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Gluon TMDs at small x Color charge to Color field

How to build a field theory for
Unsettled issued / Open problems nucleus-nucleus or proton-nucleus
collision at high energy from first

® Why thermalisation is so rapid? principle i.e. from QCD Lagrangian?

e Why hydrodynamics is so successful?
e How to get initial conditions?

CGC

Initial Glasma sQGP Hadron Gas
Singularity

Color Charge _
Color Field
Color Current

\/

e How to model color charge density and charge current?

e How to get classical color field from color density and color current?
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Color Glass Condensate and Glasma Modelling the color density and color current

Perfect Fluid
Quark Gluon Plasma — Hadronization
T~ 1 - 10 fm/c

Topological Excitations
Glasma — Density Fluctuations, Thermalization
T~ 0.1 -1 fm/e

Event Horizon
Initial Singularity — Quantum Fluctuations
.7 T~ 0 - 0.1 fm/c

Initial Nuclei as CGC — Coherent, High-density Gluons
Light Cone Coordinate

¢ Fast moving partons inside hadron suffer time dilation. @0, xLx%x%) - (a7, x))
¢ Fast partons do not evolve during short duration of a collision. \
Time
Color charge density /a (x+,x_,xl) = Pa (x_’xj_) Time independent

Color charge current J{ = §/"p_ (x“,x l) Only longitudinal current survives
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Color Glass Condensate and Glasma Yangs Mills equation

e How to get classical color field from color current?

Color density / \

Color current [D;l FMW] — Jua Color Field

JH=6"p, (x7,x)
Yang-Mills equation for the color

field of the target
Solution in Lorentz gauge

AT = AJ‘ = () D/jl = aﬂ - lgtaA/?
1 _ FP =0 A% — 0, A% + gf*CAbLAC

A+(X) — _ﬁpa(x 9XJ_) oy o v
1

Specifying ensemble of target color filed (A) is equivalent to specifying the
ensemble of charge density (p).
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Color Glass Condensate and Glasma Ensemble of color charge density

® How to specify ensemble of color charge density?

The framework must be supplemented with a probability distribution 7/ [p]

McLerrean Venugopalan Model {P,(x™, X )p(x 7, x))) = u*8“°8(x~ — y7)6%(x, — y))

Larry D. McLerran, Raju Venugopalan (1994)

Justification

e In a highly Lorentz contracted nucleus, there is a large density of color
charges at each impact parameter.

e The charges from different nucleons are uncorrelated.

® Charges in different nucleus are not correlated.
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Color Glass Condensate and Glasma Ensemble of color charge density
e How to evaluate the observables? Larry D. McLerran,
Raju Venugopalan (1994)
Procedure

® Randomly pick p; and p, (one for each nucleus) from the gaussian distributions
Wl[pl] and Wz[pz]
[D;l, F,m/a] — 5v—p1 + 51/+p2

v
® Solve (numerically) the Yang Mills equation with two sources

l

® Evaluate the observable of interest on the classical field A#

dN, 1

dxd?, 1673

J e M N02 N el A (A, (Y)
X,y A

v
® Repeat the steps to perform a Monte Carlo average 06



Color Glass Condensate and Glasma Fast partons vs slow partons

What is beyond MV model?

® Fast partons inside hadron suffer time dilation. — This is only if these partons
have a large enough longitudinal momentum. The partons that are too slow must
be treated in terms of the usual gauge fields. 1
L =——=F_ F"+J'A
4 H H
o Fast degrees of freedoms are separated from slow
Degrees of freedoms (small-x gluons) by a separation scale.

® Partons with k™ > A™ : static sources — <«— Large momentum gluons

@ Partons with k™ < A" : standard quantum fields «—— Small-x gluons

e The cut off A™ that separate the fast and the slow partons is
arbitrary, and observable quantities should not depend on it.

The change in the physics with the change in the

separation scale is governed by JIMWLK equation.
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Color Glass Condensate and Glasma JIMWLK evolution

JIMWLK equation: Non linear equation takes into account with
high density effects that slow down the growth of number of
gluons with decreasing x.

0ln At
\— JIMWLK Hamiltonian

® JIMWLK equation does not predict by
| D17 101 p] itself what the distribution would be.

6) =
\G) | D17 [ p]

e JIMWLK equation predicts how the distribution

Jalilian-Marian - Iancu - would change as we lower the cutoff.

McLerran - Weigert - ® McLerran Venugopalan model is a plausible
Leonidov - Kovner (1997-2001) . er .
initial condition for a large nucleus at large
cut off.
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Color Glass Condensate and Glasma Saturation scale

10 < —_ 4 -
____________ Gas-|-- > Saturation Scale: Saturation of gluon

‘ : densities at high energy is characterised
=" | S by the saturation momentum Qs.

Color Glass Condensate 2 A1/37,03
Q: ~A"Ix

120 40 T T et
-2 10-3
A 10

Confinement I

il
104 107°

X

e This is a dynamically generated and energy dependent scale below
which stochastic independent random multiple scattering no longer
valid and non-linear gluon interactions dominates the phase space.
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Jalilian-Marian - Iancu - MclLerran

Gluon TMDs at small x JIMWLK evolution Weigeri‘ - Leonidov - Kovner (1997_2001)

® The functional differential evolution equation for is the JIMWLK equation

Sl 2 Pt= A lp)

(FJIMWLK Hamiltonian)

Ux) = —igs®(x —y)U T

op(y) b

F(x,y,2)(1- 010, (1- 010,

5 )UT(x) = igoP(x — y)T“Ui t
Py _ _
Fxy.2) x—2).(y—2)

— V2(7 — V)2
Action of functional derivative on Wilson lines (x=2)%z=y)

Within the leading logarithmic accuracy, the CGC effective theory prescribes following energy
evolution for general gauge invariant operator

0 - A 1 o~ e~ o~
aY<@>Y — <%@>Y . - 167[3 [Z’%xyz <1 + Uny xU ZU
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Color dipole gluon distribution

Gluon TMDs at small x = JIMWLK evolutio Weizs acker-Williams gluon distribution

In Muller's dipole model color dipole contains/two Wilson lines in their fundamenta\ representation

0@ = S(x;, x,) = NLTr [U(xl)UT(xz)] .

c

The evolution equation for the dipole leads to Balitsky-Kovchegov equation in the large-NE limit
2 Sy = B [ G — )" [5Gy, 28z %) — Sy, x,)]
oY 1>42 A . (xl _ Z)2(Z — x2)2 1> > V2 1>42
Next higher point correlators
1
SW = FTr |UG) U () U) Ut (x| — —> Evolution equation of color quadruple

Cc

1
$©) = VTI (UG U () U U (x)Uxs)UT(xg)] —  Evolution equation of color sextuple

C

1
S = VTY (UG U () U)UT(xy) . .. Ulxa,, DU (x,)] —>  Evolution equation of 2n tuple

Cc

“Small-x evolution of 2n-tuple Wilson line correlator revisited: The nonsingular kernels”,
Katiza Banu, Mariyah Siddiqah, and Raktim Abir,
Physical Review D 99 (2019), 094017. 10



Integrations
Fourier transforms
Limits

W (x,b?, k*
szbl (b1, ki) szkl

Wigner Distributions

< F (x.k1) F (x,b?)

Transverse Momentum
Distributions (TMDs)

Distributions
2 2
k K feo |
LT
Parton Distribution Functions

(PDFs)

Family of Parton Distribution Functions

Impact parameter

Fourier transform
b, & Ajt = — A?

[d\«

XI"J_

Transverse Position N> H(x, 1)
Distributions H(x,E,1) /5_) 0

(e.g. S-matrix,

] X
Generalised Parton

Distributions (GPDFs)

Fi(7)

Form factors

solution of BK equation)

11



Gluon TMDs at small x Operator definition

Unpolarised Gluon TMDs

Fourier transform of forward matrix elements of product of two gluon field strength
tensors at two space time points

d +d2 o : :
& gj_eleAf ~kEP | Tr | F 0% Fm@2'@ || P,)

:O/T(X, kJ_) — ZJ (271-)3PX [0,51 £.0]

. . F™(S)
® Gauge links ensure gauge invariant 9

‘.>
definition of the TMDs. %[[((;61:] S
® Gauge links are path ordered exponentials 0 QL]

connecting the field strength tensors along FZ_ZO) 0]
a definite path.
® The path that depends on the Y16 — P ex : J
= p|—ig| dz.A(2)
actual partonic sub processes. [0:¢] c
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Gluon TMDs at small x Operator definition

Unpolarised Gluon TMDs

n n
U[—00+,§+;5l] F [+o0t,E1:8 ]
t t
U[_OOJF;OL,(SL]T 0 U[+00+;0¢,5¢]T+OO
n O‘ n
[O+,—OO+;OJ_] o [O+,+OO+;OJ_]
® Gauge links can be constructed by Wilson | Fi—(é’)
lines along plus and transverse directions —p 0
gpP %[c‘g] C
Fut inting Gauge links %/ 0]
uture pointing Gauge links
: 0.2]

Past pointing Gauge links %/q ¢ F=(0)

. (O — g+ g/t
Wilson IOOP %[0,5] D %[0,5]%[0,5]
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Future pointing Gauge links

Gluon TMDs at small x Eight Gluon TMDs Past pointing Gauge links

Wilson loops
O”(l)(xz, k_l_) ~ <PA | TI" [Fl_(é)%[ ]TFZ—(O)%[+]] |P > P

o~(2)(x2, kJ_) N NL<PA | Tr [Fl_(f)%HHFl_(O)%H]] Tr [%[D]] |P >

c

F o k) ~ NL<PA | Tr [FR@OUF 2] Tr [201] | Py)

Cc

FO(y k) ~ L (P, Tr [Fi~ (5)%[D]T] Tr [Fi- (o)czz[m]] |Py)

C

Gv(g,)(xz, k) ~ (P, | Tr [Fl_(f)%HHFZ_(O)%[H] |P,)

F Oy, k) ~ NL<PA | Tr [F- & F=2% ) |Py)

Cc

1
O"(S)(xz, kJ_) N V<PA | Tr Fl_(f)%“:l TGZZ[HTFZ—(O)GZ[[D]%H]] |P >

c - a—

1 :
F O k) ~ (P Tr [FE@OUETF=O2) Tr [0 Tr [207] | Py)

c

How to move to small x?
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Future pointing Gauge links

Gluon TMDs at small x Eight Gluon TMDs Past pointing Gauge links

Wilson loops

O”(l)(xz, kJ_) - <PA | TI" [Fl_(é)%[ ]TFZ—(O)%[+]] |P >

o~(2)(x2, kJ_) N NL<PA | Tr [Fl_(f)%HHFl_(O)%H]] Tr [%[D]] |P >

c

F oo, k) ~ NL<PA | Tr [Fo@u P2 Tr [2107] | Py)

C

1 o o o .
O\/(Z)(Xz, kJ_) N _<PA | Tr [Fl (é)%[D]T] Ty [Fl (0)%“:”] |P > DIPOle gluon distribution

C

o~(3)(x2, k)~ (P,|Tr [Fl‘(af)%H”F "(0)%[+]] | Py) WW distribution

F Oy, k) ~ NL<PA | Tr [F- & F=2% ) |Py)

Cc

1 : :
F iy k) ~ = (Pa I Tr [F@2 D2 F=0) 2 D% Py
pr—— - [

C

1 . .
F O k) ~ (P Tr [FE@OUETF=O2) Tr [0 Tr [207] | Py)

C
How to move to small x?
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Gluon TMDs at small x How to move to small x? Step 1

+00
Future pointing Gauge links 0U, = igJ dy*t U[—o0,y* 3 y,] F=(y) U[y+, + 00;y,]
Past pointing Gauge links -

Wilson loops small x Derivatives of Wilson lines

WW distribution
d +d2 . p—gt_: ' '
O\'(l)(xz, k) = [ §rd¢) o N2 PiE _lkl'5l<PA | Tr [Fl_(f)%H]TFl_(O)%H]] | Py)

l (2m)°Px
Small x
4 (doxpd®y, .
- ng S e (1 [(@CU(xl)) UG (U 0) U(xl)’f] )y

Dipole gluon distribution

F (g, k) = I

Small x

+ 2
5 él elszA T—ik,.

(2m)3Px

P, | Tr [F=( U F- )%™ | P,)

e

4 J d*x,d*y,

g R etk =yy) (Tr [axU(xJ_)ayUT(yJ_)] ).
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Gluon TMDs at small x How to move to small x? Step 2

Matrix elements average Small x Matrix elements average

over hadronic state at P > over color glass condensate
at some small x

WW distribution
d +d2 . p—gt_: ' '
O\'(l)(xz, k) = [ §rd¢) o N2 PiE _lki'5l<PA | Tr [Fl_(f)%H]TFl_(O)%H]] | Py)

(27)3Px
Small xl .
4 (dox dy, o
~- gzj S (T [(axUm)) UG (.U ) U(xg*‘] )
Dipole gluon distribution color quadruple
EXd?¢,

G"(l) ,k ix,PrET—ik &) P T Fz— %[ ]TFl— 0 %[+] P
A (P Tr [F= @ F=O ] 1)
Small x Lt

~ Ad YL —iky(x;—y,) [ i ]
gzj T e YW A(Tr |0, Ux)o,U'(y))|),

—~—— —  Estimate CGC / JIMWLK

color dipole
15




Gluon TMDs at small x

WW distribution

+ 2
FV (k) = J de7d’c, et “ReS (P | Tr [FE(EOUTTF= )%™ | Py)

(2m)Px
Small x l 4§ e
-~ J ( ZJ.]T);’J. o~k G =) iTr [(axU(x D) UGy l)<()yU“f(y l)) U(xl)*L)x
Dipole gluon distribution dEtde color quadruple
o"(l)(xz, ki) = J (2@3[): o XaPaE =ik, fJ.(PA'Tr [Fl‘(f)%[ ]TFZ‘(O)CZJ[”] |P,)

Small xl
4 J‘dledzyl

S| o e 1 [0.UGa,U o)),

— e

color dipole

We take a special solution of BK equation or S-matrix (Levin-Tuchin solution) that is
valid for small-x and large transverse separation (large ) to derive Color dipole

distribution that would be valid for small-x and small transverse momentum (small x).

Siddiqah, Vasim, Banu, Bhattacharyya, Abir,
PRD 97 (2018) 0540009.
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Gluon TMDs at small x

TMD (color dipole distribution) at small-x and small transverse momentum

xFPP(x, k)=

S N d? .
L ka L ik S, ) Small k, < Large r,
212a (27)? ,

Fourier Transform

S, = Spexp (—7In? 1703V )

(Levin-Tuchin solution) valid for small-x and

The form is not gaussian but gaussian in ,
large transverse separation (large 7))

logarithm!

We developed new mathematical techniques
to Fourier transform lognormal distributions
in two dimension

Siddiqah, Vasim, Banu, Bhattacharyya, Abir,
PRD 97 (2018) 054009.
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Gluon TMDs at small x Bell Polynomials - Combinatorial meaning

e Bell polynomials appear in the study of set partition.

Examples
{A,B, C}
( {A,B} {C}
{—=—1 1-1 3 ways 1B,C} 1A} B3, (xl’x2) = 3x%y
{C,A} {B} Partial Bell Polynomials
{A,B,C,D,E, F}

{_’_,_9_} {_} {_} lsways

{ -, -, = } { -, - } { - } 60 ways B6,3 (xl,xZ, X3, X4) — 15)64)612 + 60X3X2xl + 15x23

{—.—=} {—=.=1 {-.,=} 15 ways Partial Bell Polynomials
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Gluon TMDs at small x Bell Polynomials - Analytic Properties

e Bell polynomials appear in the study of product of several series or
when series exponentiate.

Examples
( )¢
1l | 7 - t"
F X]]—' — ZBn k(xl’ ’xn—k+1)_'
\=t ) =
( )
00 t] 00 ln .
exp uij.—' = Z Bn,k(xl,...,xn_kﬂ);u
j=1 | n>k>0 )
\ /
( o0 j 0 n
5 [
exp ij_—' = ZBn(xl,...,xn);
\j=1 ‘] n=0 |

Bn (.xl,xZ,...,X3) — ZBn,k <x1,xZ,...,Xn_k+1)
k=1
Complete Bell Polynomials Partial Bell Polynomials



Gluon TMDs at small x Bell Polynomials - Analytic Properties

e Bell polynomials appear in the study of product of several series or
when series exponentiate.

Examples

Q
I
I_

27:2

S A

\} Leading-log approximation
2 2n

In —+ 2y
Qs

o SJ_NCT kJZ— 2 kJZ_
xF(x, kJ_) |Qs>kl>>/1QCD ~ 753% In Q2(Y) CXP —7ln QQ(Y)

00 n 2
N - Z r) [m 4"_52 +27,0, 212((3), 0, 4124(5), ..., @Qn—2)12¢2n = 1), 0
0 !

Q
I
|_

0

” Z
27:2

lo

S




Gluon TMDs at small x

TMD (color dipole distribution) at small-x and small transverse momentum

SNzt k? ki
Dp - 14V L — 2 s
YCT Dok 000 ¥ T g 1n<4Q§<Y>>eXp o <4Q3<Y >)

When resumming the series in leading log 023
accuracy, the results showing up striking ol
similarity with the Sudakov form factor.

0.15

KG”P[K.kIJ

0.1

Inside the saturation region, the dipole
gluon distribution is expected to go to zero o

in zero momentum. ﬂ'

Siddiqah, Vasim, Banu, Bhattacharyya, Abir,
PRD 97 (2018) 054009.



Gluon TMDs at small x Infrared renormalons

TMD (color dipole distribution) at small-x and small transverse momentum

SNzt k3 ki
DP N = —7In? -
xG7(x, kJ-) |Qs>kl>>/1QCD ~ 7T3as " ( 4Qs2(Y) ) o [ o <4QSZ(Y) >]

Complex b-plane

The uncertainties from the infrared renormalons UV renormalons
in the (color dipole) gluon distribution is estimate

It is shown that non-linear saturation effects at
small-x shift the first IR pole at the Borel plane from 2/p: to 1/p..

Vasim, Abir,

Nucl. Phys. B 953 (2020) 114961

— 4

Instanton -
IR renormalons anti-Instanton
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Gluon TMDs at small x Solution to BK equation

0S(x,;Y)  aN, [ , xi . . , 202
oy 2n J e gy S0 DS 1) =@ ] = 0) = exp [_(r So>ln< 1 >}

4 xlOAQCD

Initial condition (McLerran Venugopalan model)
S(x19,Y) = exp (—T In? [xlonSZ(Y)] ) 99F
Solution Deep inside the saturation region S(r,,Y) = exp (—1.48 xleQSZ(Y))

> ]
(X109 ) Solution outside Saturation region (x;,Q, < 1)

(Levin-Tuchin solution) (McLerran Venugopalan model)

new solution we adopted a dipole
sverse-width-dependent cutoff in order to
regulate the dipole integral.

1 + 2iy,
2}( (O,I/())

S(x,,Y) = eXp< Li, [_ /11x120Qs2(Y)] ) ® We also have taken care of all the
higher-order terms (higher order in the cutoff)

that have been reasonably neglected before.

Siddiqah and Abir,
PRD 95 (2017), 074035
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Functions/
Cross section

QCD evolution equations

DGLAP equation

(By Dokshtizer, Griboy,
Lipatov and Parisi)

Double logarithmic
approximation (DLA)

A

Structure

+ Large Nc limit

D,;oo/e

Unitary correction

BFKL equation

(BY Balitsky, Fadin, Koraev
and Lipatov)

» BK equation —» . +ion

By Balitsky
and Kovchegov

JIMWLK equation

(BY Jalilian-Marian,
Iancu McLerran,
Weigert, Leonidiv and
Kovner)

MV model

(By McLerran,
Venugopalan)

General .
Our new solution

|
I
I
I
I
I

%, \
/):" »

/7 . . .
* Levin Tuchin solution
(B Levin and Tuchin)

24



9 a, |
JIMWLK equation for 2n tuple oy U@V TEUEUT0). - U, )UTa)] = 47[<1+5n’1>

[n/2]-1 n—1
| 2

k= =0

[U(x21+1)UT(x21+2) e U(x2,+1+2,<)U+(z)] Tr [U(Z) U+(x2]+2k+2) e U(X2I—I)U%(x2l)]

LIl/ZJ—l n—1
+ 2 2 H oo T [UT (100 Ula) - - Ul (140400 U@ Tt [UT @ UG 40043) - - - U () U4
k=0 =0
In this work we present small- 2
+ 2 HOLAS Tr [U(x21+1)UT(X21+2)---UT(X21+1+21¢+1)] Tr [U(x21+2k+3)U%(x21+2k+4) ----- UT(xzz)]
0

equation for general 2n-tuple Wilson line G g7 e
[n/2]-2 n—1

Correlafor- * Z Z‘%gfﬁgﬁﬁﬁg Tr [UT(X21+2)U(X21+3)---U(x21+2k+3)] Tr [U T(xzz+2k+4)U(3C21+2k+5)---U(le+1)]
k=0  1=0

[n/2]-1

+31 pmod?2 Z %E%ffz”ligTr UG DU (g4) - .- Uy DU (D] Tr [UU () - - - UGy DU ()]
1=0

[n/2]-2

It is an integro-dierential equation where
all real and virtual terms are explicit. Fomotz 2y TG T U )02 U U] T [V OV gea) - U2 U]

This is done by operating JIMWLK Hamiltonian
on a single trace of 2n-Wilson lines in their
fundamental representation. &,

Banu, Siddiqah, Abir,
PRD 99 (2019), 094017.

(2n + 2 — 2m) tuple 2m tuple (2n — 2m) tuple

Schematic representation of our equation
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JIMWLK equation for 2n tuple

Equivalence of Balitsky hierarchy and JIMWLK

Our study conform the equivalence

of Balitsky hierarchy of evolution and
the JIMWLK evolution for this general
2n-tuple color correlator..

Non-singular kernels

Kernels is SL(2,Z) invariant.

Banu, Siddiqah, Abir,
PRD 99 (2019), 094017.

'

Schematic representation of our equation

(c:d) — (%, = xd)2 (X — xc)2 (x, — Xb)z (x. — xd)2

R O ) BN R0 SCIE S SR Co R A LR CE R e

2
& (% = X311

Lq)2n= Z -

& (5= 92— %1
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Gluon TMDs at small x Small x evolution of jet quenching parameter

Jet quenching parameter
(k) _
L 4rL

g = PﬁﬁP@ﬁ

L Probability of transverse deflection

Higher twist formalism Can be expressed as the Fourier

of jet quenching transform of two light like path

ordered transversely separated Wilson lines.
g ~(P|FHOF*(y)I|P)

(r,)

P(k?) = [dzrl e~hL g

A 1 0.3a;
Abir 1\ %

PLB 748 (2015) 467-471
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