0 <0

CCGV il

\

Downward fluctuations of the background
do not serve as an evidence against the background
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(PDF of (q0|0) and (q0|1) W

o o 11 1 1 1\ 2
flaoe!) = (1= () ) ota0) + 5 === exp[ > (va-£) ]
1 1 1 1
f(q0|0) = =d(q0) + z—=
0.20/ /2 2 V2 /b

.

G_QO/Q

» 015
:
= f(q0|0) .
g 010 tqopt) .~ (010)= [ f(a10)dg, = @({g, )
< 0.05 . .
- IH Z,= 0" (1-p) = ©"(F(q,10)) = Ja
I 7
.o ML Tt = |2 o =,
0 30 40




4 N
Estimating the Sensitiv-ity of an Experiment

o Estimate the expected significance one could achiev-e
(for discov-ering the Higgs Boson) with a giv-en analysis, a
givren Luminosity and CM energy...

o Option 1.

o Toss, say., 1,000,000 BG only. events (null) and deriv-e the
BG-only. pdf of q, f(q,,,BC).

Toss another 1,000,000 S+BG (alt) events and find the
significance for each one of them

then, find the median significance....
e This may take ages..., is there a shortcut?

o Option 2:
o Asymptotics+Asimov- Data Set

g % Eilam Gross Statistics in PP Jan 2018 /
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The Asimov- Data Sei

WORLDS OF

SCIENCE FICTIO

In the future the \)mted Sta,tes has conv-erted
to an "electronic democracy" where the
computer Multiv-ac selects a single person to
answer a number of questions. Multiv-ac will
then use the answers and other data to
determine what the results of an election would

be, av-oiding the need for an actual election to
be held.

ISP I Eilam Gross Statistics in PP Jan 2018
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e .
The Asimov- Dataq Set s

» The use of a single representativ-e
individual to stand in for the entire
population can help in ev-aluating the
sensitiv-ity of a statistical method.

«The "Asimov- data set”:
an ensemble of simulated experiments can

be replaced by a single representativ-e one.

;f“#“’;‘ Eilam Gross Statistics in PP Jan 2018
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/Estima,ting the Sensitiv-ity of an Experiment\

eone can replace each ensemble of the alternate-hypothesis experiments with
one data set that represents the typical experiment.

This “Asimov" data set deliv-ers the desired median sensitiv-ity. Hence, one is
exempted from the need to perform an ensemble of experiments for each set
of parameters.

o The Asimov- data set is constructed such that when one uses it
to ev-aluate the estimators for all parameters, one obtains the
true parameter values.

o the Asimov- data set can trivially be constructed from the true
parameters Vralues. For example, a set corresponding to the H,

hy-pothesisis n, =s + b. and the one correspond to the H, hy.pothesis is
n,=b.

» As strange as it reads, the Asimov- data set is not necessarily an
integer.

;ﬁ%:‘ ['S3 Eilam Gross Statistics in PP Jan 2018 /
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e
Back to Spin
Distribution of po-value under H1

N experiments

2501 95% HO
200? H1 asimov
N Experiments 150;
: 100! \ .
i o per oxp 5 90
| B il M
: : : - = _
3000 | ’ 10 5 0 5 10 15 2-o9tOn
200
100 med|p, | H,1= p, ,
0" p-value

01 02 03 04
gumen S| H) = f([probla = q,) 1 H, | H))




"‘The Magic of Asimov-

|Asimov DATASET q, ,(A1=1,5(125)+ b)|

/ med(qo |1)
020] /

» 015
(e
(]
£ f(q010)
g 010 f(qOl1)
g 3 |
Z 0.05 JIH
0.00: ““““ “““““
0 10 30 40




/Ba,ck to Wald, what is GA ‘7
U

p ~y 9
— 2o A(p) = W 2 o(1/vVN)
2

For the Asimov A= i, | (d)=1'% f
| 60;
k p

(u-u,,) | 40 j

q,,=—2Ini,(1)= -2 | 20|




/Back to Wald, whatis O . ‘7

/ ~N 9
F — M) ~ =
— 2In A(p) = W ‘)ﬂ’ I O(1/VN)
. 72 1

Fit the distribution with the Asimov calculated Sigma

Luminosity=1000
N events
100¢
80!
60!
40;

4.2 2 4

[y

Luminosity=20000
N events
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Luminosity=5000
N events
100¢
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40!
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4.2 2 4
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N events
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: p- ralue B8 £ =70000
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/p- value S £ = 70000
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4 Ayers =
p- alue & £ = 70000
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q, for exclusion

CoGV - Uolewaa
= "

\.

u<u
o> u

Upward fluctuations of the signal

do not serv-e as an ev-idence against the signal
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PDF of q1\1 and (gq1{1)

Flapln') = ® (” ;H)‘S('lu)*%

0.20"

1

o /

\¥4 W/ q

1

1 1
o ,—PYP 5 Vi —

! _qu/2

Faulh) = 56(0.) + 5 7=

N

f(q1]0)
f(q1]1)
“““““ 20 30 40
q1
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PDF of (g1|1) and (g1/[1)

IAsimov DATASET q, (1= O,b)l

med (g, 10)

\

0.20"
@ 015
2 0.15
()
£ f(a1]0)
g 0-10 f(a111)
i
Z




e
Exclusion at 95% CL

o We test hypothesis H

e We calculate the PL
(profile likelihood) ratio with

the one observed data

p

o q,u, obs

8l 57 Eilam Gross Statistics in PP
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e

Exclusion at the 95% CL

e I'ind the p-value of the signal

hypothesis H

p, = fq f(q, | H,)dg,

o In principle if p <5%,

H_hypothesis 1s excluded at the
B

95% GL

o Note that H s for a given Higgs

mass mH

e

f(q,1H,)
| N
\\ 0
\ // \\
\\ /I \\
A \{(a,IHo
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(

(

).50

). 10}

.05

Find U
1)

/(q,10)

\

Let () =0, Wald — Z = Jq, =£=F
o)

Vo L)
vt = G=0]0)
e

9,
p,=1-0({Ja,)=a—> Ja,=9"(1-)
—E=pl1-a)
w, ={ulp,=5%]
K, —,u+c7 (u, )(I) '1-0.05) = u+a (u, )1 64

D.01 —_—

0 5 10 15 20"
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(

(

e

).50

). 10}

.05

[Find expected Ly
fa,|

O scan
O find ;" =med[f(q,|0)]

O, = {ul1=F(f(q) 1) =5%]

/

O1=F(f(ay )=, ., F(@, 10

/(q,10)

n, =+ Gﬂ(uup)(I)‘l(l— 0.05)=fi+0,(1,)1.64
U=0-—
u,=0,(u )0 (1-0.05)=0,(u,)1.64

10 15 20"
March 2017
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e

1o
0.8 —
0.6 —
0.4 —

0.2

Find expected u,

™

n,=A+o,(u YO (1-0.05)=i+0,(u,).64
f,=0—
W =0, (1, )0 (1-0.05) =0, (u7")1.64

K,

H,
1.640, =1.64—=2
qﬂup,

U =0.47
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. Asimov
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™
Expected 1 Bands at m=125
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Bra,zu Plot

Hup

1.57

Every Discovery starts with the mability to exclude

120 130 140 150 160 ]

\*rJ




e

Understanding the Brazil Plot

The expected 9545 CL exclusion region covers the my range lvoim 110/GeY 10 382 Ge V. 'The obscrved

R =0(myy)/ ogy(my)<1->
o(my)<ogy(my)=2SM my; excluded

-t

CLs=5% (p’S:f)O/o)
107

The smaller pup<1 1s, the exclusion of a CLs Limits ‘ o
SM Higgs is deeper=2p’s<5%, 100 200 300 400 m50l% 2310
p’s=CLs>CL=1-p’s>95% "

The line pup=1 corresponds to I

Eilam Gross Statistics in PP March 2017
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Implications in Astro-Particle Physics

Iud" { T T T T T Lo |
» XENON 100 {(2012) .
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The lack of events in spite of an expected background allows us to set
a better limit than the expected
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Rev-ised CLs
(and Asywmptotic)




C L S Birnbaum (1962) suggested that ot/ 1— 3

(significance | power)should be used as a measure of

the strength of a statistical test,rather than o alone

P=5%— p'=5%/0.155=32%

The CLs method
Was brought into

HEP By Alex Read (2002)

A.L. Read,

Presentation of search results:

The CLSs) technique,

" J\ Phys.\ G {\bf 28}, 2693 (2002).

Birnbaum was re-discovered later

By O. Vitells
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HO asimov p' = 0.0294067
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power = 0.6826
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expected p-value = 0.017329
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g power = 68% = - (q1]0)
\
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power = 0.6826
Luminosity = 20000
expected p-value = 0.017329
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to get exclusion @ 95% CL
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N Experiments

S

0.20 |95
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0.05

0.00-

power = 0.90721
Luminosity = 40000
expected p-value = 0.00140732

10 asimgy P’ = 0:0450092

Increase Luminosity
f(q1]0)
p0W€7’=91% f(q1|1)

P, =5%—p',=55% = CL=94.5%

90 20 30 40




N Experiments

|

power = 0.4312
Luminosity = 10000
expected p-value = 0.0676342
p'=0.010264

0.20/

1

o K11
HOiasimov
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power = 43% f(q1]1)
p,=5% — p' =11% = CL =89%
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power = 0.1974
Luminosity = 3000
expected p-value = 0.206649

0.20; [f’ p' = 0.0000685888
: asimov
® 0.15
2 ,
c
E : = RS f(q1]0)
= 0.10! LOW Luminosity o
a power = 20%
0.05 =
| =5%— p', =25% = CL="75%
0.00". I
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N Experiments

0.20"

o
—
ol

o
—
o
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0.00-

power = 0.1974
Luminosity = 3000
expected p-value = 0.206649

E) | p'=0.0000685888
asimov A

il Need an unlikely observation

i (p’=6.8E-5 , 4 sigma)

i| to exclude with Gls

f(atl)

i s

! CLs=p' = p__ 6819

i power 000136

i l — —

10 20 30 40
q1

Hard to digest an observation with a power <5%
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The Asymptotic and CLs

__Pu
P 1=p,

puzl_q)(\/quj)
P = =14 )=

scan U and find |,

et
"o o)

]
)
S
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Examples (if time permits)
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o — flgol0idgo

‘ C":.‘.u' bs

P, is the probability to observe a less BG

like result (more signal like) than the
observed one

Small p0 leads to an observation

A tiny p0O leads to a discovery

vexd 1

,—

JLoN 2T
Z—® ‘{1-p)

p= “uw_l(ma

Eilam Gross Statistics in PP

PO and the expected p0O
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e

o CLs 1s the
compatibility of
the data with
the signal
hypothesis

e The smaller the
CLs, the less
compatible the
data with the
prospective
signal

w
10*

10°
102
10

]
10"
102
103
104
10°°
10°®
107
108

100

gn%-:,]g Eilam Gross Statistics in PP

Understanding the CLs plot

2011 + 2012 Data

ATLAS Preliminary
—— Obs. §=7TeV: [Ldt = 4.6-4.81b"
e EXD. \s=8TeV: [Ldt = 58-591b"

95%
99%

400 500 600
m,, [GeV]

200 300
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Understanding the CLs plot

e Here, for each

. 7)) . . T T
nggs IMass Myy, o 10°= ATLAS Preliminary 2011 + 2012 Data
10° k= Obs. §=7TeV: [Ldt=4.6-4.81b"

\s=8TeV: [Ldt = 58-591b"

one finds the
observed p’,

value, 1.e. SIS & SRR £7495%

pﬂp)pzl R 990/0
e This modified

p-value, p’,, 15 by

definition CLs

The smaller CLs, the deepe 1s the exclusion,
Exclusion CL=1-CLs=1-
to the previous mmblmd earch [1]. erurc 2 shows L ('L valuegTor j« = 1, where it can be seen that
Lthe regions between 1171, 7 GeV 1o 121.8 GeV and 130.7 GeV 0 523 GeV are excluded at the 99% CL.

it _;;;Eé yreny Eilam Gross Statistics in PP March 2017

400 500 600
m,, [GeV]

00




/
Test Spin O parity
H, =0 I
H =0
P, (exp | Hy) = 0.37%,
Py, (0bs) = 1.5%
Py, (0bs) = 31%

Py, o(0bs) = 2.2%

CLS le 1.5%
le = =
1-p, 1-031

=2.2%

—21In 0
L(H,)
2 : S —
=0 25_ ATLAS Preliminary  —Dala -
W H—)ZZ — 4l Signal hypothesis ]
0.2 1s=7TeV: [Lat-=4612" (m =125 GeV)
' s =8 TeV: [Ldl =207 Ib” P -
) \BDTE *:"’l. U _JH"_O ]
L anaglysis . - 1
0.15- ’ S ~Jd =0
: ! ‘ : -
0.1 {
l
0.05/- }
E Fo
%50 3 o0 5 10 15
log(L(H_)}/L(H))

Which means
JP=0- is excluded at the
97.8% CL in favour of Jr=0+*

—

\
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{ like H,like
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More Magic (if time permits)




e
The New s/\b

The new s/\b

Ly = 4,
med|Zo|1] = \/qoa = -\/2 ((s+b)In(1+ s/b) — s)

ZA _ qO,A S/b«1 S \/Sl_? n qs/ b)

e 12
R ETD Eilam Gross Statistics in PP March 2017
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e
The New s/\b

med[Z 1]

s/\b ?

0

The new s/\b T

L TR
s Fr. | " P -

10°

med|Zo|l] = /G0 A = \/‘2 (s +b)In(1+s/b) — s)

BTl e
e A g%b Eilam Gross Statistics in PP
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e

Taking Background Systematics into Account

e The intuitive explanation of s/ Vb is that it compares the

signal,s, to the standard deviation of 7 assuming no signal, \b.

e Now suppose the value of 4 1s uncertain, characterized by a
standard deviation o,.

e A reasonable guess 1s to replace b by the quadratic sum of
Vb and g, 1.€.,

b+A-b=>0, =\/(\/3)2+(A-b)2 = b+ AP’

s/Jb = s//b(1+ bA) —L=2 LS/

S/'b .
T25% S/ b=0.5 forA ~10%

If s/b<0.5 we will never be able to make a discovery
But even that formula can be omproved using the Asimov formalism

March 2017
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4 N
Significance with systematics
N

e We find (G. Cowan)

(s+0)b+op) | b 0}

e [2 ((S+b)l“ B+ (s+h)o7 | o | bb+op)

ulxtlullulllé CIICU 4L AJIIIIVUY LT UL II1I1IULIOU 11X t}\} \A A Y2 SO LW SN J7 U CUIIL

0,2/ b gives
S
\/b+ o}

e So the “intuitive” formula can be justified as a limiting case

1+

Zp = (1+O(s/b) + O /b))

of the significance from the profile likelihood ratio test evaluated
with the Asimov data set.
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Significance with systematics
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