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New precise determination of the QCD transition 
temperature Tpc = 156.5 ± 1.5 MeV
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HotQCD: PLB 795 (2019) 15

The chiral crossover line with respect to µB
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The chiral phase transition temperature and 
pseudo-critical line Tc = 132+3
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Expected bounds on the QCD critical end-point
Tcep < Tc = 132+3

�6 MeV
<latexit sha1_base64="LCwLhgrDAbtGSNL3Px+9sdJuOuM="></latexit>

µcep
B > (300 � 400) MeV

<latexit sha1_base64="i46qypEevy45OV8MF0pDt53QMU4="></latexit>



Motivation: Freeze-out data vs. lattice QCD

!7TIFR, Mumbai, Nov 2019Christian Schmidt

B
2 B

4 S
2 S

4 Q
2 Q

4 I
2 I

4 B,f
2 B,f

4

⌃ 0.015(4) -0.001(3) 0.018(3) 0.001(3) 0.027(4) 0.004(5) 0.023(3) 0.004(4) 0.012(2) 0.000(2)
� 0.016(5) 0.002(6) 0.015(4) 0.007(5) 0.031(4) 0.011(9) 0.028(3) 0.006(6) 0.012(3) 0.000(4)
Average 0.016(6) 0.001(7) 0.017(5) 0.004(6) 0.029(6) 0.008(1) 0.026(4) 0.005(7) 0.012(4) 0.000(4)

Table 1: Continuum-extrapolated values of second- (X
2 ) and fourth-order (X

4 ) Taylor coe�cients, defined in Eq. (8), of pseudo-critical
temperature Tc(µX=B,Q,S,I) obtained from the chiral order parameter ⌃(T, µX) and the disconnected chiral susceptibility �(T, µX). Also

listed are the continuum-extrapolated values of B,f
2 and B,f

4 for thermal conditions resembling the freeze-out stage of relativistic heavy-ion
collisions, i.e., µQ(T, µB) and µS(T, µB) fixed by strangeness-neutrality and isospin-imbalance of the colliding heavy-ions. The last row is
obtained from unweighted average of the first two rows.

expressions for s1,3(T ) and q1,3(T ) were obtained in terms
of the Taylor coe�cients of the pressure. Explicit expres-
sions for s1,3(T ) and q1,3(T ) can be found in Ref. [24]. By
Taylor expanding ⌃(T, µB , µQ, µS) (�(T, µB , µQ, µS)) in

powers of µi
Bµ

j
Qµ

k
S (i + j + k  4) and by using the ex-

pansions for µQ,S(T, µB), we obtained the expansions for
⌃(T, µB) (�(T, µB)) up to O(µ4

B). As before, by invoking

Eq. (9), expressions were obtained for B,f
2,4 .

Continuum-extrapolated results for B,f
2 and B,f

4 are

given in Tab. 1. B,f
2 came out to be same as B

2 and S
2

within errors, and B,f
4 was found to be consistent with

zero. On our N⌧=8 lattices, where we analyzed half a
million gauge configurations at all T , we also computed
µ6
B corrections to the chiral observables. The order-by-

order µB corrections to � are shown in Fig. 3 (top-right)
at µB=300 MeV and for nS = 0, nQ = 0.4nB . In the
vicinity of T f

c (µB), di↵erence between µ4
B and µ2

B correc-
tions are clearly significant; but µ6

B and µ4
B corrections are

consistent within our errors. This shows that up to µ4
B the

expansion of T f
c (µB) is controlled till µB . 2Tc(0). The

phase boundary of QCD for nS = 0, nQ = 0.4nB is shown
in Fig. 4; also shown are the chemical freeze-out points
extracted from heavy-ion collision experiments at various
collision energies [5, 34], the line of constant energy density
✏(T, µB) = ✏(Tc(0), 0) = 0.42(6) GeV/fm3 [24], and the
line of constant entropy density s(T, µB) = s(Tc(0), 0) =
3.7(5) fm�3 [24].

5. Discussions and summary

The value of Tc(0) reported in this work compares quite
well with the previous results from the HotQCD collab-
orations [6, 17], but the present result is about 6 times
more accurate than the previous continuum-extrapolated
result [6]. Compared to that of Ref. [6], use of 100-500
times more gauge configurations for N⌧ = 6, 8, 12 in the
present study resulted in the 6 times more accurate de-
termination of the continuum-extrapolated Tc(0). Our
present value of Tc(0) also is compatible with the chiral
pseudo-critical temperatures reported by other groups [35,
36]. It is pertinent to note that all our calculations were
carried out within a finite-size box of about 5 fm3 in the
vicinity of Tc(0); finite-size corrections might increase the
value of Tc(0) by an amount commensurate to our present
error on that quantity [37]. B

2 determined in the present

work is about a factor 2 larger than that reported previ-
ously in Ref. [38]. Our present value of B

2 also is about

135

140

145

150

155

160

165

170

175

0 50 100 150 200 250 300 350 400

Tc [MeV]

µB [MeV]

nS = 0, nQ

nB
= 0.4

crossover line: O(µ4
B)

constant: ✏
s

freeze-out: STAR

ALICE

Figure 4: The phase boundary of 2 + 1 flavor QCD, with the con-
straints nS = 0 and nQ = 0.4nB , is compared with the line of

constant energy density ✏ = 0.42(6) GeV/fm3 and the line of con-
stant entropy density s = 3.7(5) fm�3 [24] in the T -µB plane. Also,
shown are the chemical freeze-out parameters extracted from grand
canonical ensemble based fits to hadron yields within 0-10% central-
ity class for the ALICE [5] experiment and 0-5% centrality class for
the STAR [34] experiment.

a factor 2 larger than the B
2 estimated using the curva-

ture of the chiral critical temperature along the light quark
chemical potential directions [19], but is consistent, within
errors, with the same reported in Ref. [39]. In contrast
to Ref. [19], Ref. [39] used the much improved HISQ dis-
cretization. This clearly suggests that the discrepancy be-
tween the present result and that estimated from Ref. [19]
arises mostly due to the use of improved HISQ discretiza-
tion in the present study. On the other hand, B

2 reported
in this work is, within errors, compatible with those ob-
tained in more recent works of Refs. [36, 40–42], obtained
from analytic continuations from purely imaginary µB . It
is also similar with that obtained in Ref. [22] from Tay-
lor expansion of chiral order parameter for µB > 0, µQ=0
and µS=µB/3, in contrast to our choice of µB > 0 and
µQ=µS=0. Our value of B,f

2 is quite similar to that
reported in Ref. [43], determined from analytic contin-
uations from purely imaginary µ. Moreover, the phase
boundary in the T -µI plane that can be obtained using our
I
2,4 is quite similar to that determined in Ref. [44] from

lattice QCD computations performed directly at µI > 0,
µB=µS=0.

6

Established Method to extract freeze-
out parameter from HIC experiments 
uses hadronic yields and fits to a 
statistical (HRG) model. 
➡ Find good agreement with the 

chiral crossover line from QCD 
➡ Model dependent analysis 
➡ No phase transition in the HRG

Higher oder cumulants of conserved charge fluctuations are the ideal probes to study the 
freeze-out and chiral crossover line. 
➡ Can be calculated in (lattice) QCD 
➡ Show well defined divergencies close to the critical end-point and extrema at the 

chiral crossover

Goal: Provide QCD predictions for cumulant ratios (                                  ) of conserved 
charge fluctuations as net baryon-number (B), net electric charge (Q), net strangeness (S).             

M/�2, S�, �2, . . .
<latexit sha1_base64="FIJ2HvCGgvi3u9XMs1n3zfYAAr4="></latexit>
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Methodology 
‣ Definition of cumulant ratios 
‣ Formulation of observables on the lattice 
‣ Recent improvements

Results: A comparison to HRG  
‣ Using HRG to estimate difference of net-baryon and net-proton number 

fluctuations (only           )M/�2
<latexit sha1_base64="8RuOaMS4Da77v1YBxk2gpBGhugc="></latexit>

Results: A comparison to STAR 
‣ Thermodynamic consistency of the new                                proton-number 

fluctuations 

p
sNN = 54.4 GeV
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Summary and Outlook



Methodology: The Taylor expansion method

Cumulants of conserved charge fluctuations, can also be measured 
as event-by-event fluctuations in heavy ion collisions

�BQS
ijk,0 =

@i

@(µB/T )

@j

@(µQ/T )

@k

@(µS/T )

lnZ

T 3V
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Compute expansion coefficients of the pressure

p

T 4
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lnZ

T 3V
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1X

i,j,k=0
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Gavai, Gupta (2001) 
Bielefeld-Swansea (2002)
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up to 4th-order in 𝝁:

Christian Schmidt

⇒ much less operators to measure!

from 6th-order in 𝝁 onwards:

Notation: relevant operators are derivatives of the determinant

exponential dependence: linear dependence:

all                      for  k>1

Gavai, Sharma 2015
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Compute expansion coefficients of the pressure
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Interpretation:

1 11 12

1
f

u u u u

≙ local f-quark density

2
f ≙ un-physical contact term
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Random noise method:
• Choose a number of random vectors 𝜂(k)  with 
• The trace of a matrix A is approximated as

Unbiased estimators:
• Need unbiased estimators for powers of traces: (TrA)m

⇒  A:=M -1 :  matrix inversion can be reduced to a linear problem Mx= 𝜂. 

⇒  need at least m random vectors, more might be necessary to improve precision     

⇒ have developed efficient recursive method to calculate unbiased estimators

(signal to noise ratio can be large) 
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Combine quark number fluctuations (        ) to obtain hadronic fluctuations (         ). �uds
ijk

<latexit sha1_base64="KQEbfvP/5zPG4SdT8EsJUh8N/nc="></latexit>

�BQS
ijk
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Determine strangeness (         )  and electric charge chemical (         ) potentials by 
imposing strangeness neutrality              and                        (order by order in the 
expansion).

nS = 0
<latexit sha1_base64="dCecuezBSYv7C8SiFLvXoeCq4Y0="></latexit>

nQ/nB = 0.4
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µS/T
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µQ/T
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From the pressure expansion we readily obtain the expansions for the nth-order 
cumulants:

�B
n (T, µB) =

k
maxX

k=0

�̃B,k
n (T )µ̂k

B, with µ̂B = µB/T
<latexit sha1_base64="+Iw+2w+nkcyTgHKONvqyMJI5Ono="></latexit>

Define ratios to eliminate the leading order volume dependence

RB
nm =

�B
n (T, µB)

�B
m(T, muB)

=

Pk
max

k=0 �̃B,k
n (T )µ̂k

BPl
max

l=0 �̃B,l
m (T )µ̂l

B
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In terms of the shape parameters of the distribution we find
R12 = M/�2, R31 = S�3/M, R32 = S�, R42 = �2, . . .
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Eventually we want calculate observables along the crossover (and freeze-out) line, we 
thus need spline interpolations of our data at discrete temperature values.
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Use (2+1)-flavor of HISQ-fermions, with physical strange and light quark masses.

Lattices sizes are                                               , at 9 different temperature values. 323 ⇥ 8, 483 ⇥ 12, 643 ⇥ 16
<latexit sha1_base64="gZshP/yO3K08HH85efafVocv1BA="></latexit>

Statistics: Compared to our previous analysis of skewness and kurtosis [HotQCD, PRD 
96 (2017) 074510] we increased the statistics on (            )-lattices by a factor 3-4 and on 
(              )-lattices by a factor 6-8. I.e. we have now  

N⌧ = 8
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N⌧ = 12
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#conf.
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1.2 · 106
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(2 � 3) · 105
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104
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8
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12
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16
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Order of the expansion: We can now go to N3LO, compared to NLO in our previous 
study. I.e., we include 8-th order expansion coefficients of the pressure. 

This years calculations were performed 
on Summit, using Nvidia’s V100 GPU’s.
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Cut-off effects are negligible for                        

RB
12
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and of the same order as    
 the statistical error at                 for                           N⌧ = 12
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Cut-off effects are negligible for                        

RB
12
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Continuum extrapolation along the 
freeze-out line: good agreement with 
HRG (PDG+QM) up to                         µB  120 MeV
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Cut-off effects are negligible for                        
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FIG. 1. Left: Expansion of RB
12 ⌘ MB/�

2
B at a fixed temperature close to the pseudo-critical line Tpc(µB) versus the baryon

chemical potential. Left: Up to N3LO expansion on lattices of size 323 ⇥ 8 (lines) and 483 ⇥ 12 (bands). Right: Continuum
estimate for RB

12 based on NNLO and N3LO expansion results. The width of the line reflects statistical and systematic errors
as explained in the text. The width of the HRG results reflects systematics arising from exclusion or inclusion of resonances
predicted to exist in Quark model calculations but not listed in the Particle Data Group tables.

T = 156.76 MeV and T = 157.13 MeV, respectively.
We find that cut-o↵ e↵ects are negligible for µ

B

/T  1
and are small and comparable to the statistical errors for
the N

⌧

= 12 data up to µ

B

' 1.2. This holds true for
all all temperatures T 2 [150 MeV : 175 MeV]. We thus
can perform controlled estimates for continuum limit re-
sults in a range of chemical potentials T

<⇠200 MeV. At
T = 170 MeV we show our continuum extrapolated re-
sults for R

B

12 in Fig. 1 (right). The band shown for
this continuum estimates take into account di↵erences in
the continuum extrapolations based on O(µ4

B

) (NNLO)
and O(µ6

B

) (N3LO) expansions of �

B

2 (T, µ

B

) (and corre-
spondingly for �

B

1 (T, µ

B

)). Also shown in Fig. 1 (right)
are results for a R

B

12 calculated for a non-interacting
hadron resonance gas using resonance from the PDG ta-
bles as well as additional resonances calculated within
the Quark Model. For µ

B

<⇠120 MeV we find good agree-
ment between our lattice QCD results and HRG model
calculations.

FIG. 2. The cumulant ratios RB
12(T, µB) ⌘ MB/�

2
B versus

temperature T and baryon chemical potential µB .
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FIG. 3. The ratio of cumulant ratios RX
12 = MX/�2

X for net-
baryon number (X = B ) and net-proton number (X = P
fluctuations versus RP

12. Shown are results for a hadron res-
onance gas with vanishing strangeness (nS = 0) and electric
charge to baryon number ratio, nQ/nB = 0.4 for several val-
ues of the temperature. Vertical lines show results for RP

12

obtained by the STAR collaboration at several values of the
beam energy.

Good agreement between lattice QCD results for
R

B

12 = M

B

/�

2
B

and HRG model calculations we find in
the entire temperature region T 2 [145 MeV : 165 MeV].
In Figure ?? we show the continuum extrapolated re-
sults for R

B

12(Tµ

B

) obtained from a polynomial inter-
polation of all our data for the temperatures and lat-
tice sizes given in Table I. In the regime where lattice
QCD results and HRG model calculations agree well for
low order cumulant ratios, i.e. the mean over variance,
M

B

/�

2
B

⌘ R

B

12, it may be appropriate to establish a link
between the ratio of mean and variance of net proton-
number fluctuations and net baryon-number fluctuations
through their HRG relation [8]. This in turn allows to
compare the experimentally determined ratio R

P

12 with
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Convergence gets worth with increasing order of the cumulant and with decreasing 
temperature.             

NLO and NNLO corrections are negative.            
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Continuum estimates of         and        as function of        for various temperatures.RB
42
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Results - RB
31 and RB

42

Reminder: 155 MeV < Tpc < 158 MeV
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Figure 5: Continuum estimates of RB
31

(RB
12

) and RB
42

(RB
12

) at various T .

F. Karsch, S. Mukherjee, C. Schmidt and D. Bollweg Skewness and kurtosis at non-zero µB 10 / 14
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Ratios drop with increasing        and with increasing temperature. RB
12
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Continuum estimates of         
and        as function of        on 
the crossover line.
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favors a freeze-out temperature 
slightly below the crossover. 

The estimate of the freeze-out 
temperature                        for  p
sNN = 200 GeV
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(from a  
statistical model analysis) is not 
consistent with a determination 
of     from the skewness and 
kurtosis data by STAR.
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Large statistical uncertainties            

NLO corrections are negative 
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Lattice QCD calculators show significant increase in precision for cumulant ratios 
along the crossover (or any other) line in the QCD phase diagram for                     
due to increase in the statistics and thus also the order of the expansion.            

µB/T  1.2
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Presented first calculations of        and        along the crossover line     RB
51

<latexit sha1_base64="OCW/t0W2MVKdazfqioSSCy8Ac9g="></latexit>

RB
62

<latexit sha1_base64="0Pq4ltLk+SA6UF6uIoPcYaMUibU="></latexit>

Freeze-out temperature at                               seems not consistent with higher 
order cumulants      

p
sNN = 200 GeV
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At                                 we find 
thermodynamic consistency of 
the STAR data except for the    
data.    

p
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Outlook:  
‣ Need to increase statistics for 

(              )- and (              )-
lattices further. 

‣ Need to perform similar 
analysis for net-electric 
charge fluctuations, thus need 
larger volumes.              
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